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DIGITALLY  CONTROLLED  TRANSIENT  WAVEFORM  TESTING  - 
ALTERNATE  METHOD  TO  SLOW  SINE  SWEEP 


B.  K.  Kirn 

Jet  Propulsion  Laboratory 
Pasadena.  California 


Development  of  a transient  waveform  testing  methodology  in  lieu  of  the 
conventional  slow  sine -sweep  forced  vtbration  testing  is  reported. 
Various  advantages  of  the  digitally  controlled  transient  testing  are 
presented,  and  procedures  for  generating  the  exact  time-history  pulse 
shape  are  discussed. 


INTRODUCTION 

In  the  recent  years  the  environmental 
testing  methodology  has  experienced  a rapid 
change  since  the  introduction  of  digitally  con- 
trolled vibration  and  acoustic  systems  [1]. 
Successful  marriage  of  a digital  minicomputer 
with  a hardware-fast  Fourier  processor  and 
the  existing  vtbration  exciter -amplifier 
systems  has  received  indc'  .ry  acceptance  in 
random  and  sine-sweep  t ’sting. 

In  1969,  Favour,  LeBrun.  and  Young  [2] 
suggested  a way  of  testing  to  a specified  tran- 
sient time  history  using  the  fast  Fourier  trans- 
form technique  and  a digital  control  system. 
This  transient  waveform  control  concept  not 
only  offers  a new  method  of  testing,  but  more 
importantly,  it  offers  a new  concept  in  test 
philosophy  that  governs  random  and  sine-type 
testing. 

In  a spacecraft  design,  the  primary  loading 
on  the  spacecraft  structure  may  be  caused  by 
launch  and  separation  transients.  The  finite 
number  of  telemetered  flight  transient  data 
constitutes  the  load  basis  for  the  next  similar 
type  of  spacecraft  structure  design.  The  static 
and  sine-sweep  vibration  specifications  are 
derived  from  the  enveloped  shock  spectra  com- 
puted from  the  transient  data.  Thus  the  space- 
craft teat  philosophy  is  formulated  from  three 
mutually  complementing  investigations: 
namely,  (1)  what  are  the  maximum  flight  loads 
that  lead  to  the  environmental  specification, 

(2)  how  to  design  the  spacecraft  such  that  it 
will  survive  the  flight  loads  with  some  margin 


of  confidence,  and  (3)  how  to  verify  the  design 
by  testing  in  a controlled  manner.  This  tri  - 
angular  relationship  Is  depicted  in  Fig.  1. 

The  purpose  of  this  paper  is  to  present 
transient  waveform  testing  methods  as  an 
alternate  approach  to  the  conventional  slow 
sine-sweep  test  for  a system  level  qualification 
test.  It  is  presented  from  the  viewpoint  of  the 
test  concept  and  tmp'ementatlon.  The  digital 
test  control  system  is  assumed  throughout. 

The  term  ”transtent"  shall  be  defined  as  a 
time-history,  pulse-like  oscillatory  waveform 
of  short  duration,  typically  in  the  order  of  a 
second. 


Fig.  1 - Mutual  relationship  between 
specification,  design,  and  testing 


TRANSIENT  TESTING  CONCEPTS 

Although  the  conventional  slow  sine -sweep 
test  is  well  understood  and  routinely  imple- 
mented, it  does  present  severe  problems  in 
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testing  a complex  structure  such  as  a 
Viking -type  spacecraft  system,  namely: 

(1)  Since  each  mode  Is  excited  separately 
from  the  base,  a peak  select  response 
control  scheme  is  necessary  to  pre- 

c - vent  overtesting. 

(2)  The  control  capability  of  a closed-loop 
servo  is  highly  sensitive  to  the  modal 
Q.  sweep  rate,  and  switching  slopes. 
This  fact  will  result  in  severe 
overshoot-undershoot  control  errors 
for  high-Q  resonances,  particularly  in 
low-frequency  primary  structural 
modes. 

(3)  Fatigue  cycle  buildup  may  increase 
the  damage  potential  beyond  recovery 
during  the  qualification  vibration 
testing. 

Thus,  a large  complex  structure  with  low 
damping  is  susceptible  to  overtest  and  or 
undertest  by  a sweeping  sine-type  environ- 
mental test. 

The  proposed  transient  testing  is  Intended 
to  alleviate  the  above  problem  areas.  The 
basic  idea  that  is  common  in  all  forms  of 
transient  testing  is  that  of  open-loop  control, 
which  eliminates  the  servo  control  problems 
associated  with  high-Q  resonances  as  well  a>; 
the  need  for  the  peak  select  switching  circuitry. 
However,  the  open-loop  test  requires  an 
accurate  estimate  of  the  instantaneous  transfer 
functions  between  the  input  command  signal  and 
the  response  points  on  the  structure.  The 
transfer  function  typically  includes  the  cascaded 
product  of  power  amplifier,  shaker,  fixture, 
specimen,  and  all  the  control  electronic 
circuitry.  It  is  not  practical  to  generate  a 
mathematical  model  for  each  cascaded  trans- 
fer function.  The  total  end-to-end  transfer 
function  is  measured  experimentally  by  apply- 
ing a known  function  through  the  test  system. 
There  are  three  ways  of  generating  the  system 
transfer  function  H(w):  £ <■  . 

1 (1)  input  a delta  function-like  single  pulse 

u(t)  and  obtain  the  response  v(t)  in  the 
calibration  process  as  proposed  in 
Ref.  [3].  then 


H(o>),  it  is  necessary  to  give  a 
substantial  input  pulse  level,  ana 
may  have  a damaging  effect  on  at 
sensitive  structure  such  as  a 
spacecraft. 


this 


(2)  Input  a constant  low-level  sine  with 
slow  sweep  rate.'  This  does  not 
require  the  Fourier  processing  capa- 
bility to  produce  the  gain  j H(w)| . 


(3)  Input  a band-passed,  low-level  random 
noise  and  calculate  H(&>)  from  the 
cross -spectrum  normalized  to  the 
input  spectrum. 


t-*M  • V(u>)  = H(a»)  • (UMI2  «■  U*(w)-N(o.l  (2) 

where  N(<*>)  represents  the  Fourier 
transform  of  n(t),  the  system  noise. 
Since  the  input  random  signal  u(t)  and 
the  electronic  system  noise  n(t)  are 
uncorrelated,  the  last  term  in  Eq.  (2) 
vanishes."  Furthermore,  with 
statistical  averaging, 


(3) 


It  is  Important  to  minimize  the  system  noise 
error  in  a low-level  calibration  test  for  the 
fatigue  considerations.  For  a large  structure 
that  is  sensitive  to  fatigue,  the  third  method  is 
preferred  over  the  first  two  since  a better 
slgnal-to-noise  ratio  and  higher  statistical 
confidence  are  achieved  by  frequency  domain 
averaging  as  shown  in  Eq.  (3).  j 

TRANSIENT  TESTING  IMPLEMENTATION 

Once  the  accurate  system  transfer  func  - 
tion  H(w)  is  calculated  and  stored  in  the  com- 
puter core,  the  necessary  input  waveform  y(t) 
can  be  synthesized  to  achieve  the  desired 
specification  as  the  response.  c . 

Ideally,  IX  a transient  phenomenon  can  be 
represented  by  a "typical"  time-history  wave- 
form x(t),  then  y(t)  is  readily  synthesized  by 


H(u>) 


- 


a) 


yft)  = yl 


tX(o>)| 

IhI^Ti 


(4) 


where  U(w),  V(w)  represent  the 
Fourier  transform  of  v(t)  and  u(t), 
respectively  In  complex  form.  How- 
ever, to  obtaii,  a well-conditioned 


and  the  precise  phase  relationship  Is  carried 
through.  Details  of  implementing  this  method 
are  presented  in  Ref.  [31.  This  is  known  as 
Transient  Waveform  Control.  The  hardware 
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implementation  is  shown  in  Fig.  2,  and  the 
software  requirement  is  illustrated  in  Fig.  3. 
However,  the  phase  spectra  cannot  be  averaged 
and  enveloped  like  the  amplitude  spectra.  This 
fact  presents  the  problem  of  how  one  could 
define  a "typical"  phase. 

The  severity  of  transient  events  are  most 
commonly  enveloped  as  max-max  shock 
spectra,  assuming  the  modal  excitation  causing 
the  most  damage.  Given  a shock  spectrum  as 
the  test  specification,  there  are  several 
methods  of  deriving  specific  time  histories  that 
then  can  be  implemented  by  the  Transient 
Waveform  Control  method  as  follows: 

(1)  Recently  Yang  and  Saffell  [4] 

suggested  a scheme  to  generate  a time 
function  f (t)  such  that 

M 

«»  ’ E “mV  <5> 

m=t 


f (t)  = sin2?rb  t I 

m m I 

•sin2trN  b t for  0<t*T  > (6) 

mm  „ m / ' ' 

= 0 for  t > T ) 

m / 


An  iterative  scheme  is  proposed  to 
compute  am’s  such  that  f(t)  satisfies 
the  desired  shock  spectrum.  To  gen- 
erate a unique  f(t),  this  method 
requires  the  additional  information  of 
phase  distributions  and  amplitude 
ratios. 

(2)  Assuming  the  phase  distribution  is  in 
general  random  in  nature,  the  phase 
can  be  randomized  by  a pseudorandom 
sequence  as  it  is  done  for  digital 
vibration  control  systems  [51.  That 
is,  given  a desired  amplitude 
spectrum  A (w),  equivalent  complex 
spectrum  X(u)  is  found  as 


Fig.  2 - Transient  waveform  control,  functional  hardware  block  diagram 
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y(t)  = [|p(w)  + jq(w)j 

. «*•  M]  ”• 


(12) 


X(w)  = ^jp(w)  + iq(«)j  • A(u)  (7) 

• where  p(w),  q(u)  = ±1,  the  pseudo- 
random sequence.  Then  the  complex 
X(u)  constitutes  a one-to-one  relation- 
ship with  the  desired  waveform  x(t). 

(3)  The  fast-swept  sine  approach  fixes  the 
phase  distribution,  and  thus  the  result- 
ing waveform  is  identically  repeat- 
able.  With  the  transfer  function 
obtained  in  the  calibration  process , 
the  input  requirement  is 

i«“>i  - JSi  <8» 

and  this  is  transmitted  via  a digitally 
controlled  swept  oscillator.  The 
logarithmic  sweep  rate  N octaves  / 
minute  is  derived  from  the  frequency 
resolution  required, 

Af  = y (9) 

where 

T = total  pulse  duration  in  seconds 
Af  = frequency  resolution  in  Hertz 
and 

f2  =Vexp(it-ln2)  <10) 

where 

f j = initial  frequency  in  Hertz 
fj  = final  frequency  in  Hertz 
Then  the  desired  sweep  rate  is 

N <u> 

(4)  A rapid  burst  of  random  noise  excita- 
tion can  also  be  implemented  to  deliver 
the  desired  amplitude  spectrum  A(w). 
Once  the  input  requirement  amplitude 
is  computed  as  in  Eq.  (8),  the  pseudo- 
random sequences  p(w),  q(w)  are  used 
to  compute  the  time  history. 
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However,  for  the  short-duration  time 
required,  the  statistical  averaging 
process  may  not  ensure  convergence. 

SUMMARY  ‘ 5 . ‘ 

The  concept  of  transient  testing  is  analyzed 
in  light  of  the  shortcomings  involved  in  a con- 
ventional slow  sine-sweep  test.  Several  dif- 
ferent modes  of  computing  the  system  transfer 
function  and  how  one  could  implement  the 
various  methods  in  an  environmental  testing 
laboratory  are  explained.  Definite  advantages 
in  open-loop  control,  fatigue  considerations 
and  overall  simplicity  in  implementation  are 
stressed.  Coupled  with  the  inherent  advan- 
tages of  a digital  test  system,  the  transient 
testing  concept  presents  an  alternate  scheme 
over  the  conventional  slow  sine-sweep  testing 
for  large  complex  structures. 
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COMPARISON  OF  SHOCK  SPECTRUM  TECHNIQUES 
AND  THE  METHOD  OF  LEAST  FAVORABLE  RESPONSE* 


A.  F.  Witte  ar.d  R.  J.  Wolf 
Kaman  Sciences  Corporation 
Colorado  Springs,  Colorado 


NOMENCLATURE 

F[x(t))  Fourier  transform  of  x(t) 

F_1[X(u)J  inverse  Fourier  transform  of 

X(ui) 

H(w)  frequency  response  function 

H* (u)  the  conjugate  of  the  complex 

quantity  of  H(u) 


x(t)  input  acceleration 

X(w)  Fourier  spectrum  of  x(t) 

X (u)  Fourier  spectra  modulus 

* envelope 

c . c : , V 

j?(t)  response  acceleration 

Y(6j)  Fourier  spectrum  of  y(t) 

u frequency 

♦ w frequency  dependent  phase 

angle 

* This  work  was  performed  under  contract 
to  the  U.  S.  Army  SAFEGUARD  System 
Command,  Contract  Number  DAHC60-68-C- 
0020. 


INTRODUCTION 

The  use  of  shock  response  spectra 
for  defining  dynamic  load3  and  labora- 
tory environmental  test  criteria  to 
qualify  hardware  for  field  shock 
environments  has  within  the  past  few 
years  become  very  controversial.  This 
controversy  has  been  augmented  by  cer- 
tain technological  advances  in  digital 
calculation  of  the  Fourier  transform 
and  in  digital  control  of  vibration 
exciters.  Both  advances  make  it 
possible  to  generate  in  the  laboratory 
complex  acceleration  time  histories 
which  can  be  analytically  expressed  or 
represented  as  a series  of  time 
samples. [1] 

Methods  of  synthesizing  field 
shock  response  spectra  'n  the  labora-  ■ 
tory  have  been  devised  which  utilize 
digitally  controlled  exciters  and 
oscillatory  transients.  These  often 
better  describe  field  environments 
than  the  normally  used  classical  shock 
pulse  which  can  be  easily  reproduced 
on  conventional  shock  machines. [2] 
However,  the  controversy  over  the 
applicability  of  shock  response  spectra 
still  exists  since  calculational  ad- 
vances also  make  it  possible  to  utilize 
the  Fourier  spectrum  to  specify  labora- 
tory test  inputs. 

Critics  of  shock  spectrum  cite  the 
fact  that  its  use  in  its  most  popular 
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form  necessarily  requires  the  assump- 
tion that  the  system  in  question  be 
accurately  represented  by  a linear 
single  degree-cf-freedom  system  whose 
damping  is  independent  of  its  resonance 
frequency.  Shock  spectrum  techniques 
are  often  applied  to  situations  where 
the  system  in  question  is  clearly  not 
single  degree-of- freedom  in  nature  and 
damping  is  not  independent  of  resonance 
frequencies.  The  conservatism  of  shock 
response  spectrum  techniques  for  defin- 
ing test  criteria  often  depends  on  the 
method  of  laboratory  synthesis,  the 
biases  applied  to  the  field  shock 
spectra  to  insure  adequate  conservatism 
in  the  laboratory,  and  the  actual  dy-  i 

namic  characteristics  of  the  system  to 
be  tested. 

! 

Smallwood  has  suggested  that  a 
method  proposed  by  Shinozuka  for  eval- 
uating the  effects  of  seismic  motions 
on  structures  has  applicability  in 
specifying  worst  case  criteria  for 
laboratory  environmental  tests. (3,4] 

The  technique  which  is  known  as  the 
method  of  "Least  Favorable  Response" 

(LFR)  utilizes  the  envelope  of  the 
Fourier  spectra  moduli  for  the  ensemble 
of  all  known  field  environments.  It 
also  uses  the  actual  dynamic  charac- 
teristics of  the  system  in  the  form  of 
the  frequency  response  function.  The 
input  obtained  using  the  Least  Favorable 
Response  theory  will  result  in  a criti- 
cal component  response  whose  absolute 
value  is  maximum  for  all  possible  inputs 
having  Fourier  spectra  less  than  the 
field  envelope.  Thus,  provided  the 
field  data  adequately  represents  real- 
istic situations,  it  insures  that  the 
laboratory  test  will  result  in  a 
conservative  and  a worst  case  situation 
in  the  time  domain.  The  method  of  LFR  I 
also  insures  that  adequate  "simulation" 
in  the  frequency  domain  will  be  accom- 
plished. 

An  analytical  study,  which  .is 
presented  in  this  paper,  has  been  per- 
formed to  compare  shock  spectrum  and 
LFR  techniques.  The  study  utilized 
both  single  degree-of-freedom  and 
multiple  degree-of-freedom  systems. 
Classical  pulses  and  decaying  periodics  j 
were  used  to  encompass  or  synthesize 
ensembled  field  shock  spectra  and 
conservatively  biased  envelopes.  The 
results  were  compared  with  those  ob- 
tained using  the  method  of  LFR.  Com- 
parisons of  time  histories,  Fourier 
spectra,  and  shock  response  spectra 
were  made. 


The  results  of  the  study  indicate 
that  the  method  of  LFR  produces  a con- 
servative response  (approximate  factors 


of  2 were  observed  for  the  situations 
examined)  and  an  adequate  match  of  the 
field  mean  plus  3 standard  deviation 
shock  spectrum.  The  method  of  Least 
Favorable  Response  also  insures  that 
the  system  response  will  be  adequately 
"simulated"  in  the  frequency  domain. 

The  use  of  shock  response  spectrum 
methods  resulted  in  an  undertest  or 
overtest  depending  on  enveloping,  bias- 
ing, and  synthesizing  criteria  as  well 
as  system  dynamic  characteristics.  The 
use  of  shock  spectrum  may  not  insure 
adequate  laboratory  "simulation"  in  the 
frequency  domain.” 

LABORATORY  SIMULATION  OF  FIELD 
ENVIRONMENTS  USING  SHOCK  SPECTRUM 
METHODS 

The  primary  objective  of  labora- 
tory environmental  qualification  tests 
is  to  "simulate"  field  environments  for 
the  purpose  of  evaluating  the  structural 
and  operational  reliability  and  inte- 
grity of  hardware  which  must  survive 
operational  field  environments.  The 
problem  becomes  one  of  adequately 
measuring  and  defining  the  field  en- 
vironment and  establishing  laboratory 
test  criteria  which  result  in  a suit- 
able and  conservative  "simulation"  of 
this  environment.  Both  simulation  and 
conservatism  must  be  such  that  surviv- 
ability in  the  laboratory  guarantees 
survivability  in  the  field.  On  the 
other  hand,  the  criteria  must  not  be 
unrealistically  conservative  as  to 
impose  severe  design,  manufacturing, 
and  cost  penalties  on  the  hardware. 

Shock  spectrum  techniques  are  pre- 
sently the  primary  methods  for  deter- 
mining system  design  criteria  to  insure 
hardware  survivability  for  specified 
shock  environments  and  for  specifying 
laboratory  shock  test  criteria.  The 
primary  advantage  of  shock  spectrum  is 
that  it  is  relatively  simple  to  under- 
stand and  apply.  However,  its  simp- 
licity also  results  in  several  problems 
and  caveats  which  one  must  consider  in 
its  application. 

To  apply  the  most  often  utilized 
shock  spectrum  concepts,  the  physical 
system  whose  response  is  of  interest 
must  be  represented  by  a linear  single 
degree-of-freedom  system.  Application 
of  these  shock  spectrum  techniques  also 
implies  that  only  the  maximum  response 
of  the  system  is  of  interest  and  that 
damping  is  independent  of  resonance 
frequencies.  Shock  spectrum  methods 
have  been  applied  to  many  systems  foi 
which  the  above  requirements  are  not 
applicable. 
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The  ability  of  a shock  spectrum  to 
uniquely  describe  a time  history  is 
questionable,-  several  time  histories 
may  produce  the  same  shock  spectrum 
within  specified  tolerance  bands.  This 
fact  is  the  cause  of  considerable  dis- 
agreement over  the  validity  of  shock 
spectrum  as  an  indication  of  damage 
potential.  Many  advocate  matching 
shock  spectra  with  transients  simulat- 
ing the  field  time  histories.  That  is, 
if  the  field  time  history  is  oscilla- 
tory in  nature,  the  laboratory  time 
history  used  to  match  field  shock 
spectra  must  also  be  oscillatory. 

The  use  of  single  degree-of- 
freedom  shock  spectrum  techniques  in 
specifying  test  criteria  for  complex 
multiple  degree-o f- freedom  structures 
to  simulate  transient  vibration  and 
shock  is  extremely  controversial.  For 
shock  spectrum  to  have  real  meaning  in 
terms  of  loads  generated  in  a multiple 
degree-of- freedom  system,  the  systems 
response  must  be  limited  primarily  to 
one  mode.  This  can  happen  only  if  the 
excitation  has  the  frequency  content 
which  corresponds  to  only  one  of  the 
systems  modal  frequencies.  However, 
many  realistic  field  transients  have 
wideband  frequency  content  which  gen- 
erally causes  modal  coupling  and  simul- 
taneous excitation  of  several  system 
modes. 


In  many  situations  field  data  is 
very  limited  in  the  number  of  events 
for  which  shock  data  has  been  obtained. 
Thus,  there  is  a very  good  possibility 
that  data  for  a worst  case  situation 
may  not  be  available. 

e The  normal  procedure  for  using  the 
available  field  data  is  to  overlay  all 
shock  spectra  and  encompass  the  overlay 
with  shock  spectra  for  classical  pulses 
or  synthesize  the  shock  spectrum  enve- 
lope using  combined  decaying  periodics. 
However,  :his  may  not  account  for  pos- 
sible worst  case  sit’-ations  which  can 
statistically  arise  in  the  field. 

In  order  to  account  for  possible 
statistical  variation  in  data  obtained 
from  various  field  events,  the  shock 
spectrum  data  from  the  same  nominal 
environment  is  sometimes  treated  as  a 
random  process.  This  is  done  by  ensem- 
ble averaging  and  calculating  the  fre- 
quency dependent  mean  shock  spectrum 
and  the  variance.  The  laboratory  test 
specification  is  then  based  on  the  fre- 
quency dependent  mean  val'.e  increased 
by  a factor  which  is  some  multiple  of 
the  standard  deviation  of  the  ensembled 
shock  spectra.  The  method  has  merit  in 
that  it  applies  statistical  logic  in  an 


attempt  to  account  for  the  worst  case 
field  situations. 


THE  METHOD  OF  LEAST  FAVORABLE  RESPONSE 


There  is  another  approach  for  es- 
tablishing shock  and  vibration  tests 
criteria  which  has  been  recently  sug- 
gested, it  is  termed  the  method  of 
"Least  Favorable  Response".  The  theory 
of  "Least  Favorable  Response"  is  a 
relatively  new  concept,  being  origina- 
ted primarily  by  M.  Shinozuka  [3]  and 
R.  F.  Drenich  [SI  in  1968.  Like  3hock 
spectrum,  "Least  Favorable  Response" 
(LFR)  was  devised  primarily  for  esti- 
mating effects  of  seismic  shock  on 
structures.  The  first  suggestion  for 
its  application  to  shock  excited  vehi- 
cle structures  was  made  by  D.  0. 
Smallwood  in  1971-72  [41.  As  a result 
the  technique  is  not  very  well  known. 


The  method  of  "Least  Favorable 
Response"  in  terms  of  field  and  labora- 
tory environments  is  briefly  summarized 
as  follows:  The  Fourier  transform  of 
field  input  time  histories  is  computed 
for  all  available  field  data.  An  enve- 
lope Xe<u),  of  the  composite  spectrum 

moduli  is  generated.  The  frequency 
response  function,  H(u),  for  the  crit- 
ical component  is  then  computed  from 
a realistic  model,  or  measured  in  the 
laboratory.  Using  this  information,  it 
can  be  shown  [3,4,5]  that  an  input 
shock  whose  Fourier  transform  defined 
by  the  expression 


X (w)  H*  (u>) 

X(u)  lab  ” ThWI 

input 


(1) 


(where  * denotes  the  complex  conjugate) 
will  result  in  the  maximum  critical 
component  response,  y(t),  which  can  be 
generated  by  any  possible  input  whose 
Fourier  transform  is  contained  within 
the  field  shock  envelope  Xe(w).  The 

time  history  of  the  laboratory  shock 
input  is  then  obtained  by  c mputing  the 
inverse  Fourier  transform  o_  " , 

X(u)lab  input  that  i3' 


x (t) 


lab 

input 


F_1  (X(u)l 

. X (ui)  H*(u) 

„-l  e 

F IhTwTI 


(2) 


The  above  expression  is  a unique,  ana- 
lytically determined  test  input  obtain- 
ed from  an  envelope  of  field  data  in 
the  frequency  domain  and  the  dynamic 
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characteristics  of  test  specimen  invol- 
ved. For  a rigorous  development  of  the 
Least  Favorable  Response  theory,  the 
reader  is  referred  to  previous  work  by 
Shinozuka,  Smallwood,  and  Drenich, 
13,4,5]  c 

Least  Favorable  Response  offers 
advantages  over  shock  spectrum  in  the 
following  areas:  (1)  it  accomodates  an 
arbitrary  multiple  degree-of-freedom 
system,  (2)  it  puts  an  envelope  on  the 
Fourier  transform  of  the  actual  field 
data,  and  (3)  it  accounts  for  the 
worst  case  situation.  However,  several 
caveats  must  be  considered  in  its  ap- 
plication: (1)  as  with  shock  spectrum 
methods,  phase  information  for  field 
environments  is  not  utilized,  (2)  the 
critical  component  within  the  system 
must  be  identified  and  its  frequency 
response  function  must  be  known,  (3) 
a Least  Favorable  Input  (LFI)  must  be 
determined  for  each  critical  component, 
i.e.,  an  individual  test  must  be  speci- 
fied for  each  critical  component  to 
obtain  its  Least  Favorable  Response, 
and  (4)  Least  Favorable  Response  theory 
is  rigorously  applicable  to  only  linear 
systems. 

STUDY  DESCRIPTION 

The  analytical  study  outlined  in 
this  paper  was  performed  on  both  single 
degree-of-freedom  systems  and  multiple 
degree-of-freedom  systems,  each  repre- 
senting critical  components  within  a 
complete  hardware  system.  The  single 
degree-of-freedom  systems  provided  a 
relatively  simple  means  of  checking 
theory  and  computational  techniques. 
They  also  provided  a logical  basis  for 
comparing  shock  spectrum  and  Least 
Favorable  Response  techniques. 

The  multiple  degree-of-freedom 
systems  were  also  used  to  obtain  re- 
sults which  could  be  utilized  to  com- 
pare shock  spectrum  and  Least  Favorable 
Response  methods.  Of  primary  concern 
for  both  types  of  systems  was  the  simu- 
lation of  the  environment  in  both  the 
time  and  frequency  domains.  Conserva- 
tism of  results  when  compared  to  field 
data  was  also  of  concern. 

Four  systems  were  used  in  the 
study,  two  single  degree-of-freedom 
systems  and  two  multiple  degree-of- 
freedom  systems.  Each  system  whose 
input  and  response  defined  by  x(t) 
and  y(t)  respectively,  were  identified 
with  a case  number.  See  Fig.  1. 

Case  I was  a single  degree-of- 
freedom  system  having  its  resonance 
frequency  of  650  Hz  correspond  to  a 


notch  in  the  ensembled  field  Fourier 
spectra  envelope,  thus  requiring  the 
systems  driving  point  impedance  to  be 
relatively  large  compared  to  the  source 
impedance.  • ° 

Case  2 was  a single  degree-of- 
freedom  system  having  its  resonance 
frequency  of  800  Hz  correspond  to  a 
peak  in  the  ensembled  field  Fourier 
spectra  envelope,  thus  requiring  the 
driving  point  impedance  of  the  compo- 
nent to  be  small  compared  to  the  source 
impedance . 

Case  3 was  a two  degree-of-freedom 
system  having  a different  damping  ratio 
for  each  spring/mass  element  and  having 
closely  coupled  resonance  frequencies. 
The  resonance  frequencies  of  650  and 
800  Hz  corresponded  to  a notch  and  a 
peak  in  the  ensembled  Fourier  spectra. 
The  top  mass  was  considered  the  criti- 
cal component. 

Case  4 was  a two  degree-of-free- 
dom  system  also  having  a different 
damping  ratio  for  each  spring/mass 
element  with  little  coupling  between 
resonance  frequencies  of  800  and  1200 
Hz.  Again  the  top  mass  was  considered 
the  critical  component. 

Thus,  the  four  cases  corresponded 
to  some  of  the  limiting  situations 
which  one  can  encounter  in  the  critical 
component/environmental  source  rela- 
tionship. 

The  objective  of  the  study  on  each 
of  the  four  cases  was  to  compare  the 
critical  component  response  due  to 
inputs  defined  by  shock  spectrum  tech- 
niques, the  method  of  Least  Favorable 
Response,  and  field  environments. 
Comparison  of  input  and  response  data 
was  accomplished  by  spectral  decomposi- 
tion using  both  Fourier  and  shock  re- 
sponse spectra.  Data  were  also  com- 
pared in  the  time  domain. 

Field  input  data,  from  which  lab- 
c oratory  shock  specifications  for  this 
study  were  determined,  consisted  of 
five  different  analytically  derived 
events,  each  representing  an  environ- 
ment to  which  the  critical  components 
would  be  subjected  during  their  useable 
life.  These  events  were  synthesized  by 
summing  analytically  generated  decaying 
sinusoids.  The  frequency  content  and 
the  amplitude  of  the  frequency  compo- 
nents varied  from  one  event  to  the 
next.  Figs.  2,  3,  and  4 show  the  input 
time  history,  Fourier  spectrum  modulus, 
and  shock  spectrum  for  one  of  the  five 
events. 
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Each  critical  component  case  was 
examined  in  terms  of  an  analytical 
"laboratory  test"  situation  which  is 
identified  by  a test  number.  Only  a 
few  plots  are  included  with  the  follow- 
ing discussion  since  to  include  all 
data  would  result  in  a paper  of  unrea- 
sonable size.  The  data  included  are 
typical  and  are  utilized  to  illustrate 
the  techniques  used,  and  results  ob- 
tained. 

"laboratory  Test"  1.  (Half-sine 
envelope).  Input  parameters  were  ob- 
tained by  calculating  the  maximax  shock 
response  spectrum  for  each  of  the  five 
field  events.  These  shock  spectra  were 
overlayed  as  shown  in  Fig.  5 and  an  en- 
velope was  drawn  around  the  ensemble. 
The  unshaded  area  represents  the  fre- 
quency range  of  particular  interest. 

The  shock  spectrum  for  a 140  g,  .66  x 
10“ 5 second  half-sine  pulse  was  used 
to  encompass  the  ensemble  envelope  and 
the  Fourier  spectrum  of  the  half-sine 
was  calculated.  This  half-sine  was 
used  to  define  a laboratory  input.  The 
response  for  each  critical  component 
case  was  obtained  in  both  the  time  and 
frequency  domains.  Figs.  6,  7,  8,  9, 
and  10  illustrate  input  and  response 
data  for  Laboratory  Test  1,  Case  1 only. 


Fig.  4 - Maximax  shock  response 
spectrum  for  Field  Event  2-B. 


Fig.  5 - Envelope  of  maximax  shock  response  spectra  ensemble  for  all  field  events. 


12 


Fig.  9 - Response  time  history  for 
Laboratory  Test  1;  Case  1. 
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Fig.  10  - Response  Fourier  spectrum 
modulus  for  Laboratory  Test  1;  Case  1. 

"Laboratory  Test"  2.  (Half-sine 
mean  + 3a.)  Input  parameters  were  ob- 
tained by  calculating  the  frequency 
dependent  mean  value  of  the  field 
shock  response  spectrum  ensemble, 
calculating  the  frequency  dependent 
standard  deviation  and  then  enveloping 
the  mean  plus  three  standard  deviation 
as  shown  in  Fig.  11.  Again,  the  un- 
shaded area  indicates  the  frequency 
range  of  interest.  The  shock  spectrum 
for  a 205  g,  .616  x 10-3  second 


half-sine  was  used  to  encompass  the 
mean  plus  three  standard  deviation 
shock  spectrum  and  the  Fourier  spec- 
trum of  the  half-sine  was  calculated. 
The  response  of  each  critical  component 
case  was  determined  in  both  the  time 
and  frequency  domains.  Input  and  re- 
sponse data  were  similar  to  that 
illustrated  for  Test  1. 

"Laboratory  Test"  3.  ("SHOC" 
envelope. ) Shaker  optimized  periodic 
transients  (SHOC) [2] , were  used  to 
match  the  envelope  of  the  field  shock 
spectrum  ensemble.  Note  that  the 
criteria  for  matching  the  field  shock 
spectrum  was  for  the  spectrum  of  the 
shaker  optimized  transient  to  fall 
within  ±20%  tolerances  over  90%  of 
the  frequency  range  of  interest.  The 
Fourier  spectrum  of  the  input  transient 
was  obtained  as  well  as  the  time  his- 
tory and  Fourier  spectrum  of  the  criti- 
cal component  response  for  all  cases. 
Figs.  12,  13,  14,  15,  and  16  illustrate 
input  and  response  data  for  Laboratory 
Test  3,  Case  1 only. 

"Laboratory  Test"  4.  ("SHOC" 
mean  + 3a . ) shaker  optimized  periodic 
transients  were  used  to  match  the 
envelope  of  the  field  mean  plus  three 
standard  deviation  shock  spectrum 
using  the  same  criteria  as  those  used 
in  Laboratory  Test  3.  The  input  and 
response  data  were  similar  to  that 
illustrated  for  Test  3. 

"Laboratory  Test"  5.  (Least 
Favorable  Response.)  The  Fourier 
spectra  of  field  inputs  were  calculated 
and  ensembled  and  an  envelope  of  the 
ensemble  was  formed.  See  Fig.  17. 

The  envelope  of  the  ensemble  Xg (u) 

was  used  with  each  of  the  critical 
component  frequency  response  functions 
to  obtain  a Least  Favorable  Input  via 
Eq.  (1).  The  Least  Favorable  Input 
for  Case  1 is  shown  in  both  the  time 
and  frequency  domains  in  Figs.  18  and 
19.  ^ Shown  in  Figs.  20,  21  and  22  are 
the  shock  response  spectrum  for  the  <=  c 
input  and  the  critical  component  re- 
sponse in  the  time  and  frequency 
domains. 

Response  to  Field  Events.  The 
response  to  all  field  events were 
obtained  in  the  form  of  time  histories 
and  Fourier  spectra  for  all  critical 
component  cases.  Peak  response  am- 
plitudes were  determined  and  an 
envelope  of  response  Fourier  spectra 
for  all  field  events  were  obtained. 

Figs.  23  and  24  show  the  response 
time  history  and  Fourier  spectrum  for 
Case  1 to  one  of  the  field  events. 
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Amplitude  (10  g) 


Fig.  19  - Fourier  spectrum  modulus  for 
Laboratory  Test  5;  Case  1. 


Amplitude  (10  g-sec) 


STUDY  RESULTS 

In  order  to  compare  the  various 
(test  methods  and  draw  conclusions 
field  and  test  input  data  were  compared 
using  time  histories,  Fourier  spectra, 
and  shock  response  spectra.  Critical  ' 
component  response  data  were  also 
compared  in  the  time  and  frequency 
domains  as  schematically  indicated  in 
Fig.  26.  Table  1 and  Fig.  27  summarize 
and  compare  the  test  results  in  terms 
of  peak  input  and  response  amplitudes. 
Results  for  all  four  critical  component 
cases  are  shown.  Peak  input  and  re- 
sponse amplitudes  are  plotted  in  Fig. 

27  using  a logarithmic  ordinate  since 
equal  percentage  differences  are  re- 
presented by  equal  distances  on  a log 
scale.  Comparisons  of  shock  response 
spectra  and  Fourier  spectra  are  not 
presented  because  of  the  considerable 
amount  of  data  required  for  comparison. 
This  data  is  verbally  compared  in  the 
following  paragraphs. 

As  one  would  initially  suspect, 
peak  input  acceleration  amplitudes  do 


not  give  an  indication  of  the  severity 
of  the  environment  in  terms  of  compo- 
nent response  since  component  response 
is  also  dependent  an  the  frequency  con- 
tent of  the  input. 

- - ‘ 1 c ■ c c-  - 

Matching  or  enveloping  the  field 
input  maxinax  shock  spectrum  ensemble 
did  not  guarantee  matching  or  envelop- 
ing the  ensembled  field  input  Fourier 
spectra  and  in  turn  did  not  guarantee 
matching  or  enveloping  the  ensembled 
field  response  Fourier  spectra. 

The  results  in  terms  of  peak 
response  accelerations  using  shock 
response  spectrum  methods  were  highly 
dependent  on  biasing  criteria  used  to 
insure  response  conservatism,  on  the 
type  of  pulse  used  to  "simulate"  the 
environment,  and  on  the  dynamic  charac- 
teristics of  the  critical  component. 
The  use  of  shock  response  spectrum  in 
the  situations  described  in  this  paper 
resulted  in  both  an  undertest  and  an 
overtest  in  terras  of  peak  critical 
component  response  accelerations.  Us- 
ing shock  response  spectrum  techniques 
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Fig.  26  - Schematic  of  data  comparison. 
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TABLE  1 

SUMMARY  OP  INPUT  AND  RESPONSE  DATA 


INPUT 

PEAK 
c INPUT 
AMPLITUDE 

CASE  1 

CRITICAL  COMPONENT 
PEAK  RESPONSE  AMPLITUDE 
CASE  2 CASE  3 

CASE  4 

Field  (All 
Events) 

44g 

84g 

158g 

350g 

lOlg 

Half-Sine 

Envelope 

14  Og 

202g 

222g 

510g 

277g 

Half-Sine 
Mean  + 3a 

205g 

275g 

309g 

720g 

391g 

•SHOC* 

Envelope 

97g 

64g 

157g 

281g 

86g 

"SHOC* 
Mean  + 3a 

137g 

85g 

233g 

450g 

127g 

Least  Favorable 
Input/Response 

Case  1 

87g 

168g 

Case  2 

97g 

297g 

Case  3 

10  Og 

540g 

Case  4 

llOg 

264g 

Lt  LFI  FOR  CASE  1 
L 2 LF!  FOR  CASE  2 
L3  LFI  FOR  CASE  3 
Li  LFI  FOR  CASE  4 

LFR  LEAST  FAVORABLE 
0 RESPONSE 

[fm!  field  maximum 
SE  SHOC.  ENVELOPE 
SM  SHOC.  MEAN  + 3 <r 
HE  HALF- SINE  ENVELOPE 
HM  HALF- SINE.  MEAN  ♦ 3c 


HM 

t rn  hm 

HE 

SM  HE 
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SE 
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.. 
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| INPUT  I CASE  1 CASE  2 CASE  3 CASE  4 
I CRITICAL  COMPONENT  RESPONSE 

Fig.  27  - Summary  of  input  and  response  peak  amplitudes. 


did  not  insure  enveloping  or  matching 
either  the  input  or  response  Fourier 
spectrum. 

The  method  of  least  Favorable 
Input/Response  in  all  cases  resulted  in 
a match  of  field  input  and  response 
Fourier  spectra  and  conservative  criti- 
cal component  peak  response  accelera- 
tions. The  amount  of  conservatism 
varied  from  1.5  to  2.6.  Smallwood  also 
has  observed  approximate  factors  of  2 
conservatism  in  his  results  {4].  In 
all  cases  examined,  the  maximax  shock 
spectrum  of  the  Least  Favorable  Input 
did  an  excellent  job  of  matching  the 
field  ensembled  mean  plus  three  stan- 
dard deviation  shock  response  spectrum 
envelope  within  the  *20%  tolerances 
over  90%  of  the  frequency  range  of 
interest  (see  Fig.  20/ . The  only 
frequencies  at  which  an  adequate  match 
did  not  occur  were  at  the  critical 
component  resonance  frequencies,  which 
in  terms  of  shock  response  spectra  are 
the  most  important. 

SUMMARY  AND  CONCLUSIONS 

A study  has  been  performed  which 
compares  results  from  field  events  and 
laboratory  tests  whose  input  criteria 
were  derived  using  shock  spectrum  and 
Least  Favorable  Input/Response  methods. 
Four  critical  component  cases  were  ex- 
amined, two  single  degree-of-f reedom 
and  two  multiple  degree-of-freedom 
systems. 

The  results  of  the  study  are 
summarized  as  follows: 

(1)  Shock  spectrum  methods  re- 
sulted in  both  overtests  and  undertests 
of  critical  components. 

(2)  The  use  of  shock  spectrum 
methods  did  not  necessarily  insure  that 
the  frequency  content  of  inputs  were 
properly  reproduced  in  the  laboratory. 

(3)  The  use  of  shock  spectrum 
methods  did  not  necessarily  insure  that 
the  frequency  content  of  responses  were 
properly  reproduced  in  the  laboratory. 

(4)  Results  using  shock  spectrum 
were  dependent  on  enveloping  and  bias- 
ing methods  and  value  judgement. 

(5)  The  use  of  Least  Favorable 
Input/Response  always  resulted  in  con- 
servative responses  in  terms  of  peak 
amplitudes;  approximate  factors  between 
1.5  and  2.6  were  observed. 


(6)  Both  field  input  and  response 
Fourier  spectrum  moduli  were  matched 
in  the  laboratory  when  Least  Favorable 
Input/Response  was  used. 

The  conclusions  from  the  study 
are  that  the  use  of  Least  Favorable 
Input/Response  results  in  an  excellent 
means  of  providing  both  the  conserva- 
tism and  the  similitude  for  laboratory 
qualification  testing.  However, 
methods  of  deriving  input  specifica- 
tions and  performing  tests  are  more 
complicated  than  those  used  with  shock 
spectrum  methods. 

To  date,  electro-dynamic  or 
electro-hydraulic  exciters  are  the 
only  devices  which  can  accurately  re- 
produce a Least  Favorable  Input  and 
these  are  in  some  situations  limited 
in  both  force  and  frequency  capabil- 
ities. A new  method  of  producing 
Least  Favorable  Inputs  may  be  required 
to  meet  some  of  the  high  amplitude, 
high  frequency  criteria  necessary  to 
simulate  many  of  the  normally  encoun- 
tered field  shock  environments. 
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DISCUSSION 


Mr.  Kalbflelch  (McDonnell  Douglass  Astronautics 
Company) : You  alluded  to  the  overtest  or 

conservatism  in  the  use  of  the  shock  spectrum 
on  your  models/  relative  to  the  two  forms  of' 
input,  the  halfsine  pulse  and  the  ensemble  of 
decaying  sinusoids.  Was  Che  overteat  factor 
dependent  on  the  form  of  input? 

Mr.  Witte;  It  was  highly  dependent  on  the 
dynamic  characteristics  of  the  system.  Uhen 
the  resonances  fell  within  a notch  of  either 
the  field  Fourier  spectrum  or  the  field  input 
shock  spectrum  We  found  that  there  was  a 
considerable  overtest.  When  the  dynamic 
characteristics  corresponded  to  a peak  in  the 
input  shock  response  spectrum  we  did  a pretty 
good  job  in  terms  of  peak  amplitudes. 

Mr.  Enochson  (Agbablan  Associates) : One  stand- 

ard problem  that  you  always  encounter  is  the 
presence  of  small  values  or  zeros  when  you 
divide  by  frequency  response  functions  like 
gain  in  defining  the  least  favorable  responses. 
How  do  you  handle  that  kind  of  a problem  in 
the  computational  procedure? 

Mr.  Witte:  We  have  experienced  that  problem 

and  the  frequency  response  function  becomes  very 
ragged  at  these  low  levels,  and  in  the  analyt- 
ical study  we  just  let  it  go.  We  were  inter- 
ested up  to  3000  Hz  and  we  really  didn't  have 
the  problem  with  frequency  response  functions 
up  to  that  point. 

Mr.  Chapman  (Jet  Propulsion  Laboratory) : How  do 

you  implement  this  test  once  you  have  decided 
what  the  parameters  are?  It  wasn't  clear  to  me 
when  you  found  H (03)  whether  you  were  talking 
about  the  subsystem  under  investigation  or 
whether  you  were  talking  about  the  subsystem 
mounted  on  a fixture,  which  in  turn,  was  mounted 
on  a shaker  o 0 * . * ° » = 


Mr,  Witte:  The  frequency  response  function  is 

the  transfer  function  between  the  point  at  which 
you  define  the  input  and  the  point  at  which  you  ° 
define  the  response  of  the  critical  component. 

Mr , Chapman : Where  was  this  response,  was  it 

on  the  package  itself?  You  took  field  data  and 
you  know  what  the  response  was  in  the  field, 
now  what  do  you  do  with  it?  Would  you  use  an 
electrodynamic  shaker  to  test  it? 

Mr,  Witte:  Yes.  ’ 

Mr.  Chapman : You  put  the  package  on  a fixture, 

which  in  turn  is  mounted  to  a shaker;  you  know 
what  you  would  like  the  response  of  this  package 
to  be,  but  in  some  manner  you  have  to  take  the 
transfer  function  of  the  fixture  and  the  shaker 
into  consideration. 

Mr.  Witte:  This  is  a phase  independent  method. 

Mr.  Chapman;  That  was  not  made  clear,  but  then 
you  run  into  the  problem  of  how  to  specify  phase. 

Mr.  Witte;  What  we  have  done  is  to  have  insured 
ourselves  that  we  will  test  to  the  worst  case 
situation  in  terms  of  peak  amplitudes  of  the 
critical  component.  We  also  have  Insured  our- 
self that  we  have  matched  the  field  input  Fourier 
spectrum  modulus,  and  if  it  is  a linear  system, 
then  one  necessarily  matches  the  field  response 
Fourier  response  modulus. 
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APPLICATION  OF  LEAST  FAVORABLE  RESPONSE  TECHNIQUES 
INCORPORATING  FIELD  DATA  FOURIER  TRANSFORM  PHASE  ANGLE’ 


R.  J.  Wolf  and  A.  F.  Witte 
Kaman  Sciences  Corporation 
Colorado  Springs,  Colorado 


A comparison  of  critical  component  shock  responses 
resulting  from  laboratory  test  inputs  defined  by  conven- 
tional shock  spectrum  techniques  and  by  a method  utiliz- 
ing the  Fourier  spectrum  of  the  field  environments  and 
frequency  response  function  of  the  critical  component, 
which  is  called  the  "Method  of  Least  Favorable  Response", 
has  been  done  by  Witte  and  Wolf  [1].  This  paper  extends 
that  comparison  by  modifying  Least  Favorable  Response 
theory  to  include  field  data  time  history  Fourier 
transform  phase  angle  information,  and  obtaining  solu- 
tions for  four  cases  of  interest.  The  results  are  then 
compared  with  Least  Favorable  Response  analyses.  It  is 
found  that  inclusion  of  field  data  Fourier*  transform 
phase  angle  (for  the  case  of  decaying  periodic  time  his- 
tories) represents  an  upper  bound  on  system  response 
which  i3  siqnif icantly  lower  than  the  worst  case  analysis 
of  Least  Favorable  Response  (LFR) . 


NOMENCLATURE 

X <u) 

the  envelope  of  the  moduli  of 

t 

time 

6 

the  Fourier  transforms  of  the 
input  acceleration  time 

u 

frequency 

histories  which  defines  field 
environment 

i 

/=! 

8(u! 

the  phase  angle  of  the  Fourier 

C • • 

' . 

transform  of  an  input  accelera- 

x(t) 

input  acceleration  in  time 

tion  time  history 

X(u) 

domain 

input  acceleration  in  frequency 

♦ (w) 

the  phase  angle  of  the  fre- 
quency response  function 

domain.  X(w)  is  the  Fourier 
transform  of  x(t) 

|A| 

magnitude  of  any  complex 

y (t) 

response  acceleration  in  time 

quantity  A 

rc 

domain 

Notes* 

"Field  data"  refers  to  the 

c 

acceleration  time  histories 

Y(w) 

response  acceleration  in  the 

that  define  the  environment 

H (oo) 

frequency  domain.  Y(w)  is  the 
Fourier  transform  of  y(t) 

the  frequency  response  function 

which  a system  is  subjected  to 
and  are  typically  measured  in 
the  field. 

of  the  system 

INTRODUCTION 

This  work  was  performed  under 
contract  to  the  U.  S.  Army  SAFEGUARD 
System  Command,  Contract  Number 
DAHC60-68-C-0020. 


The  method  of  Least  Favorable 
Response  (LFR)  is  a technique  for 
computing  the  absolute  maximum  response 
of  a system  having  a known  frequency 
response  function  and  subjected  to  a 
number  of  given  input  time  histories. 
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It  also  provides  a means  for  computing 
the  input  time  history  which  results  in 
this  maximum  response.  Smallwood  (2] 
has  proposed  this  technique  to  establish 
laboratory  test  criteria. 

' c Witte  and  Wolf  [1]  have  made  a study  < 
comparing  the  method  of  Least  Favorable 
Response  to  classical  shock  spectrum 
techniques.  The  results  of  this  study 
indicate  that  for  a class  of  input  field 
time  histories  which  are  decaying 
periodics,  the  Least  Favorable  Response 
is  approximately  twice  the  field 
response  experienced  for  a single 
degree-of- freedom  system.  In  some 
cases,  this  may  be  considered  as  overly 
conservative  and  would  result  in  unreal- 
istic cost/weight/performance  penalties. 
It  has  been  suggested  by  Smallwood  [3] 
that  utilizing  field  data  Fourier  trans- 
form phase  angle  information  as  well  as 
the  envelope  of  the  modulus  will  result 
in  lower  response  amplitudes  than  those 
obtained  using  Least  Favorable  Response 
analysis,  while  still  being  upper  bounds 
on  the  system  response. 

If  the  established  bounds  on  the 
field  data  Fourier  transform  phase  angle 
are  carried  through  the  Least  Favorable 
Response  analysis,  the  problem  reduces 
to  that  of  determining  the  absolute 
maximum  response  for  any  input  time 
history  whose  Fourier  transform  moduli 
is  less  than  or  equal  to  the  envelope 
of  the  field  moduli  and  whose  Fourier 
transform  phase  angle  is  within  the 
bounds  established. 


A formulation  of  the  Least  Favorable 
Response  analysis  including  phase  angle 
has  been  done  analytically  by  Smallwood 
1 3 J in  terms  of  delay  functions.  A 
slightly  different  formulation  suited  to 
digital^  techniques  is  presented  in  this  - 
paper.  A phase  function  U(w)  is  defined 

U (w)  = cos{0  (w)  } 


THE  LEAST  FAVORABLE  RESPONSE  THEORY 
INCLUDING  FIELD  DATA  FOURIER  TRANSFORM 
PHASE  ANGLE 

Let  us  assume  that  an  arbitrary 
configuration  can  be  represented  by  a 
linear  system  as  shown  below,  where 
H(w)  is  the  system  frequency  response 
function,  and 


Input  Linear  System  Response 
x (t)  — ^ H(u)  y(t) 


Single  Input/Single  Output 
Linear  System 


x(t)  and  y (t)  are  the  system  input  and 
response,  respectively.  Note  that  it 
is  not  required  that  x(t)  and  y(t)  have 
the  same  physical  units.  For  example, 
x(t)  could  be  an  acceleration  and  y(t) 
the  relative  strain  between  two  points. 
Let  X(ui)  and  Y(w)  be  the  Fourier  spectra 
of  x(t)  and  y(t).  Then 


oo 


X (w)  =*  | 

— 00 

x(t)e‘i“tdt 

x(t)  = 27 

00 

| X (u)  elut< 

— 00 

Y(w)  = J 

y(t)e~iutdt 

00 

y(t)  - §7 

f Y(w)eiu,t< 

(1) 

(2) 

(3) 

(4) 


With  the  aid  of  the  lrequency  response 
function,  tH  (u)  , - 


where  9 (u)  is  the  phase  angle  of  the 
Fourier  transform  of  the  field  data. 

The  Least  Favorable  Response  for  a given 
Fourier  transform  moduli  envelope,  X (w), 
and  allowable  band  of  phase  function! 

and  U _ is  formulated, 
max  min 

Least  Favorable  Input  and  Response 
calculations  including  bounds  of  allow- 
able phase  angle  have  been  performed 
numerically  and  compared  with  the  usual 
Least  Favorable  Inputs  and  Responses, 
and  with  shock  spectrum  results  of 
Witte  and  Wolf  (1] . 


ytt)  * 57  | (5) 

— OP 

where  i is  the  imaginary  unit.  c ' 

The  Least  Favorable  Input,  XLFI > 
for  the  general  case  is  defined  as  the 
input  that  produces  the  absolute  maximum 
response  equal  to 

00 

lyImax  < 27  / lX(u)  I iH(u)  |d“-  (6) 


Let  us  express  an  input  X(u),  and 
the  frequency  response  function,  H(w), 
in  their  polar  form 
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Let  us  express  an  input  X(w),  and 
the  frequency  response  function,  H(w), 
in  their  polar  form 


|C{u)  - |x(u)|ei8(lj), 

' 1 H(u)  - | H (u)  |e*^  ^ , 
the  response  y(t)  is  then  given  by 


(7) 

5 ' (V) 


y«=>  - h ! 


|x(u) |e 


10  (u) 


(9) 


or 


“ 57  [l 5 

|H  (u) |e^  ^u)elutdu 

OB 

y(t)  - ^ | |x(u) ! 

|H(U)|ei{0(u)  + ♦(u)  + “t}dw. 


How  if  one  defines  the  moduli  of  the 
input  as 

I X (u)  | - Xe(u) 


where  X (<u) , is  defined  such  that 
X (u)  >e |x<  (u)  |,  i - 1 ,n,  for  all  u, 
then,  X (u)  will,  by  definition, 
represent  an  upper  bound  on  the  moduli 
of  the  Fourier  transforms  of  the 
individual  input  time  histories,  xi(t), 

X2 (t) x (t) . Maximizing  Eq.  (9) 

through  (4] 

ei{0(w)  + $(<*>)  + wt}  „ e0  , i (10 


by  selecting 


(1) 

t 

- 0 

f2) 

%0(w) 

- -♦  (w) 

C 

(3) 

| X (u)  1 

- Xe(w) 

or 

m ■ 

x(t)LFI  - y [ = Xe(u)e_i4>(u)eiutdu.  (12) 

mm 

This  can  also  be  written  as  c c 

00 

x^LFI  * 57  1 TfeSI  H*<“)e‘iUtdu-  (13) 

—00 

(where  * denotes  the  complex  conjugate)  . 
This  states  that  an  input  acceleration 
given  by  Eq.  (12)  will  result  in  a 
maximum  system  response  y(t)„ax  which 
could  result  from  any  possible  input, 
X(u),  which  is  contained  within  the 
envelope  X0 (u) . 

As  shown,  Shinozuka  [4]  obtained 
the  Least  Favorable  Response  through 
maximizing  Eq.  (9)  by  choosing 

(1)  t - 0 

(2)  etu)  - -<Mw) 

These  assumptions  do  indeed  maximize 
the  response  y(t).  However,  they  in 
general,  lead  to  system  responses  which 
are  extreme  upper  limits  and  are  not 
least  upper  bounds.  It  i3  not  required 
to  arbitrarily  choose  8 (w)  = -i(“), 
which  is  the  absolute  worst  possible 
case,  when  in  fact  the  phase  angle 
8i(w)  for  all  time  histories  x^ft)  is  a 
known  function  obtained  from  the  Fourier 
transform  of  the  input  time  histories; 
and  bounds  of  experienced  and  allowable 
phase  angles  can  be  established.  The 
extreme  generality  of  the  "Least 
Favorable  Response"  can  further  be 
reduced  by  noting  that  system  responses 
can  have  only  a real  component;  since 
all  original  time  histories  are  real, 
the  resulting  responses  must  also  be 
real.  Then  the  response,  y(t),  is 
given  by 

m 

Ytt)  - ^ f|Xe(w)  | | H (w)  I 

« c ■ r < 

jcos(8((d)  + $(u)  + wt)  Jdm , (14) 


we  obtain  what  is  commonly  referred  to 
as  the  "Least  Favorable  Response". 
Substituting  these  expressions  into 
Eq.  (7),  we  obtain  an  expression  for 
the  "Least  Favorable  Input",  x(t)1>rj, 
as  follows 

X(w)LFI  - Xe<U)e'i<M“)  (11) 


and  the  maximum  response  is  given  by 

a* 

y(t,max  " 57  f lxe(“)  I | H (u>)  | 

— 0D 

|cos{0(u)  ♦ $(u)  * wt)  jdw.  (15) 
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Smallwood  (31  has  considered  Eq.‘ 
(14),  introduced  the  delay  function 
defined  by 


Mu) 


-8(u) 

u 


C 


e ' <1  , c O 

and  proceeded  with  an  analysis  on 
that  basis.  However,  since  cos{6(u)u), 
i.e.,  cos  0 (u) , is  a better  behaved 
function,  having  a much  smaller  dynamic 
range,  0(1),  and  is  easier  to  work  with 
and  envelope,  than  6 (u)  , let  us  proceed 
as  follows.  Expanding 


|cos{0(u)  + $ (“)  + ut}| 


in  terms  of  the  cosine  of  the  sum  of 
the  two  angles  9 (u)  and  (Mu)  + ut)  we 
obtain 


[cos  9 (u)  + (<Hu)  + ut}  | 


or 


« [cos  9 (w)  COS  (Mu)  + Ut) 
- sin  9 (w) sin{$ (u)  + ut}[ 


=*  |cos  0 (u)  cosli).(iii)  + ut) 


(16) 


and  since  and‘ £2  are  exact  known' 
functions,  the  value  of  U(u)  is  the 
only  quantity  which  cannot  be  exactly 
defined.  Therefore,  if  the  bounds  on 
the  phase  function  U(u)  can  be  deter- 
mined by  ; 

* , ■ . a. 

ut“)max  - Ui(u,)  for  1 = lH-n  " 
and 

U(u)min  > U^u)  for  i = l-<-n 

then  the  upper  bound  on  |cos{9(u)  + 
$(u)  + ut}[  is  determined  by: 

|cos(8(u)  + <Mu)  + ut}| 

- U(u)M^  Cj(u,t) 

- (±)  /l-U  (u)  *M  C2(w,t) 


where  U(u)M  “ u*“>max  or  °*“*min  and 

U(u)M  » u<“>max  or  U(u)min  dePendin9 

upon  the  sign  and  magnitude  of  C.(u,t) 
and  Cj(u,t)  and  the  sign  of  (+(±)}  such 
that  the  combination  yields  the  maximum 
value.  For  example,  if  C^(u,t),  C2<u,t), 
and  - ( ±)  are  all  positive  then  the  above 
expression  becomes 


V 


•?  ■ sc 


where  (±)  must  be  determined  by  what 
quadrant  cos0  is  in.  Let  us  further 
introduce  a dependent  variable,  U(u), 
which  we  will  simply  call  the  "Phase 
Function" . 

U(w)  » cos(0(u)},  „ ; (17) 

Now,  the  frequency  response  function 
phase  angle.  Mu)  , is  considered  to  be 
known,  ut  is  also  known,  hence  for  any 
general  situation 


cos(Mw)  + ut)  » C,  (u,t)  is  Known 

sin(Mu)  + ut)  = Cjlw.t)  is  Known 

(19) 

Substitution  of  Eqs.  (17),  (18),  (19), 
into  Eq.  (16)  yields 

|cos(0(u)  + <)>  (u)  + ut)  [ 

= |U(w)C1(u,t) 

- (±)  /l-O(u)2  C2(u,t) 


J cos { 6 (u)  + Mu)  + ut)| 

• u(u)  C,  (u,t) 

+ A-U(w)2  C_  (u , t) 
c ° min  2 

■ 0 ' ‘ 0 e c o a 

where  Mw)max  and  U(u)  • are  the  upper 
and  lower  envelopes  of  the  contributing 
phase  functions  Uj_ (ui ) = cos{9^(u)}. 

The  Least  Favorable  Response  for  a 
given  Fourier  transform  moduli  envelope 
Xe  (u)  and  allowable  band  of  phase 
functions  U(u)majt  and  tf(w)m^  is  then 
given  by: 

00 

y(t)max  = I?  1 Xe<u>  (20) 

— 00 

{U(w)M  Cj(w,t) 


- (±)  /l-U(u)2  C2(u,t))du, 
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the  corresponding  Least  Favorable 
Input  is  given  by: 


x (t) 


LFI 


.-1 


H(u) 


(21) 


where  F^  and  f”*  are  the  Fourier  trans- 
form and  inverse  transform,  respec- 
tively. 

THE  ANALYTICAL  STUDY 

The  analytical  study  consisted  of 
numerically  evaluating  Eq.  (20)  to 
determine  the  Least  Favorable  Response 
for  an  envelope  of  five  time  histories 
for  four  frequency  response  functions 
of  interest.  The  corresponding  Least 
Favorable  Inputs  determined  by  Eq.  (21) 
were  evaluated  via  fast  Fourier  trans- 
form techniques.  The  time  histories 
and  frequency  response  functions  were 
identical  to  those  used  in  the  study  by 
Witte  and  Wolf  (1),  which  compared  in 
detail  to  the  mechanical  shock  test 
criteria  which  were  generated  from  an 
ensemble  of  hypothetical  field  measured 
time  histories  by  conventional  shock 
spectrum  techniques  and  by  the  method 
of  Least  Favorable  Response  (UR) . 

This  was  done  so  that  the  results  ob- 
tained could  be  compared  to  those  ob- 
tained by  shock  spectrum  and  Least 
Favorable  Response  techniques,  and  a 
more  meaningful  insight  into  the  effect 
of  including  field  data  Fourier  trans- 
form phase  angle  information  could  be 
reached . 

The  hypothetical  field  measured 
time  histories  were  generated  by  a 
summation  of  decaying  sinusoids  of  the 
form: 

x. (t)  - " A.e-?i“it  sin (w. t + ♦.). 

/•  i-1  1 11 

Table  1 gives  the  frequency  and  ampli- 
tude content  of  the  first  time  history 
and  Fig.  1‘ shows  a computer  plot  of  the 
corresponding  time  history  which  is 
labeled  45-A.  Similarly,  Table  2 and 
Fig.  2 identify  the  second  time  history 
labeled  IS-D;  Table  3 and  Fig.  3 
identify  time  history  #5-G;  Table  4 and 
Fig.  4 identify  time  history  #2-B; 
while  Table  5 and  Fig.  5 correspond  to 
hypothetical  field  time  history  #7-G. 


.TABLE  1 

COMPOSITE  DECAYING  SINE  TIME  HISTORY 


CONTENT, 

#5-A  it  » 

. 400E-04 

C 

i 

Al 

<1 

15“ 

♦i 

(9) 

(dlMn- 

•ionlvsi) 

(h«rts) 

r«di«ns 

1 

.100!>00 

.1008*00 

.1278*03 

0.0 

2 

. I00E-01 

.100000 

.1912*01 

2.30 

3 

.<001-01 

.1008*00 

.2168*01 

0.0 

4 

.4001-01 

.1008-01 

. 39IE+Q3 

0.0 

S 

. 2008-01 

. 1008-91 

.7968*01 

0.0 

4 

.1008-01 

.1001-01 

. 119E*04 

0.0 

7 

. 9O0S-O2 

. 5001-02 

.1398*04 

0.0 

• 

. 2SOI-02 

. SO 08-02 

.3118*04 

0.0 

9 

. 100E-02  ; 

. 3008-02 

.6378*04 

0.0 

10 

. 500E-01  ! 

L 

.3008-02 

. 955E*04 

0.0 

t 


Time  (10  2 sec) 

Fig.  1 - Computer  plot  of  time  history 
15-A. 
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TABLE  2 


TABLE  3 


COMPOSITE  DECAYING  SINE  TIME  HISTORY  COMPOSITE  DECAYING  SINE  TIME  HISTORY 


CONTENT, 

#5-D  At  = 

. 200E-04 

'CONTENT, 

#5-G  At  = 

’.400E-04 

e c 

i 

\ 

'l- 

-1 

If 

♦i 

1 

\ 

'i 

“i 

7f 

♦i 

(<*> 

(hertz) 

radiant 

(9) 

(diaen- 

(hertz) 

radiant 

aionleat) 

tionlest) 

. 130E+00 

..1008+00 

.2558+03 

0.0 

1 

. 5008-01 

' .5008-02 

.1278+03  0 

0.0 

2 

. 104E+00 

.1008+00 

.5738+03 

2.50 

2 

.408-01 

.50U8-02 

.1918+03 

2.50 

3 

.7808-01 

.1008+00 

.1598+04 

0.0 

3 

. 3008-01 

.5008-02 

.2868+03 

0.0 

4 

. 520E-01 

.1008-01 

.3188+04 

0.0 

4 

.2008-01 

.5008-02 

.3988+03 

0.0 

5 

.2608-01 

.1008-01 

.1278+05 

0.0 

5 

.1008-01 

.1008-01 

.794E+03 

0.0 

4 

.130E-01 

.1008-01 

.1918+05 

0.0 

4 

.5008-02 

.1008-01 

.1198+04 

0.0 

7 

. 65CE-02 

.5008-02 

.6378+04 

0.0 

7 

.2508-02 

.1008-01 

.1598+04 

0.0 

a 

.3258-02 

.5008-02 

.2398+04 

0.0 

1 

.1258-02 

.1008+00 

.3188+0  * 

0.0 

9 

.1308-02 

.5008-02 

.7968+03 

0.0 

9 

.5008-03 

.1008+00 

.6378+04 

0.0 

10 

.4508-01 

.5008-02 

.3828+03 

0.0 

10 

.2508-01 

.1008+00 

,9558*04 

0.0 

Fig.  2 - Computer  plot  of  time  history 
#5-D. 


Fig.  3 - Computer  plot  of  time  history 
#5-G. 
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TABLE  5 


TABLE  4 

COMPOSITE  DECAYING  SINE  TIME  HISTORY 
CONTENT,  #2-8  At  » .192SE-04 


1 

'i 

!T 

♦i 

<»> 

(diaan- 

aionlaas) 

. (harts) 

radiant 

1 

. 3008+00 

.1458-01 

.1518+04 

0.0 

2 

.5001-01 

.5008-01 

.4(28+0) 

3.50 

) 

.1 508+00 

.1008+00 

.3)18+03 

0.0 

COMPOSITE  DECAYING  SINE  TIME  HISTORY 


C,  c 

« CONTENT, 

♦7-G  At  - 

.740E-04 

1 

*1 

'i 

rr 

♦t 

<o> 

(diacn- 

•ionless) 

(harts) 

radians 

1 

.4008-01 

.iooe-oi 

.1078+04 

0.0 

2 

.3008-01 

.1008-01 

.1418+04 

0.0 

3 

.2008-01 

.1008-01 

.1078+04 

0.0 

4 

.2008-00 

.1008+00 

.1728+0) 

0.0 

5 

.1408+00 

.1008+00 

. 2588+0  3 

2.50 

Pig.  4 - Computer  plot  of  time  history 
12-B. 


Fig.  5 - Computer  plot  of  time  history 
#7-G. 


The  moduli  of  the  Fourier  transform 
of  these  time  histories  and  the  corre- 
c spending  Fourier  transform  Fhase  func-  c 
tions,  U(u),  (defined  in  the  previocr 
section  by  U(o)  = cos (3),  where  3 is 
the  Fourier  transform  phase  angle)  are 
shown  in  Figs.  6,  7,  3,  9,  and  10. 
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Frequency  (Hertz) 


Frequency  (Hertz) 


Fig.  6 - Modulus  of  Fourier  transform 
and  corresponding  phase  function  for 
Event  5-A  time  history. 


Fig.  7 - Modulus  of  Fourier  transform 
and  corresponding  phase  function  for 
Event  5-D  time  history. 


Fig.  8 - Modulus  of  Fourier  transform  and  corresponding  phase  function  for  Event 

5-G  time  history. 
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Fig.  12  gives  the  resulting 
envelope  of  the  Fourier  transform 
moduli,  X , along  with  the  maximum 
Umax  (u)  and  the  minimum  umin  (wJ  of  the 
corresponding  functions.  The  curves 
of  Fig  .'12  along  with  the  systems 
frequency  response  function,  H*w),  pro- 
vide the  input  required  to  compute  the 
systems  maximum  response  amplitude  for 
any  input  time  history  whose  Fourier 
transform  moduli  is  less  than  or  equal 
to  the  envelope,  Xe,  and  whose  corre- 
sponding Fourier  transform  phase 
function  (phase  angle)  is  bounded  by 
Umax(u)  and  Um^n(w).  That  is,  these  are 
the  required  field  data  determined 
functions  which  are  used  to  evaluate 
the  integral  of  Eq.  (20).  In  evaluation 
of  this  integral,  time  and  frequency 
increments  were  selected  so  that  fast 
Fourier  transform  techniques  could  be 
used  to  compute  the  Least  Favorable 
Inputs  given  by  Eq.  (21)  . That  is 


Frequency  (Hertz) 


Frequency  response  functions  were 
generated  for  both  single  degtee-of- 
freedom  systems  and  multiple  degree-of- 
fieedom  systems,  each  representing 
critical  components  within  a complete 
hardware  system.  The  single  degree-of- 
freedom  systems  provided  a relatively 
simple  means  of  checking  theoiry  and 
computational  techniques.  They  also 
provided  a logical  basis  for  comparing 
shock  spectrum  and  Least  Favorable 
Response  techniques,  since  shock  spec- 
trum is  only  rigorously  applifcable  to 
single  degree-of-f reedom  systems. 

. The  multiple  degree-of-freedom 
systems  were  also  used  to  obtain  results 
which  could  be  utilized  to  compare  shock 
spectrum  and  Least  Favorable  [Response 
methods . 

I 

Four  systems  were  used  in  the  study, 
two  single  degree-of-freedom  systems 
and  two  multiple  degree-of-freedom 
systems.  c Each-  system  Whose  input  and  - 
response  are  defined  by  x(t)  and  y ^ ( t ) , 
respectively,  were  identified  with  a 
case  number. 

Case  1 was  a single  degree-of- 
freedom  system  (critical  component) 
having  a resonance  frequency  of  650 
Hertz  and  a critical  damping  ratio 
of  .03  (see  Fig.  13).  The  resonance 
frequency  was  such  that  it  corresponded 
to  a notch  in  the  ensembled  field 
Fourier  spectra  and  thus  requiring  its 
driving  point  impedance  to  be  rela- 
tively large  compared  to  the  source 
impedance. 


-s.  Phase  Function 


m ' 10  * 10  * 10  * 

Frequency  (Hertz) 

Fig.  12  - Envelope  of  moduli  of  Fourier 
transforms  and  corresponding  maximum 
(U(w)m,„)  and  minimum  (U(<o)  . ) phase 
max  functions.  min 

Case  2 was  a single  degree-of- 
freedom  system  having  a resonance  of 
800  Hertz  and  a critical  damping  ratio 
of  .03  (see  Fig.  14).  The  resonance 
frequency  was  such  that  it  corresponded 
to  a peak  in  the  ensembled  field  c 

Fourier  spectra  requiring  the  driving 
point  impedance  of  the  component  to  be 
small  compared  to  the  source  impedance. 


W-  - 


Case  3 was  a two  degree-of-f reedom 
system  having  non-uniform  damping  char- 
acteristics and  closely  coupled  reso- 
nance frequencies  as  shown  in  Fig.  IS. 
These  frequencies  corresponded  to  a 
notch  and  a peak  in  the  ensembled 
Fourier  spectra.'  The  first  resonance 
corresponding  to  a high-driving  point 
impedance  compared  to  the  source 
impedance  and  the  second  resonance 
corresponding  to  a low-driving  point 
impedance  compared  to  the  source.  The 
frequency  response  function  utilized  is 
that  between  the  input  and  the  second 
mass . 


Fig.  15  - Two  degree-of-f reedom 
frequency  response  function  with 
closely  coupled  modes.  (Case  3) 


Case  4 was  a two  degree-of- 
freedom  system  having  non-uniform 
damping  characteristics  and  little 
coupling  between  resonance  frequencies 
as  shown  in  Fig.  16.  The  first  reso- 
nance corresponding  to  a high-driving 
point  impedance  as  compared  to  the 
impedance  of  the  source  and  the  second 
resonance  corresponding  to  the  imped- 
ance when  compared  to  the  source 
impedance.  Again  the  frequency  response 
function  is  that  between  the  input  and 
the  second  mass. 


Fig.  16  - Two  degree-of-freedom 
frequency  response  function  with 
remotely  coupled  modes.  (Case  4) 
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These  four  cases  corresponded  to 
some  of  the  limiting  situations  which 
one  can  encounter  in  the  critical 
component/environmental  source  rela- 
tionship (1]. 

STUDY  RESULTS 

Critical  component  maximum  response 
amplitudes  including  field  data  Fourier 
transform  phase  angle  information  com- 
puted via  Eq.  (20)  for  the  four  fre- 
quency response  functions  of  interest 
are  shown  in  Figs.  17  through  20,  where 
they  are  compared  to  Least  Favorable 
Responses  computed  with  the  same  field 
data  time  histories  and  frequency 
response  functions.  It  is  seen  that, 
for  the  decaying  periodic  time  histories 
considered,  including  field  data  Fourier 
transform  phase  angle  information 
reduced  peak  response  amplitudes 
approximately  3C  percent  while  still 
representing  an  upper  bound  on  the 
fiald  response  amplitudes.  A detailed 
summary  of  the  results  and  comparison 
with  the  results  obtained  by  conven- 
tional shock  spectrum  techniques  is 
given  in  Fig.  21. 

It  should  be  pointed  out  that  if 
the  bounds  of  allowable  phase  functions 
are  small  and  Umjn(u)  - Umax(u><  and 
if  the  envelope  of  the  moduli  is  light, 
i.e.,  jx^(u)|  -*  Xg  for  all  i,  the 
resulting  Least  Favorable  Input  with 
Fourier  transform  phase  angle  reduces 
to  duplication  of  the  original  input 
time  histories,  and  corresponding 
response  becomes  exactly  the  critical 
component  response. 

SUMMARY  AND  CONCLUSIONS 

c Least  Favorable  Input  and  Response 
calculations  including  bounds  of  allow- 
able phase  angle  have  been  performed 
numerically  and  compared  with  the  usual 
Least  Favorable  Inputs  and  Responses, 

It  is  seen  that  for  the  class  of 
input  time  histories  considered, 
decaying  periodics,  the  typical  con- 
servatism factor  of  2 can  be  reduced 
to  typically  1.3  by  including  field 
data  established  bounds  on  allowable 
phase  angles.  Also,  as  established 
bounds  on  allowable  phase  angles 
approach  each  other  and  as  the  moduli 
of  the  field  data  Fourier  transform 
approach  that  of  the  envelope,  Xg,  the 
analysis  reduces  to  reproduction  of 
the  original  time  histories. 


(a) 


Fig.  17  - (a)  Least  Favorable  Response 
for  the  frequency  response  function  of 
Case  1 and  the  five  ensembled  time  his- 
tories, and  (b)  is  a response  obtained 
when  including  Fourier  transform  phase 
angle  enveloping. 


Acceleration  (10  g)  Acceleration  (10  g) 


Time  (10  sec) 


Time  (10  sec) 


Fig.  20  - (a)  Least  Favorable  Response  for  the  frequency  response  function  of  Case 
4 and  the  five  ensembled  time  histories,  and  (b)  is  the  response  obtained  when 
including  Fourier  transform  phase  angle  enveloping. 


1000  - 

LFR 

LI  LFI  FOR  CASE  1 

LFR9 

* 

L2  LFI  FOR  CASE  2 

<:  « 

■■  . -,r  ■: 

c r « 

LFR 

L 3 LFI  FOR  CASE  3 
L4  LFI  FOR  CASE  4 

LFRO 

LFR 

LFR  LEAST  FAVORABLE 

LFR 

EE) 

LFR  9 

RESPONSE 

FM  FIELD  MAXIMUM 

O 

3 

3 too  - 
0. 

L04 

L3  }-f 

LFR0 

L*t  LFO  FOR  CASE  1 

L02  L,  12 
L0I 

[?3 

c L«  LFO  FOR  CASE  2 

< 

• 

lot'  LF9  FOR  CASE  3 

^ ‘ 

c 

c « c , ' 

c v 

- ' 

r L64  LF0  FOR  CASE  4 C 

0. 

E3 

C 

LFR0  LEAST  FAVORABLE 

RESPONSE 

m 

‘ 

INPUT 

CASE  t 

CASE  2 

CASE  3 

CASE  4 

CRITICAL  COMPONENT  RESPONSE 

Fig.  21  - Summary  of  input  and  response  peak  amplitudes. 
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DISCUSSION 

Mr.  Koen  (Bell  Laboratories) : You  overlapped 

the  phase  angle  you  have  a minimum  and  a maxi- 
mum. Did  you  chose  a value  of  phase  in  between 
the  two,  or  what  value  phase  did  you  chose  to 
give  you  the  worst  condition? 


Mr.  Wolf:  You  have  to  go  back  and  look  at  that 

Integral  and  chose  whichever  produces  the 
maximum  response. 


Mr.  Koen:  Do  you  mean  somewhere  between  those? 

Mr.  Wolf:  No. 

Mr.  Koen;  Is  it  either  the  minimum  or  the 
maximum? 


Mr.  Wolf:  It  is  either  the  minimum  or  the 

maximum  that  bounds  it.  But  you  pick  the  one 
that  results  in  the  maximum  response  in  that 
integral. 


Mr.  Gertel  (Kinetic  Systems):  Is  it  necessary 

to  know  the  system  in  order  to  get  this  least 
favorable  response  and  thereby  determine  the 
input  that  produces  that?  _ c0  Co 

e c C V C c ° G c e 

Mr.  Wolf : Yes.  f e 'V 


Mr.  Gertel;  So  the  limitation  of  the  system  is 
that  you  must  know  the  characteristics  of  the 
system  that  you  propose  to  test? 

Mr.  Wolf;  Right  but  being  good  designers  we  all 
claim  to  know  that? 


Mr.  Gertel:  I wouldn’t  dispute  that.  I am  just 

projecting  the  possibilities  of  a generalized 
type  of  requirement.  Could  we  extend  your  method 
by  just  continuing  to  hypothesize  numerous 
systems  and  then  come  up  with  some  new  composite 
environment  that  might  be  used  for  a generalized 


Mr.  Wolf:  It  is  flexible  to  the  degree  that 

* you  know  what  the  response  function  is.  There 
is  a lot  of  work  being  done  in  trying  to  define 
that;  especially  in  the  areas  where  you  take  c \ 
ratios  of  very  small  numbers;  there  is  statis- 
tical theory  being  applied  and  there  is  also  a 
lot  being  done  in  smoothing  of  the  measurements 
in  terms  of  measuring  the  frequency  response 
function.  So  yes,  the  limitation,  in  terms  of 
how  well  you  know  the  response  function  is  really 
a limitation  of  the  analysis,  but  it  does  encom-  c 
pass  a pretty  generalized  sort  of  response 
function.  ° 

Mr.  Forkois  (Naval  Research  Laboratory) : Could 

you  correlate  this  with  the  damage  of  the 
system?  If  you  have  the  data  from  a field 
system  can  you  determine  whether  it  is  in  a 
damaged  or  an  undamaged  condition?  I think  the 
criterion  should  be  the  duplication  of  the 
damage  in  the  laboratory  that  you  had  out  in 
the  field,  and  this  is  associated  with  fragility 
levels  and  sensitivities  of  the  equipment.  We 
may  have  a 10  cent  correction  and  we  are  spend- 
ing a million  dollars  to  test  the  equipment. 

You  test  something  and  you  don’t  want  It  to  be 
damaged  this  is  the  essential  point.  What  con- 
stitutes damage  to  this  particular  critical 
item? 

Mr.  Wolf:  With  this  sort  of  approach  you  end  up 

subjecting  ».he  hardware  to  a minimum  of  oscil- 
lations, that  is  the  problem  of  fatigue  Is 
minimized.  In  addition  you  have  guaranteed 
yourself  that  to  within  the  limits  that  the 
field  data  is  known,  and  the  limits  that  the 
response  function  is  known  that  the  test  item 
will  survive.  There  is  another  point;  yesterday 
there  was  a discussion  the  cost  effectiveness  of 
setting  the  environment  levels  there  was  one 
factor  that  should  have  been  included,  namely 
the  mental  anguish  factor  associated  with  a 
failure.  I'm  not  sure  the  cost  of  that  can  be 
put  in  dollars  and  cents. 

Mr.  Bogdanoff  (Purdue  University) : I am 

familiar  with  the  work  of  Drenick  in  connection 
with  least  favorable  Inputs  and  this  arose  in 
the  area  of  earthquakes.  He  hypothesized  an 
input  at  a given  location  where,  data  is  far 
s removed:  from  that  particular  spot  and  he  also 
got  worst  'responses  which  were  roughly  a factor 
of  two  bigger  than  others  that  will  meet  similar 
criteria.  You  got  the  same  thing.  Now  the 
question  still  bolls  down  to  this;  when  you 
start  tempering  the  response  for  a suitable 
design  value  you  have  not  indicated,  at  least 
as  far  as  I can  see,  any  way  in  which  one  can 
cut  this  worst  case  down  with  some  notion  of 
the  probability  that  the  design  value  will  not 
be  exceeded. 

Mr.  Wolf:  There  are  a number  of  papers  extend- 

ing this  philosophy  but  using  probability  theory. 

Mr.  Bogandoff ; This  is  still  not  a solved 
question,  it  is  ad-hoc  at  best. 
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Mr.  Wolf:  You  still  have  the  question  of  whet  Mr.  Fritz:  My  second  question  concerns  the 

Is  the  probeblllty  of  something  occurlng  to  e phsse  problem.  When  you  stsrted  out  seylng  you 

eertsln  level,  thet  Is  not  considered  here  end  would  minimize  the  phsse  error  I expected  you 

thst  Is  probsbly  next  on  our  sgends.  somehow  to  get  Into  the  physics  of  the  problem. 

That  Is  If  you  had  a spectrum  you  could  always 
Mr.  Sanders  (Rockwell  International):  I think  develop  a system  that  would  give  you  the  worst 

your  paper  Is  a pretty  valuable  contribution,  possible  additions  of  the  phase  response  to 

but  you  addressed  yourself  to  that  undertest  that  spectrum, 

or  overtest  subject  and  my  experience  has  been 

that  most  of  those  are  associated  with  failures.  Mr.  Wolf:  Yes  and  that  condition  Is  the  least 

Secondly  you  limited  yourself  to  linear  systems  favorable  response.  The  effort  Is  then  to  back 

and  any  system  that  I know  of  that  approaches  a off  from  that  to  the  extent  that  we  know  what 

failure  mode  becomes  nonlinear.  And  If  you  the  phase  Is. 

look  at  a structural  failure  of  any  type  when 

It  starts  yielding  it  is  no  longer  linear  and  Mr.  Cartel:  Interestingly  there  was  a paper 

many  of  them  are  not  linear  otherwise.  Are  you  presented  In  a similar  vein  la  that  they  used 

projecting  this  system  into  the  area  of  failure  these  various  Army  esrthquake  techniques  for 

conditions  because  this  Is  the  one  that  really  reconstituting  a time  history  from  an  earth- 

grabs  management?  They  don't  care  whether  you  quake  or  a ground  motion  shock  spectrum.  Are 

vibration  test  or  shock  test  so  long  as  you  are  you  familiar  with  that  concept,  and  If  so,  have 

not  associated  with  that  problem,  and  1 think  compared  your  least  favorable  response  shock 

that  Is  a direction  where  we  need  answers.  motions  to  the  earthquake  type  motions? 

Mr.  Wolf:  We  have  tossed  around  how  we  Include  Mr.  Wolf:  Although  this  least  favorable 

a nonlinear  response  function  and  I am  not  sure  analysis  evolved  from  the  earthquake  people, 

where  It  Is  going  to  go  from  there,  but  I'd  and  we  have  branched  off  from  It,  we  are  not 

like  to  point  out  that  there  Is  another  case  in  very  good  communication  with  what  they  are 

where  It  is  Important,  and  that  Is  not  when  you  doing  st  this  time, 

are  concerned  about  the  survivability  of  a 
little  electronics  black  box  In  the  structure. 

I know  what  the  response  function  of  the  black 
box  and  1 have  to  make  sure  that  the  black  box 
la  going  to  work  and  that  It  will  see  the  right 
environment  In  the  laboratory;  there  we  can  do 
a pretty  good  job  still  having  a linear  response 
function  and  still  talking  about  a failure  mode. 

Mr.  Fritz  (General  Electric  Company) ; How  wou Id 
you  consider  the  Interaction  effects?  Many  cases 
of  shock  problems  have  Interactions  leading  to  a 
spectral  dip  effect  which  la  quite  serious. 

Mr.  Wolf;  We  haven't  considered  that  at  all. 

Perhaps  Art  has  a comment . ^ 

Mr.  Witte:  Are  you  talking  about  the  reactive 

portion  of  the  specimen,  the  mechanical  Imped- 
ance problem? 

Mr.  Fritz;  I'm  talking  about  the  case  when  the 
equipment  can  Interact  with  the  shock,  which  Is 
a typical  situation  In  many  cases  of  shock,  such 
lC  cas  shipboard  shock.  They  have  called  It  the 
spectral  dip  effect. 

Mr.  Witte:  We  tried  to  consider  this  when  we 

had  chosen  our  critical  component  cases.  In 
the  first  case,  where  the  peak  corresponded  to 
a notch  in  the  Fourier  spectrum,  we  assumed 
that  the  Impedance  of  the  test  specimen  was 
high  compared  to  the  Impedance  of  source  and 
you  would  get  thle  dip  effect.  There  Is  a 
great  deal  of  data  when  you  start  comparing 
all  of  these  things,  and  we  have  compared  this 
data  in  tabular  form  In  our  paper.  J think 
that  when  you  look  at  it  you  will  see  some 
Interesting  comparisons.  / 
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MATCHING  SHOCK  SPECTRA  WITH  SUMS  OF 
DECAYING  SINUSOIDS  COMPENSATED  FOR 
SHAKER  VELOCITY  AND  DISPLACEMENT  LIMITATIONS 


D.  O.  Smallwood  and  A.  R.  Nord 
Sandia  Laboratories 
Albuquerque,  New  Mexico 


The  use  of  sums  of  exponentially  decaying  sinusoids  to  match 
acceleration  shock  response  spectra  offers  several  advantages.  The 
principal  disadvantage  is  that  the  resulting  transients  do  not  have 
zero  velocity  and  displacement  changes,  and  hence  cannot  be  accu- 
rately reproduced  on  existing  shaker  systems.  A method  is  described 
in  which  the  decaying  sinusoids  are  modified  to  reduce  the  velocity 
and  displacement  changes  to  zero.  Basically,  the  method  used  is  to 
add  a negative  amplitude,  time  shifted  rapidly  decaying  sinusoid  to 
the  transient.  It  is  shown  that  the  values  of  the  amplitude  and  delay 
can  be  used  to  control  the  change  in  velocity  and  displacement, 
c respectively.  The  frequency  can  be  used  to  control  the  low-frequency 
content  of  the  waveform.  The  value  chosen  for  the  decay  rate  is 
apparently  not  critical.  Examples  are  shown  to  illustrate  that  the 
displacement  waveforms  can  now  be  predicted.  A method  is  also 
described  for  picking  the  decaying  sinusoid  components  to  match  a 
given  shock  spectrum.  First,  values  are  picked  assuming  each 
component  acts  independently  from  the  others.  A family  of  nor- 
malized acceleration  shock  response  spectra  curves  can  be  used 
for  this  purpose.  These  values  are  usea  as  the  initial  values  in  a 
computer  routine  which  will  then  modify  the  magnitude  of  the  com- 
ponents to  match  the  spectrum.  The  resulting  synthesized  pulse  can 
then  be  reproduced  on  a shaker  using  digital  techniques. 


NOMENCLATURE 

A Amplitude  scale  factor  foi  a decaying 
sinusoid  (see  Eq.  1) 

B.  The  calculated  acceleration  shock 

response  at  the  frequency  W,  r c 

° ■ C ' o ‘ ec  f f 1 £ C 

f.  Frequency,  u.'/2tr  ' 0 

i fT  or  an  integer  subscript 

m The  subscript  "m"  refers  to  values  for 
the  velocity  and  displacement  compen- 
sating pulse. 

n The  number  of  summed  decaying 
sinusoids 


' c c sr  " 0 

S.  The  desired  value  for  the  acceleration 
1 shock  response  spectrum  at  the  frequen 
cy  «l 

t Time 

U Unit  step  function  „ c c 

O cc  c 0<CC  00° 

cx(t)  Displacement  at  any  time 

:i(t)  Velocity  at  any  time 

x(t)  Acceleration  at  any  time 

C Decay  rate  (see  Eq.  1) 

*1  Damping  coefficient,  fraction  of 

critical  damping 
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r Delay  (sec) 

a:  Circular  frequency  (rad/sec) 


INTRODUCTION  . - 

c ' c . c * c-  - 

It  has  been  recognized  for  many  years 
that  electrodynamic  or  electrohydraulic 
shakers  could  be  used  to  simulate  many  tran- 
sient field  events.  As  the  shock  spectrum  of 
the  environment  was  the  most  common  tool  for 
characterizing  these  events,  efforts  centered 
around  the  development  of  techniques  to  re- 
produce a time  history  on  a shaker  system 
which  would  match  a specified  shock  spectrum. 

Many  different  time  histories  can  be 
generated  which  will  match  the  same  shock 
spectrum.  These  waveforms  can  be  quite 
different  in  appearance  and  it  is  not  clear  that 
they  will  all  produce  equivalent  test  item 
damage  in  the  laboratory.  However,  since 
field  environments  can  also  produce  time 
histories  which  are  quite  different  in  appear- 
ance, it  has  not  been  shewn  that  a single 
method  for  generating  time  histories  will  he 
superior  for  simulating  all  environments. 

Many  methods  should  be  available,  and  the 
particular  method  chosen  should  depend  on  the 
general  characteristics  of  the  field  time  his- 
tories. 

Several  analog  techniques  [l,  2,  3]  were 
developed  which  would  produce  time  histories 
whose  shock  spectra  would  match  a wide 
variety  of  specified  shock  spectra.  These 
techniques  are  generally  difficult  to  set  up  and 
usually  require  the  application  of  many  low- 
level  pulses  for  system  equalization.  After 
LeBrun  and  Favour  [4]  published  a method  for 
reproducing  very  complex  time  histories  on  a 
shaker  system  using  digital  techniques,  it  was 
only  natural  that  the  versatility  of  digital 
methods  would  be  exploited  to  produce  methods 
for  generating  time  histories  whose  shock 
spectra  would  match  specified  spectra.  It  was 
also  recognized  by  the  developers  of  the 
various  methods  [5,  6]  that  for  accurate  re- 
production on  a shaker  system  a time  history 
should  have  zero  velocity  and  displacement 
changes. 

There  are  physical  reasons  to  believe 
that  many  acceleration -time  field  environments 
can  be  represented  by  sums  of  decaying  sinus- 
oids [7]  and  the  examination  of  field  records 
supports  this  conclusion.  For  this  reason 
pulses  of  this  type  were  considered  as  one  of 
the  available  methods  for  simulating  transient 


events  in  the  laboratory.  Several  of  the  early 
analog  methods  [2,  3]  used  pulses  of  this  type. 

A disadvantage  of  decaying  sinusoids  is 
that  nonzero  velocity  and  displacement 
, changes  are  characteristic  of  these  transients. 
The  velocity  and  displacement  changes  result 
from  the  fact  that  each  half-cycle  of  the 
acceleration-time  waveform  is  smaller  than 
the  preceding  one;  hence,  there  is  an  accumu- 
lation of  area  (i.e.,  velocity)  as  the  accelera- 
tion is  integrated.  Techniques  using  these 
• pulses  were  moderately  successful  because 
the  shaker  system  will  act  as  a high-pass 
filter  removing  the  low  frequency  energy  from 
the  waveform.  This,  combined  with  the 
flexure  restoring  force,  will  force  the  velocity 
and  displacement  to  return  to  zero.  The 
manner  in  which  the  acceleration-time  wave- 
form will  be  distorted  to  remove  the  velocity 
and  displacement  change  will  be  characteristic 
of  the  individual  shaker  system  used.  This 
makes  it  difficult  to  predict  the  velocity  and 
displacement  waveforms  until  after  the  test  is 
run.  The  velocity  and  displacement  waveforms 
are  important  as  the  shaker  system  places 
limits  on  the  magnitudes  which  can  be  re- 
produced. The  magnitudes  of  the  velocity  and 
displacement  requirements  for  a given  accel- 
eration waveform  are  useful  for  test  planning 
as  will  be  illustrated  in  a later  example. 

The  purpose  of  this  paper  is  to  show  that 
if  the  pulses  are  modified  to  remove  the  veloc- 
ity and  displacement  changes,  more  accurate 
control  of  the  acceleration,  velocity,  and  dis- 
placement requirements  will  result.  Pro- 
cedures for  synthesizing  a pulse,  using  digital 
methods,  to  match  a specified  shock  spectrum 
are  also  discussed. 

■ o x e • • . : 

MODIFICATIONS  OF  ACCELERATION-TIME 
DECAYING  SINUSOIDS  TO  OBTAIN  ZERO 
VELOCITY  AND  DISPLACEMENT  CHANGES 

The  basic  waveform  will  be  a sum  of 
c several  decaying  sinusoids  as  given  by  Eq.  (1). 

' n 

x(t)  * ^ A^e  1 sin  . (1) 

The  acceleration,  velocity,  and  displacement 
time  histories  for  a single  component  are 
shown  as  Fig.  1. 

As  mentioned  earlier,  the  velocity  and 
displacement  changes  are  not  zero.  A sum  of 
several  decaying  sinusoids  will  exhibit  a 
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Fig.  1 - Decaying  sinusoid  acceleration, 
velocity,  an!  displacement 
characteristics 


similar  characteristic.  If  a pulse  could  be 
added  having  velocity  change  opposite  to  the 
velocity  change  of  the  basic  waveform,  the  net 
velocity  change  would  be  reduced  to  zero.  A 
similar  argument  can  he  used  to  reduce  the 
displacement  change. 

Let 


n 

x(t)  * U(t)  ^2  A.e  sin  oo  t 

i=l  1 1 


+ U(t  + T)  A e 
m 


sin  iii  (t  +*  r) 
m 


-C  u)  (t-t-r) 
m m 


(2) 


n A. 


x(t)  * U(t)  J2  —ji — r 

« “iPT*  0 


-f.W.t 

-e  1 1 °(Cj  sin  “i1 


sin  w.t  J.  cos  w.t)  + 1 


+ U(t  + r) 


-t  « (t+r) 
^ m m 


to  (?2  * l) 
m\  m j 

€ sin  w 

L m i 

"m(t  + T)] 


+ COS  til 


(t  + T) 


+ 1 } . (3) 


Integrating  again  the  displacement  becomes 


(A  -w 

n lA.e 

x(t)  = U(t)  Y*  <— a- 

WK*M 


jf2  - lj  sin  uijt 


+ 2T.  cos  u;.t 
sl  l 
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2C  A. 

l i 


aGv! 
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* U(t  + T), 


[A  e 
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C C C,  !■ 


cwhere  , 


U(t)  is  a unit  step  function,  i.e., 
U(t)  = 0 for  t < 0 
* 1 for  t 5 0 , 


The  time  shifted  term  has  been  added  for 
velocity  and  displacement  compensation. 

Integrating  the  velocity  becomes 


m V m / 

[ft  ‘ 1 ) Si"  V*  + T>  + 2fn 
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By  substituting  Eq.  (5)  into  Eq.  (3)  anti 
letting  t it  can  be  seen  that  the  residual 
velocity  will  be  zero.  Therefore,  once  u.'m 
and  Cm  have  been  picked,  Am  can  be  used  to 
control  the  residual  velocity.  Similarly,  r can 
be  used  to  control  the  residual  displacement. 

In  fact,  by  substituting  Eqs.  (5)  and  (<>)  into 
Eqs.  (2),  (3),  and  (4),  it  can  be  shown  that 


for  t £ 


x(t)  = x(t)  = x(t)  = 0 , 


+ COS  (L\t) 


-C  Ui  (t+T> 
m m 


^ — x — ft  sin  (i)  (t  + 


♦ cos  u (i  * r)l  (8) 
m J 


and  for  t — < 


x(»)  » x(»)  * 5c(«)  * 0 , 


which  are  the  desired  houndary  conditions. 

The  value  chosen  for  the  decay  rate,  Cm  is  not 
critical.  (m  = 1 is  a typical  value.  It  will  be 
shown  that  Wj,,  ca  i be  chosen  to  control  the 
low  frequency  ro  1-off  of  the  modified  acceler- 
t ation-time  histo  7's  shock  spectrum.  Proce- 
dures for  pickirg  the  A^'s,  u^'s.  and  C^'s  are 
given  in  the  r.xt  section. 


- C u)  (t+r) 
m m 


ut2  (c2  + 1) 

m \ m / 


[ft  - ■) 


sin  u)  (t  + t)  +25 
m in 


u:  r (t  + r)]  (9)f 


Once  tne  parameters  u:^,  f m , A^’s,  and 
btj's  have  been  picked,  Eq.  (5)  can  be  used  to 
solve  for  Am.  Then,  Eq.  (6)  can  be  used  to 
solve  for  r. 

Letting  t be  greater  than  t in  Eqs,  (2), 
(3),  and  (4)  gives 


Note  that  for  t > r the  acceleration,  velocity, 
and  displacement  functions  are  sums  of  de- 
caying sines  and  cosines.  Therefore,  it  is 
reasonable  to  expect  that  for  many  cases  the 
wave  forms  of  all  three  to  be  similar.  Be- 
cause the  velocity  terms  and  the  displacement 


/ ' / 


i ; ? c s 1 : 2 -*v.  * " 'v 

terms  are  divided  by  u!  and  m respectively, 
the  velocity  and  displacement  time  histories 
tend  to  be  dominated  by  the  low  frequency 
terms.  This  sometimes  gives  the  waveforms 
an  appearance  different  from  the  acceleration 
' 'waveform.  It  is  also  reasonable  to  expect  c 
that  the  magnitude  of  the  maximum  positive 
and  negative  peaks  will  be  nearly  the  same. 

It  is  permissible  for  all  the  sinusoids  to 
start  at  a different  time.  For  example,  if 
X(t)  is  defined  by 


n -C.tt.(t-r) 

x(t)  -V  U(t  - r.)  A e 1 
i*  1 


sin  us  (t  - T^> 


+ U(t  + f) 


A e 


m 


m 


a>  (t+r) 
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the  shock  spectrum  can  lie  controlled  with 
u.'m,  the  velocity  change  with  Am,  and  the 
displacement  change  with  the  time  shift  r. 
Examples  in  a later'section  will  illustrate  the 
waveforms  which  can  be  expected  and  the 
advantages  over  non'compensated'waveformsi° 


PROCEDURES  FOR  MATCHING 
ACCELERATION  SHOCK  SPECTRA 
WITH  DECAYING  SINUSOIDS 

The  normalized  acceleration  shock 
spectra  of  a 3%  critically  damped  system  for 
a single  frequency  decaying  sinusoid  is  shown 
as  Fig.  2.  The  actual  peak  response  ratios  as 
a function  of  the  decaying  sinusoid  decay  rate, 
C,  for  different  values  of  critical  damping,  T), 
are  included  as  Fig.  3.  Appendix  A gives  the 
value  of  the  peak  input  as  a function  of  the 
magnitudes,  A.,  of  the  components. 

To  match  a specified  shock  spectrum, 
first  sinusoid  components  are  picked  for  each 
peak  in  the  shock  spectrum.. 


'I 


sin  u (t  r)  . 

rn 


(10) 


The  required  magnitude  for  Am  is  the  same  as 
before  (Eq.  5)  and  the  required  T is  given  by 


In  summary,  the  required  velocity  and 
displacement  compensation  can  be  accom- 
plished by  adding  a time  shifted,  rapidly  de- 
caying sinusoid.  The  low  frequency  roll-off  of 


Fig.  2 - Normalized  shock  spectra  for  a 

single  frequency  decaying  sinusoid 
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Fig.  3 - Peak  response  ratio  for  a decaying  sinusoid 


If  sufficient  information  is  known  about 
the  decay  rate  of  the  original  field  data,  this 
information  can  be  used  to  aid  in  picking  the 
decay  rates,  !^.  Nelson  and  Prasthofer  [7] 
also  offer  suggestions  for  picking  the  decay 
rates.  Frequently,  the  shape  of  the  shock 
spectra  curves  as  shown  in  Fig.  2 can  aid  in 
picking  the  decay  rates,  The  amplitudes 
are  then  chosen,  using  Fig.  3,  for  each 
sinusoid,  assuming  each  component  will  act 
independently.  The  amplitudes,  Aj,  can  be 
either  positive  or  negative.  Nelson  and 
Prasthofer  [7]  show  that  the  values  for  the 
shock  spectrum  at  frequencies  between  the 
«l's  can  be  changed  by  changing  the  signs  of 
the  Ai's. 

‘ / ■ ' =(  1 ‘ c “ ',  <■ 

The  frequency  of  the  compensating  pulse 
is  then  chosen  by  noting  the  lowest  frequency 
for  which  the  shock  spectrum  is  to  be  matched. 
Later  examples  will  show  that  the  frequency, 
h)m,  should  be  one-half  to  one-third  of  this 
lowest  frequency.  The  decay  rate  for  the  com- 
pensating pulse  is  then  chosen  (any  value  be- 
tween 0.5  and  1.0  will  usually  work).  A 
manual  or  computer  aided  iteration  is  then 
performed  to  refine  the  values  for  the  ampli- 
tudes, Aj.  A program  has  been  written  to  aid 
in  this  step.  A block  diagram  of  the  computer 


code  is  given  as  Fig.  4.  Sj  is  the  desired 
value  of  the  shock  spectrum  at  the  frequency  f.. 


Fig.  4 - Flow  diagram  for  picking  decaying 
sinusoids  to  match  a given  shock 
spectrum 
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The  Iteration  method  shown  in  Fig.  4 
will  not  guarantee  convergence;  therefore, 
operator  interaction  is  provided  to  stop  the 
iteration  if  convergence  does  not  occur.  This 
presents  no  real  difficulty  as  the  program  is 
run  on  tt  time -shared  interactive  computer. 


Solving  these  equations  gives 


A » -1.24  g 
m c 


and 


The  plotted  shock  spectrum  is  then  com- 
pared with  the  desired  spectrum.  If  conver- 
gence did  occur,  the  spectrum  will  match  the 
desired  spectrum  at  the  frequencies  toj.  How- 
ever, the  values  of  the  spectrum  at  inter- 
mediate values  may  not  be  at  the  desired 
levels.  If  the  intermediate  values  are  too 
high,  the  decay  rates  ^ can  be  made  smaller. 
If  the  intermediate  values  are  too  low,  the 
decay  rates  can  be  increased  or  components 
can  be  added  at  the  intermediate  frequencies. 
Care  should  be  taken  to  match  the  notches  in 
the  spectrum  as  well  as  the  peaks,  as  evidence 
exists  [8]  to  indicate  that  they  may  be  more 
important  than  the  peaks.  The  velocity  and 
displacement  requirements  can  be  adjusted  by 
changing  wm.  In  general,  raising  u.‘m  will 
reduce  the  velocity  and  displacement  require- 
ments. The  procedures  are  then  repeated 
until  a satisfactory  fit  is  obtained. 

The  transient  can  then  be  reproduced  on 
a shaker  system  using  digital  or  analog  tech- 
niques. , t 


EXAMPLES  USING  MODIFIED  DECAYING 
SINUSOIDS 

Several  examples  will  now  be  given  to 
illustrate  the  waveforms  which  can  be  expected, 
and  to  show  the  advantages  of  the  modified 
waveforms  over  non -compensated  forms  . 


Example  1 

Consider  a single  100  Hz,  10%  decay  rate, 
lg  decaying  sinusoid.  For  compensation,  a 
> 100  Hz,  50%  decay  rate  decaying  sinusoid  will 
be  added.  For  this  case  Eqs.  (5)  and  (6)  re- 
duce to 


£ ♦ 


r * 0.958  msec 


The  acceleration,  velocity,  displacement  and 
shock  spectrum  for  this  waveform  are  plotted 
as  Fig.  5. 


A = -A. 
m i ,2 


2 J 


cSi 

i 


Fig.  5 - (Example  1)  100  Hz,  10%  decay  rate 
decaying  sinusoid  with  a 100  Hz 
velocity  compensating  pulse 
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Fig.  5 - (Example  1)  100  Hz,  10%  decay  rate 
decaying  sinusoid  with  a 100  Hz 
velocity  compensating  pulse 


While  a compensating  pulse  with  the  same 
frequency  as  the  primary  pulse  can  be  used, 
the  shock  spectrum  will  be  significantly  dis- 
torted from  that  of  the  primary  pulse  alone. 

The  velocity  and  displacement  waveforms  are 
quite  symmetrical  (i.e.,  the  positive  and 
negative  peaks  are  approximately  equal  in 
amplitude  and  number)  making  efficient  use  of 
the  shaker  capabilities. 


Example  2 

Again,  consider  a 100  Hz,  10%  decay 
rate,  lg  decaying  sinusoid.  For  compensation, 
a 10  Hz  (one-tenth  of  the  primary  frequency), 
100%  decay  rate  pulse  will  be  used.  Solving 
Eqs.  (5)  and  (6)  gives 


A ■ -0. 198  g 
m 6 

r • 0,0156  sec 


The  acceleration,  velocity,  displacement,  and 
shock  spectrum  are  shown  as  Fig.  6.  The 


Fig.  6 - (Example  2)  100  Hz,  10%  decay  rate 
decaying  sinusoid  with  a 10  Hz 
velocity  compensating  pulse 
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Fig.  6 - (Example  2)  100  Hz,  10%  decay  rate 
decaying  sinusoid  with  a 10  Hz 
velocity  compensating  pulse 


shock  spectrum  now  shows  little  distortion 
above  30  Hz.  This  is  a general  result.  The 
shock  spectrum  can  usually  be  matched  to  a 
frequency  extending  down  to  about  two  to  three 
times  the  compensating  frequency.  As  the 
compensating  frequency  is  lowered,  the  veloc- 
ity and  displacement  requirements  become 


larger.  In  this  example,  the  displacement 
requirements  are  six  times  the  displacement 
required  for  Example  1.  It  is  seen  that  a 
compromise  can  be  reached,  trading  low- 
frequency  performance  for  lower  displacement 
and  velocity^ requirements.  This  can  be  very 
useful  when  attempting  to  match  a shock 
spectrum  to  as  low  a frequency  as  possible 
while  remaining  within  the  capability  of  a 
particular  shaker  system. 


Example  3 

In  this  case,  a complex  shock  spectrum 
[6]  will  be  matched  by  adding  five  decaying 
sinusoids  and  a compensating  pulse.  This 
example  is  included  to  illustrate  the  complex- 
ity of  spectra  which  can  be  matched,  and  to 
show  how  the  pulse  can  be  tailored  to  give  the 
maximum  low-frequency  performance  while 
remaining  within  the  capabilities  of  a shaker 
system.  The  assumed  limits  of  the  shaker 
system  were  8 inches,  peak-to-peak  displace- 
ment and  ±100  in/sec.  velocity.  Three 
iterations  were  required  to  arrive  at  the  wave- 
form shown.  The  acceleration,  velocity, 
displacement,  and  shock  spectrum  are  shown 
as  Fig.  7.  The  sinusoid  components  are  given 


with  velocity  compensatated  decaying 
sinusoids 
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in  Table  I.  The  acceleration  and  velocity 
waveforms  will  return  to  zero  for  times 
exceeding  one  second.  An  acceptable  match 
of  the  shock  spectrum  is  achieved  down  to 
3 Hz. 


Example  4 

This  example  is  included  to  illustrate 
how  a shaker  system  will  typically  distort  a 
waveform  if  compensation  is  not  used.  For 
this  example,  a single  40  Hz,  5%  decay  rate, 
IS  g decaying  sinusoid  will  he  shown  as 
actually  reproduced,  using  the  techniques  of 
LeBrun  and  Favour  [4]  on  a slip  table  driven 
by  an  MB  C220  shaker. 

The  pulse  was  reproduced  in  two  forms 
first,  without  compensation  and,  second,  with 
a 10  Hz,  100%  decay  rate  compensating  pulse 
added.  For  the  compensated  pulse 


A * -7.48  g 
m 


r * 0. 0155  sec. 


(b) 

Fig.  7 - A complex  shock  spectrum  matched 
with  velocity  compensated  decaying 
sinusoids 


TABLE  1 


Components  for  Example  3 


Freq.  (Hz) 

Decay  Rate  (?) 

Amplitudes  (g) 

Delay  (Sec) 

1 

1.0 

-5.82 

0 

4 

0.5 

' 10 

0.  136 

14 

0.  17 

10 

0.  136 

28 

0.007 

2 

0.  136 

38 

0.035 

2 

0.  136 

110 

0.018 

to 

0.  136 

c 

C C 

c 

C , 

The  results  are  shown  as  Figs.  8 and  9. 
The  ideal  or  desired  acceleration  for  each  of 
two  waveforms  is  shown  on  the  left  side  of 
Fig.  8.  The  waveforms,  as  they  were  actually 
reproduced,  are  shown  on  the  right.  The  ideal 
or  desired  displacements  for  each  waveform 
were  computed  from  Eq.  (4)  and  are  plotted  on 


the  left  of  Fig.  9.  These  are  the  expected 
displacements  if  the  acceleration  time  history 
is  accurately  reproduced. 

The  actual  table  displacements,  as 
measured  with  a displacement  transducer, 
are  on  the  right. 


DISPLACEMENT  tint 


* The  actual  compensated  acceleration 
waveform  was  quite  close  to  the  desired  wave- 
form. The  actual  noncompensated  accelera- 
tion waveform  was  also  quite  close  to  the  de- 
sired waveform  except  that  the  first  few  posi- 
tive peaks  were  smaller  than  they  should  have 
been!  This  is  the  effect  of  the  shaker  acting  as 
a high-pass  filter  and  the  flexure  restoring 
force,  removing  the  velocity  and  displacement 
changes.  This  observation  is  confirmed  when 
the  actual  noncompensated  displacement  is 
examined.  The  theoretical  noncompensated 
displacement  becomes  very  large  for  large 
times,  where  the  actual  displacement  returns  „ 
to  zero.  The  actual  compensated  displace- 
ment, while  somewhat  distorted,  is  very  near 
the  theoretical  value.  Thus,  the  objective  of 
being  able  to  predict  the  displacement  require- 
ments has  been  accomplished.  The  importance 
of  this  is  reinforced  by  examining  the  results 
of  a hypothetical  30  g experiment  instead  of 
the  15  g experiment.  The  noncompensated 
pulse  would  have  required  a displacement  of 

0.72  inch,  exceeding  the  0.  5 inch  limit  of  the 
shaker.  The  shaker  armature  would  have 
driven  into  the  mechanical  stops,  seriously 
distorting  the  pulse  and  abruptly  ending  the 
test.  The  compensated  pulse  would  have  re- 
quired a displacement  of  0.2  inch,  well  within 
the  shaker  capabilities.  More  importantly,  the 
operator  could  have  predicted  the  displacement 
requirements  for  the  compensated  pulse  before 
the  test  and  proceeded  knowing  that  the  dis- 
placement limits  of  the  shaker  would  not  be 
exceeded. 

CONCLUSIONS 

Several  different  methods  for  reproducing 
a shock  spectrum  on  a shaker  system  are  use-  = 
ful  for  different  applications.  One  method 
which  is  useful  for  a large  number  of  applica- 
tions is  the  sum  of  several  decaying  sinusoids. 

A disadvantage  of  the  decaying  sinusoid  method 
is  a characteristic  nonzero  velocity  and  dis- 
placement change  which  makes  the  prediction 
°otthe  velocity  and  displacement  requirements 
difficult.  A method  has  been  demonstrated 
which  will"  permit  the  determination  of  these 
requirements  by  modifying  the  basic  waveform. 


The  modification  can  be  easily  implemented 

using  digital  methods.  c 
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APPENDIX  A 

Magnitude  of  the  First  Peak 
of  a Decaying  Sinusoid 


Let  a time  history  be  defined  by 


aft)  * e"^wtsin  cut  t a 0 


To  find  the  magnitude  of  the  first  peak 
differentiate  Eq.  (A-i)  and  set  equal  to  zero. 


da  -ftut  , 

(cos  cut  - £ sin  m t)  . 


(jg 

Jj"  wiH  be  equal  to  zero  whenever  cos  cut 
* C sin  cot  or  cot  * tan’1  i . (A-2) 


a u1- 
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| at  a;  i>  ».t  is  it  ir  n o.«  i.o  u i.z  u u is 
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The  first  peak  will  be  for  0 S cot  < ^ . 

Substituting  cot  from  Eq.  (A-2)  into  (A- 1)  gives 
the  magnitude  of  the  first  peak.  The  results  are 
presented  as  Fig.  A-l. 


For  small  C,  Amax  » 1-1.57  { . 
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Fig.  A-l  - Peak  amplitude  of  a decaying 
sinusoid  as  a function  of  the 
decay  rate 


DISCUSSION 


Mr.  Forkola  (Naval  Research  Laboratory! : 
Wouldn't  It  be  slmplier  to  do  portions  of  the 
spectrum  In  sequence,  for  example,  in  frequency 
bands  of  from  5 to  100  and  100  up  to  500  etc. 
rather  than  trying  to  simulate  the  whole 
spectrum  at  once’  It  seems  to  me  that  you  have 
an  Incomprehensible  problem  here. 


Mr.  Smallwood  1 I will  admit  that  you  can  do  thia, 
but  If  you  do; It  you  have  to  Justify  It  and  that 
Is  perhaps  th±  more  difficult  problem.  It  Is 
not  that  difficult  to  match  the  shock  spectrum 
over  a quite  Wide  frequency  band,  from  10  to  20 
Ht  up  to  2000  Ht,  on  a electrodynamic  shaker  as 
long  as  you  are  within  the  limitations  of  the 
shaker  system; 
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c „ A CASE  FOR  DAMPED  OSCILLATORY  EXCITATION  AS  e 
A NATURAL  PYROTECHNIC  SHOCK  SIMULATION* 


D.  B.  Nelson,  P.  H.  Prasthofer 
Sandia  Laboratories 
Livermore,  California  94550 


A rationale  is  established  for  using  decaying  oscillatory  excitation  to 
simulate  a pyrotechnic  environment.  A methodology  for  specification 
suitable  for  use  on  electrodynamic  exciters  is  developed.  The  advan- 
tages of  this  technique  in  relation  to  the  various  descriptors  of  shock 
severity  are  described  and  bounds  are  developed  for  the  response. 
These  concepts  are  illustrated  with  a numerical  example. 


NOMENCLATURE 


w 

Vector  representation  of  system 
accelerations 

a/ 

Acceleration  of  the  system  mass 

c. 

j 

Modal  damping  coefficient 

E 

The  infinite  integral  of  the  square  of 
a function 

G(f> 

The  Fourier  transform  of  g{t) 

g<t) 

A real  function  of  time 

h(t) 

C 

General  system  impulse  response 

["K-J 

Diagonal  stiffness  matrix 

fk] 

o General  stiffness  matrix  « 

l"M-] 

Diagonal  mass  matrix 

[m] 

General  mass  matrix 

[«1 

Matrix  of  system  eigenvectors 

V. 

The  element  occupying  the  position 
corresponding  to  the  intersection  of 
the  j**1  row  and  the  column  of  the 

matrix  [U] 

M 

Vector  representation  of  system  dis- 
placements 

X (t ) 

A general  response 

y(t) 

A general  excitation 

[»] 

N x 1 matrix 

♦This  work  was  supported  by  the  United  States 
Atomic  Energy  Commission.  Contract 
Number  AT-(29-l  )-789. 


[/3  ] N x 1 matrix 


4<t) 

C 

M 

u 
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Dirac  delta  function  deHned  as  the 
unit  strength  impulse  /i(t)  dt  = 1 

The  fraction  of  critical  damping  of  a 
single-degree-of-freedom  oscillator 

Vector  representation  of  generalized 
system  modal  motion  variables 

Undamped  natural  radian  frequency  of 
a single-degree-of-freedom  oscillator 


INTRODUCTION 

Pyrotechnic  shocks  occur  in  the  oper- 
ational environment  of  virtually  all  aerospace 
systems.  Missile  stage  separations  and  deton- 
ations of  explosive  components,  for  instance, 
all  impart  shocks  to  the  adjoining  structures. 
Such  a shock,  which  can  generate  very  high - 
intensity  local  stress  waves  near  its  origin,  is 
transmitted  into  the  rest  of  the  structure,- in- 
ducing vibrational  motion.  Laboratory  testing 
of  components0  and  substructures  which  are 
expected  to  encounter  such  excitation  has  been 
the  subject  of  considerable  research  over  the 
past  several  years.  This  research  is  moti- 
vated, at  least  in  part,  by  the  development  of 
more  sophisticated,  and  often  more  delicate, 
componentry.  The  test  levels  imposed  on  such 
systems  by  some  test  methods,  e.  g. , unidi- 
rectional pulses,  in  order  to  provide  a sufficient 
safety  factor  over  the  entire  frequency  range 
may  result  in  unnecessary  and  sometimes 


/ 
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unattainable  design  requirements  for  the  com- 
ponents as  well  as  for  the  supporting  structure. 

Pyrotechnieally  induced  environments  ex- 
perienced by  substructures  and  components  are 
often  of  such  a nature  that  simulation  and/or 
qualification  testing  using  electrodynamic  ex- 
citers is  feasible.  'I'he  induced  shock  is  usually 
a transient  oscillation  lasting  less  than  a sec- 
ond, with  structurally  damaging  energy  concen- 
trated in  the  working  frequency  range  of  most 
vibration  exciters.  Much  attention  has  been 
focused  upon  characterizing  this  type  of  shock 
so  that  a meaningful  test  specification  may  be 
derived.  There  is  much  controversy  related  to 
the  traditional  use  of  the  shock  response  spec- 
trum (SHS)  versus  the  energy  spectral  density 
(USD)  as  an  indicator  of  the  shock  severity  and 
as  an  environmental  descriptor  for  shock  test 
specifications.  Exclusive  use  of  these  des- 
criptors for  shock  test  specifications  has  re- 
sulted in  the  development  of  test  techniques 
which  employ  excitation  which  neither  resem- 
bles the  actual  environment  nor,  in  many 
cases,  adequately  excites  the  test  specimen. 
Some  of  these  techniques,  in  fact,  often  result 
in  severe  overtesting.  The  attendant  frustra- 
tion has  led  to  the  development  of  very  sophis- 
ticated methods  whereby  a shock  signature  may 
be  specified  and  achieved  on  electrodynamic 
exciters.  (1,2]  Other  methods  combine  oscil- 
latory functions  of  one  form  or  another  with  the 
SRS  or  ESD  of  the  resultant  acceleration  as  the 
test  criterion.  The  particular  waveforms 
specified  by  various  test  laboratories  include 
reproduction  of  actual  field  data,  (1,2]  wave- 
forms derived  from  the  inverse  Fourier  trans- 
form of  an  ESD  envelope,  [3]  and  superposi- 
tions of  modulated  oscillatory  functions.  [4-7] 

In  this  paper  a case  is  developed  for 
specifying  a superposition  of  exponentially  de- 
caying oscillatory  waveforms  as  excitation  of 
the  exciter-specimen  system  with  either  the 
SRS  or  ESD  of  the  resultant  acceleration  as  the 
accompanying  spectral  descriptor.  Significant 
features  of  the  technique,  which  has  been  rou- 
tinely used  at  Sandia  l aboratories  for  the  past 
twb  years,  are  as  follows:  ‘ , 

1.  If  the  ESD  or  the  undamped  SRS  of 
the  recommended  excitation  envelops 
the  corresponding  description  of  the 
environment,  it  is  guaranteed  that 
the  "energy"  of  the  response  of  all 
system  parts  will  be  at  least  as 
great  as  that  experienced  in  the  field. 

2.  If  the  excitation  of  the  exciter- 
specimen  system  is  judiciously 


chosen,  a reasonable  bound  exists  on 
the  maximum  system  response. 

3.  The  excitation  may  be  specified  in  a 
straightforward  manner  using  ex- 
isting spectral  descriptors. 

4.  Sophisticated  generation  and  equal- 
ization equipment  is  useful  but  not 
required. 

SPECTRAL  DESCRIPTORS 

An  indication  of  the  severity  of  shock  ex- 
citation has  been  classically  expressed  by  the 
SRS.  The  SRS  has  great  appeal  because  of  the 
intuition  it  imparts  to  the  analyst  about  the 
physical  effect  of  the  shock.  Much  of  the  con- 
troversy regarding  its  use  has  focused  on  the 
proper  range  of  its  applicability.  The  SRS  in  a 
rigorous  sense  applies  only  to  structures  that 
can  be  modeled  as  single-degree-of-freedom 
(SDF)  systems.  If  the  natural  frequency  of  the 
structure  is  not  known,  as  is  generally  the 
case,  then  by  choosing  a test  waveform  whose 
SRS  envelops  that  of  the  field  data  over  the 
frequency  range  of  interest  one  is  guaranteed 
that  the  peak  response  of  this  SDF  system 
model  to  the  laboratory  test  will  be  higher  than 
that  due  to  the  field  environment,  no  matter 
what  its  natural  frequency  may  be.  These  con- 
clusions are  not  valid,  however,  if  the  struc- 
ture is  multi-degree-of-freedom;  this  is  easily- 
demonstrated  by  modal  analysis  techniques. 

Consider  the  undamped  description  of  a 
multi-degree-of-freedom  structure  excited  at 
its  base  given  by 

(m]{x|  + [k]|x|  * (o)  y(t)  (1) 

where  y(t)  is  the  base  displacement.  Differ- 
entiating twice  and  letting  {a}  * Jx|  one  obtains 
Equation  (2) 

[m]Ja}  + |k]{a}  = My(t)  (2) 

where  y(t)  is  the  base  acceleration.  Equation 
: (2)  may  be  subjected  to  a transformation  to 
modal  coordinates  [8];  i.  e. , let 

ja}  = (Uljn}  (3) 

where  the  columns  of  (t'|  are  the  system  eigen- 
vectors. Premultiplication  by  [L‘]  * yields  the 
uncoupled  (diagonalized)  description  of  the 
system  given  by  Equation  (4). 

}n}  + ["  K — ) jp}  * [13  ] y(t)  (4) 
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If  it  can  be  assumed  that  0]  is  the  same 
for  the  laboratory  test  as  for  the  expected  field 
environment,  then  by  enveloping  the  SRS  of  the 
environment  with  that  of  the  test  input  motion 
one  is  guaranteed  that  the  peak  response  of  each 
modal  variable  i?j  to  the  laboratory  excitation 
will  be  at  least  as  great  as  to  the  measured 
field  excitation.  Let  the  modal  responses  due  s 
to  the  environment  be  called  r)j  and  those  from 
the  test  Vj.  If  the  test  SRS  envelops  the  en- 
vironment SRS,  it  is  clear  that 

max|v^|  e max|r^|  for  all  j (5) 


transform  Gif).  If  the  Fourier  transform  pair 
is  defined  as  t.  . -c.  , . ,*  « . . _ . - . ». 

Gif)  = /"*  g(t)e‘i2,rftdt 


Gin  = r°  g 


,C(f)e+i2!rftdf 


the  "energy"  is 


E s / g“(t)dt 


The  acceleration  response  of  the  mass  in 
the  N-degree-of-freedom  system  may  be  ex- 
pressed in  terms  of  the  modal  coordinates  as 


for  the  environment 


4nd,  by  Rayleigh's  Theorem  (9),  maybe  ex- 
pressed in  terms  of  Gif)  as 


• r iG(f)i2 

J-  00 


1 j4?  Vvj 


for  the  test 


To  assure  that  the  peak  response  of  each  mass 
in  the  test  be  at  least  as  great  as  the  response 
to  the  field  environment,  it  is  required  that 


max|a/t|  * max  [afe  [ 


The  squared  magnitude  of  Gif)  is  called  the  two- 
sided  energy  spectral  density  and  since  the 
Fourier  transform  of  a real  function  exhibits 
Hermitian  symmetry,  i.e. , G(f)  = G*(-f), 

|G i-f ) | * |G(f)|,  it  is  symmetric  about  f = 0. 

Thus  only  the  values  for  positive  frequency 
need  be  considered,  which  results  in  the  alter- 
nate representation  for  the  energy. 


* f 2 |G(f)|2 


N N 

ma*E  uj/vji  * max  vV  <7) 

This,  however,  is  not  guaranteed  by  merely 
satisfying  the  inequality  shown  in  Equation  (5): 
i.  e. , the  condition  that  the  maxima  of  all  the 
individual  vj  exceed  the  maxima  of  the  indivi- 
dual rjj  does  not  imply  that  their  sum  does  the 
same,  since,  in  general,  the  maxima  of  the  qj, 
as  well  as  of  the  vj,  do  not  occur  at  the  same 
time.  Therefore,  an  arbitrary  test  method  en- 
veloping a specified  SRS  does  not  guarantee  that 
the  system  will  be  adequately  tested,  t,  c 

A more  definite  statement  concerning  the 
response  of  a system  to  a test  may  be  made  if 
the  ESD  or  the  residual  undamped  SRS  of  the 
excitation  closely  envelops  the  corresponding 
spectral  descriptor  of  the  expected  or  measured 
environment.  The  ESD  of  a function  g(t)  is  de- 
fined in  terms  of  the  corresponding  Fourier 


where  2|G(f)|  is  commonly  called  the  one- 
sided energy  spectral  density. 

The  response  x(t)  of  any  particular  vari- 
able of  a linear,  multi-degree-of-freedorn 
structure  to  an  excitation  y(t)  is  given  by  the 
convolution  <= 


x(t)  = hit)  * y(i)  = / h(-r)y(t  - r)  dr  (12) 


The  Fourier  transform  of  Equation  (12)  is 

6 c<>  " • f 6 

0 * X(f)  = H(f)V(f).  . 

and  the  response  "energy"  is 


x2(t)dt 


/-«! 

■ / ix<f>r 


df  (14) 


Substitution  for  X(f)  yields 


I 


E * j*  |H(f)|2  |V(f)|2df  (15) 

If  another  excitation  u(t)  is  chosen  so  that  the 
corresponding  ESD  envelops  |Y(f)p  for  all  f, 
i.e.  , ‘ r 

(Iff)!2  * |Y(f)|2  (16) 

and  if  H(f)  can  he  considered  constant,  the 
"energy"  of  the  response  to  the  excitation  u(t) 
will  be  at  least  as  great  as  the  response  to  x(t). 
This  guarantee  applies  to  any  motion  variable, 
thus  assuring  adequate  testing  of  the  system  in 
terms  of  response  "energy.  ” Note  that  no  re- 
striction has  been  made  on  the  order  of  the 
system.  The  only  necessary  assumptions  are 
that  the  system  is  linear  and  that  11(f)  is  the 
same  for  the  test  as  for  the  environment.  The 
latter  is  hardly  ever  completely  true  but  is 
usually  presumed  to  be  so. 

The  Fourier  transform  from  which  the 
ESD  is  determined  is  intimately  related  to  the 
zero-damped  residual  SRS.  The  impulse  re- 
sponse of  a zero-damped,  SDF  oscillator  is 
<*>nsinunt  for  t >0.  Consider,  once  again,  an 
excitation  y(t)  which  causes  a response  x(t): 
i.e. , 

x(t)  = y(t)  * u sinu  t (17) 

n n 

Now,  as  far  as  x(t)  is  concerned,  the  right- 
hand  side  of  Equation  (17)  could  represent  a 
system  described  by  the  impulse  response 
function  y ft),  excited  by  a sine  function  of 
frequency  un  = 2irfn.  The  steady  state  solution 
of  such  an  equation  is 

y (t)  = u |X(f  )|sin(u  t + <J)  (18) 

ss  n n ' n 

where  X(fn)  is  the  Fourier  transform  of  the 
function  x(t)  evaluated  at  the  excitation  fre- 
quency. The  steady  state  peak,  and  also  the 
peak  of  the  residual  SRS,  is  then 

max |y  (t)|  = u |X(f  )|  c‘(19) 

t 'ss  n1  n 

Therefore,  it  is  entirely  equivalent  to  specify 
a test  excitation  so  that  either  the  ESD  or  the 
residual  unda.nped  SRS  is  enveloped.  In  fact, 
since  the  maxi-max  SRS  is  always  at  least  us 
great  or  greater  than  the  residual  SRS,  en- 
veloping the  naxi-max  undamped  SRS  guaran- 
tees enveloping  of  the  residual  undamped  SRS. 
This,  in  turn,  assures  the  energy  bound  on  the 
response  (albeit  more  conservative)  developed 
for  the  ESD  enve  ope.  The  use  of  the  undamped 


SRS  in  all  cases  is  significant,  in  that  envel- 
oping a damped  SRS  does  not  guarantee  that 
the  corresponding  undamped  spectrum  will 
also  be  enveloped. 

The  envelope  criteria  outlined  above  are 
not  completely  adequate  as  environmental  de- 
scriptors or  as  specifications  for  laboratory 
testing.  Neither  the  SRS  nor  the  ESD  embodies 
the  element  of  time  to  the  extent  that  a com- 
pletely satisfactory  restriction  is  imposed  on 
the  duration  of  the  excitation.  Some  measure 
of  this  duration,  however,  can  he  ascertained 
from  the  local  ratio  of  the  undamped  to  damped 
SRS.  The  response  of  a damped  oscillator  to 
a bounded  input  always  has  a finite  bound.  For 
example,  the  peak  response  of  a damped  oscil- 
lator to  a unit  amplitude  sine  function  whose 
frequency  corresponds  to  the  resonant  fre- 
quency of  the  oscillator  is  1/2  ?.  This  re- 
sponse level,  once  it  has  been  reached,  is 
then  independent  of  any  additional  time  dur- 
ation of  the  forcing  function.  On  the  other 
hand,  the  peak  response  of  an  undamped  oscil- 
lator to  a sympathetic  input  always  increases 
with  the  duration  of  the  input.  Thus,  the 
longer  the  input,  the  greater  the  response  of 
the  oscillator.  If  one  then  notes  the  ratio  of 
damped  to  undamped  SRS  levels,  an  estimate 
of  the  time  duration  of  the  input  may  be  ob- 
tained. Hence,  a dual  specification  of  some 
sort  is  required. 

If  the  test  method  can  be  restricted  so 
that  the  excitation  is  a superposition  of  de- 
caying oscillations,  control  of  the  test  dur- 
ation as  well  as  the  spectrum  can  be  main- 
tained. Furthermore,  the  resulting  response 
acceleration  signatures  are  reminiscent  of 
those  commonly  observed  when  the  environ- 
ment is  pyrotechrtically  induced.  This  is  not 
coincidental,  however,  since  most  structures 
respond  naturally  in  this  manner  to  impulsive 
excitation. 


STRUCTURAL  RESPONSE 

C . ° *• 

Pyrote'chnic  shocks  are  commonly 
modeled  as  impulsive  forcing  functions,  since 
the  duration  of  excitation  is  usually  much  less 
than  the  response  times  of  structural  com- 
ponents. When  mulH-degree-of-freedom 
structures  are  impulsively  loaded,  all  vi- 
brational modes  are  excited  with  an  intensity 
which  depends  on  the  energy  transmission 
properties  of  the  structure.  The  higher- 
frequency  energy  (that  above  a few  kHz)  is 
usually  found  to  affect  only  those  components 
ne-;r  the  pyrotechnic  event,  thus  eliminating 
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it  from  consideration  in 
models.  Hence,  a finite 
element  model  of  relativb 
a very  good  approximatif 
behavior. 


nany  system  vibration 
linear,  lumped- 
ly  low  order  is  often 
n of  mechanical  system 


The  system  of  differential  equations 
written  in  matrix  form  for  an  N-dcgree-of- 
frecdom  model  with  no  damping  and  impulsive 
loading  is  given  by  liquation  (20)  in  terms  of 
the  vector  variable  Jx|  which  represents  the 
displacements  of  the  model  masses. 


fm)|xJ  + |k)|x}  - Jo)  6(t) 


(20) 


where  |m)  and  |k]  are  N x N,  Jo)  is  N x 1.  and 
6(t)  is  the  Dirac  "delta  function"  representing 
an  impulsive  force. 

A transformation  to  modal  coordinates, 
i.  e. , |x|  = [l  Ijn},  yields 


l"M^I{n|  * f'K^||n(  --  [(3)  6(t) 


(21) 


where  [ ~M^1  and  K — .J  are  now  diagonal 

N x N matrices.  The  matrix  f;i]  is  N x l and 
jq|  is  the  transformed  displacement  vector. 
Introducing  damping  intol  the  system  via  the 
modal  equations  yields  >j  equations  of  the  form. 


(22) 


\1 . •)' . +C  t *•  K n t fi.  6(t) 
1 ) J J J [ 3 


which  is  a superposition  of  N exponentially  de- 
caying sinusoids.  The  corresponding  acceler- 
ation '* s is,  by  two  differentiations  of  Equation 
(25), 


sinu  t 
J 


27  >>  cos  o tl  e 
J J J 


-It 

J 


(2(i) 


which,  for  the  case  of  light  damping  where 
7 « u,  is  also  approximately  a superposition 
of  decaying  sinusoids. 

It  is  interesting  to  note  that  for  this 
idealized  case  of  light  damping  and  uncoupled 
modes,  the  response  is  made  up  of  decaying 
sinusoids  that  are  either  in  phase  or  exactly 
out  of  phase,  depending  on  whether  the  u , 
coefficient  is  positive  or  negative.  Thus' excit- 
ation consisting  of  a superposition  of  decaying 
oscillatory  functions  as  a transient  vibration 
test  of  substructures  or  components  which  are 
expected  to  experience  pyroteehnieally  (im- 
pulsively) induced  environments  appears  to  be 
a natural  choice.  Furthermore  the  ESD  and 
the  SHS  of  functions  in  this  class  are  such  that 
reasonably  detailed  spectral  shaping  may  be 
achieved. 


The  solution  of  Equation  (22),  with  zero  initial 
conditions,  is  given  by  liquation  (23) 


q * A e 
3 3 


-7  t 

3 sin  (k|  t) 


where 


7 - 


C. 

2.M . 


and  u 


(23) 


Hi  -72 

Ah 


Thus,  the  displacement  of  the  • mass  in  the 
system  model  is  a linear  combination  of  the 
modal  displacements;  i.  e.  , from  )x(  =“  | 
6necobtafns  . j>  c e 


N 

£ uj.’3j 
j'l  J J 


(24) 


RESPONSE  IlOt  NT) 

Specification  of  oscillatory  excitation 
with  a decay  rate  approximating  that  of  the 
expected  or  measured  environment  provides 
some  assurance  that  no  part  of  the  system 
will  be  severely  overtested.  The  response 
x(t)  of  any  particular  linear  system  variable 
to  an  excitation  y(t)  may  again  be  written  as 
the  convolution 

x(t>  = h(t)  * y(t)  (27) 

5 = whbre  h(t£is  the  impulse  response  corres- 
ponding to  the  variable  of  interest.  If  the  ■ 
impulse  response  and  the  excitation  are  of 
exponential  order,  i.  e. , 


Mt>! 


Mie 


-a t 


(28) 


Substitution  of  Equation  (23)  yields 

N _T-t 

x , ’ V u . A e 3 sin  u.t 
' Pi  3-  3 3 


(25) 


and 


|y(t)|  5 M2e 


-fit 


(29) 
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i , 


then  the  magnitude  of  x(t)  is  bounded;  i.e. , 
MM  ■ f h(r)y(t  - T)  dr| 


■r 


|h(r)||y(t  - t)|  dr  * B(t) 


(30) 


where 


B(t)  - Mle“'TM2e'(3  (t'T)dr 


(31) 


Carrying  out  the  indicated  integration  yields 


MlM2  , -<H  -3t, 

B(t)  ? WTT)  (e  * e > 


(32) 


Hence  if  the  environment  is  known  to  be  of  ex- 
ponential order  and  if  the  test  excitation  is 
specified  to  be  of  approximately  the  same 
order,  the  system  response  to  the  test  will  be 
bounded  by  the  same  value  as  the  response  to 
the  environment.  The  maximum  value  of  this 
bound  B is  found  to  be 


m,m2 


tn  ■ 


■exp  - 


(33) 


and  is  plotted  versus  the  ratio  -r  in  Figure  1. 
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Figure  1.  Normalized  Bound  on  the  Kesponse 
of  a System  of  Kxponential  Order  u 
When  the  Excitation  is  of  Expo- 
nential Order  3 


As  an  example  of  the  utility  of  this  bound, 
assume  a 5 percent  damped  SRS  oscillator  is 
excited  at  its  base  by  a damped  sine  acceler- 
ation with  a 2 percent  decay  rate,  unit  ampli- 
tude, and  a frequency  equal  to  the  undamped 
natural  frequency  of  the  oscillator.  The  im- 
pulse response  of  the  oscillator  is  approximately 

-0.  05u  t 

h(t)  * u^e  n sinUjt  (34) 

and  the  excitation  may  be  formulated  as 
-0.  02u  t 

y(t)  = e -l  sini^t  (35) 

where  u.  ~ u ? u , With  o = 0. 05u  and 
1 2 n n 

3*0.  02u  , Equation  (33)  yields  a value  of  B,, 
n M 

of  10.  8 g’s,  whereas  the  actual  peak  response 
is  about  5.  5 g's.  For  this  very  simple  example, 
un 

a better  bound  is  — = 10,  which  is  the  peak 
2o 

response  to  an  undamped  excitation.  However, 
the  bound  of  10,8  g's  is  valid  for  any  excitation 
satisfying  the  inequality 

-0.  02u  t 

|y(t)|  * e n (36) 

irrespective  of  the  waveform  complexity. 

W A V E FOB  M C'H  A Ft  ACTE  R ISTICS 

It  is  recogn'  -.ed  that  a damped  sinusoid  of 
strict  mathematical  form  is  neither  a realizable 
acceleration  specification  for  limited  displace- 
ment equipment  nor  a good  candidate  for  ex- 
citation of  a vibration  exciter.  However,  with 
a few  minor  modifications  it  becomes  quite 
acceptable  for  either.  The  classical  form  of 
the  damped  sinusoid  is  given  by  the  Laplace 
transform  pair 


F(s> 


Au 

(a  * c>2  + utZ 


t 

f(t)  * A e n sinut 


where 


0 * ? < 1 

u = u Vl  - C2 

n 

c = 

n 
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rThe  infinite  integral  of  f(t)  is  clearly  nonzero;  with  no  poles  at  the  origin.  A I.aplace  trans- 

therefore,  as  an  acceleration  specification  it  _ - form  representation  (10]  satisfying  the  above 

results  in  a residual  velocity.  Furthermore,  conditions  is 

there  is  significant  energy  in  the  low-frequency 

region  of  the  corresponding  spectrum  which  2 

results  in  sometimes  unwanted  stimulation  of  A(s)  = — - a^s  - ^ j (41) 

; low-frequency  exeiterTSpecimen  resonances  if  c (s  + e)  +•« 

f(t)  is  used  as  excitation  of  the  exciter  ampli-  ° ' “ ” 

fier.  which  may  be  inverted  to  yield 


A natural  set  of  conditions  when  electro- 
dynamic exciters  are  used  is  that  initial  and 
final  values  of  table  acceleration,  velocity,  and 
displacement  be  zero;  i.  e. , 

lim  a(t)  = 0 

t—0 
t— oe 

lim  v(t) 

t—0 
t-oc 


- lim  a(r)  dr  = 0 

t—0 

t-oc 


(38) 


a(t)  = Au 


2 -at 
a e 


!(at-  b)  |(c  - a)2  + u2j 

,2  -bt  ) 

b e I 

(a  - b)  (c  - b)2  + u2  ; 


+ A 
-ct  . 


I (c2  - u2)2  + 4c2u2 
^ (b-c)2  + u2][(a-c)2  + u2 


sin  (ut  + <h) 


(42) 


where 


lim  d(t)  = 


v(T)  dr 


0 


t—0  t-0 

t-oc  t-  oc 

If  the  Laplace  transform  of  a(t)  is  A(s),  the 
initial  and  final  conditions  may  be  interpreted 
in  terms  of  the  initial  and  final  value  theorems; 
i.  e. , if 


A(s) 


•4) 


a(t)  dt 


(39) 


then 


lim  sA(s)  = 0 


s— oc 
s— 0 

lim  sV(s)  = dim  s - c=  0 
s c 


s— oc 
s— 0 


s— oc 
s— 0 


(40) 


lim  sD(s)  = lim  s — = 0 
s 


s— oc 
s— 0 


s— * 
s-0 


Satisfaction  of  these  equalities  demands  that 
A(s)  contain  a numerator  factor  s^  and  a de- 
nominator polynomial  of  at  least  fourth  order 


The  function  a (t ) in  Equation  (42)  is  the 
sum  of  a damped  sinusoid  and  an  overdamped 
type  of  function  with  parameters  which  auto- 
matically guarantee  that  the  initial  and  final 
conditions  of  the  motion  variables  are  zero. 
Hence,  the  selection  of  the  parameters  (a,  b, 
c,  and  u)  is  somewhat  arbitrary.  However, 
the  idea  is  to  create  a damped  oscillation  ap- 
proximating a damped  sinusoid,  which  is 

realized  if  c = fu  and  u = u Vl  - C , where 
n n 

c and  C are  the  so-called  undamped  natural  c 

frequency  and  damping  factors,  respectively, 
of  the  classical  damped  sine  function.  Then 
convenient  choices  of  "a"  and  "b"  are 
u 

a - — and  b = 2£u  which  cause  the  over- 
, 2 it  n 

* damped  function  to  last  about  halfcas  long  as 
0 the  oscillation  and  to  have  most  of  its  effect 
on  the  velocity'and  displacement  variables  in 
the  first  cycle  or  two  of  the  oscillation.  A 
plot  of  the  waveform  with  frequency  normal- 
ized to  1 Hz  and  ? = 0.  05  is  shown  in  Figure  2. 
Note  that  the  first  negative  peak  is  greater  in 
magnitude  than  the  first  positive  peak  but  that 
the  waveform,  in  most  respects,  closely  re- 
sembles a classical  damped  sinusoid. 

A superposition  of  *he  functions  de- 
scribed in  Equation  (42)  is  thus  a reasonable 
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Figure  2.  Unit  Amplitude  Proposed  Oscillatory 
Waveform  With  ? = 0.05  Decay 


choice  for  a transient  acceleration  specification. 
If  automatic  control  equipment  is  available, 
such  a waveform  could  be  caused  to  exist  at  the 
exciter  table.  Systems  including  this  capability 
of  equalization,  representing  the  "ultimate"  in 
transient  vil  ration  testing,  have  been  devel- 
oped (1,2)  and  are  commercially  available.  In 
the  absence  of  such  equipment,  however,  one  is 
faced  with  having  to  deal  with  the  transfer  func- 
tion of  the  exciter-specimen  combination  and 
must  somehow  tailor  the  input  waveform  to 
achieve  the  required  acceleration. 

If,  rather  than  an  acceleration  signature, 
the  SRS  or  ESD  of  the  acceleration  is  specified, 
a superposition  of  functions  of  the  form  given 
by  Equation  (42)  may  be  used  as  the  input  volt- 
age to  the  exciter  amplifier.  For  reasonably 
linear  systems,  the  amplitude  of  each  compon- 
ent waveform  may  be  adjusted  independently  at 
a low  test  level  to  achieve  a desired  peak  ac- 
celeration. The  subsequent  superposition  may 
then  be  fine-tuned  so  that  a properly  tailored 
spectral  descriptor  is  obtained.  As  will  be 
shown,  this  may  require  adjustment  of  the  rela- 
tive signs  of  the  component  waveforms.  Since 
five  or  fewer  components  are  usually  adequate 
for  a given  specification,  this  is  not  an  inordi- 
nate requirement. 

6ther  decaying  oscillatory  functions  could 
be  used  as  excitation  voltage,  e.  g.  , a pure 
damped  sine  function  or  variations  of  it,  but 
that  given  by  Equation  (42)  is  particularly  well- 
suited  to  electrodynamic  exciters.  As  will  be 
illustrated,  the  energy  in  the  low-frequency 
region  is  extremely  low,  thus  minimizing  the 
excitation  of  the  resonance  due  to  the  combi- 
nation of  the  total  mass  and  the  exciter  flex- 
ures. This  feature  allows  higher  peak  g levels 
to  be  achieved  at  mid-  and  upper- range  fre- 
quencies on  a given  exciter  system. 


RELATION  OF  OSCILLATORY  WAVEFORMS 
TO  SPECTRAL  DESCRIPTORS 

The  5 percent  damped  SRS  of  the  de- 
caying oscillatory  waveform  given  by  Equation 
(42)  is  shown  in  Figure  3.  Normalized  ampli- 
fication versus  normalized  frequency  is  dis- 
played for  decay  rates  of  C = 0.  02,  0.  05  and 
0.  10.  Several  features  of  the  SRS  are  worth 
noting.  In  contrast  to  the  shock  response 
spectra  of  unidirectional  pulses  which  exhibit 
a significant  response  over  a wide  frequency 
band,  the  response  spectra  of  Figure  3 are 
prominent  in  the  vicinity  of  the  frequency  of 
the  oscillation  and  are  significantly  lower  in 
the  structurally  damaging,  low-frequency 
region.  The  response  amplification,  as  one 
might  expect,  increases  with  decreasing  decay 
rate  and  also  becomes  more  "peaked.  " The 
SRS  is  almost  identical  to  that  of  a pure  de- 
caying sinusoid,  which  demonstrates  the  rela- 
tive insensitivity  of  the  SRS  to  nonfundamental 
differences  in  the  formulation  of  exponentially 
decaying  oscillatory  driving  functions. 


' c < . e 

Figure  3.  Shock  Response  Spectrum  (5% 

Damping)  of  Oscillatory  Waveform 
Shown  in  Figure  1 With  C - 0.. 02, 

0.  05.  and  0. 10  Decay 


The  ESD's  of  the  function  of  Equation 
(42)  for  ? = 0.  02,  0.05,  and  0.  10  and  u=2f.  ! c 
are  shown  in  Figure  4 and  illustrate  the  man- 
ner in  which  the  energy  is  concentrated  in  the 
frequency  domain.  The  ratio  of  the  C = 0.  02 
peak  to  the  ? = 0.  10  peak  is  25,  as  for  a 
damped  sine  function,  but  there  is  a conspicu- 
ous absence  of  energy  in  the  low-frequency 
region.  This  is  due  to  the  high-pass  filtering 
2 

effect  of  the  factor  -r, — —rr  in  the  Laplace 

(s  + a)(s  + b) 

transform  representation  of  Equation  (41). 


/ 
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PSOUENCY 


Figure  4.  Energy  Spectral  Density  of  Oscil- 
latory Waveform  Shown  in  Figure  1 
With  ? * 0.02,  0.05,  and  0.  10 
Decay 


Since  most  specifications  involve  a super- 
position of  functions,  it  is  necessary  to  consider 
the  effect  of  interaction  of  the  component  wave- 
forms on  the  spectral  descriptors.  Waveforms 
consisting  of  two  unit  amplitude  components  of 
normalized  frequencies  fj  = 1 and  w’t*1 

decay  rates  of  if  * 0. 05  are  shown  added  in 
Figure  5 and  subtracted  in  Figure  6.  The  shock 
response  spectra  of  the  added  and  subtracted 
composite  excitations  are  shown  in  Figure  7. 

The  in-phase  composite  exhibits  two  distinct 
peaks  at  the  component  frequencies.  In  con- 
trast, the  out-of-phase  composite  exhibits  a 
higher  level  in  the  frequency  range  between  the 
two  component  frequencies,  while  displaying  a 
lower  response  for  frequencies  less  than  fj  and 
greater  than  f 

These  properties'hf  the  SRS  are  most  p 1 
easily  explained  in  terms  oi  the  ESD  of  a 
damped  sine  function.  The  Fourier  transform 
of  a damped  sine  function 

g(t)  = Ae  n sin  (Vl  - ^ 2^)  (43) 

e.  ‘ ,.•»*«  • c-  . • . 

in  terms  of  the  normalized  frequency  f = is 

- c c r I 
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G(f  ) 
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(1  - f ) - i2  ?f 
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(1  - f' 


2 ,2 
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(44) 
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Figure  5.  Superposition  of  Two  I'nit  Ampli- 
tude Waveforms  of  Frequencies 
fj  and  1.5  f When  Added 


HOMklZEO  Til* 


Figure  6.  Superposition  of  Two  I'nit  Ampli- 
tude, C < 0.  05  Oscillatory  Wave- 
forms of  Frequencies  fj  and  1.  5 fj 
When  Subtracted 
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c Figure  7.  * Five  Percent  Damped  Shock  Re- 
sponse Spectrum  of  the  Super- 
° position  of  Two  I'nit  Amplitude 

Waveforms  of  Frequencies  f j and 
1.  5 f j.  When  the  Components  Are 
Either  Added  (A)  or  Subtracted  (S) 


The  real  and  imaginary  parts  of  G(fr)  are 
shown  in  Figure  8 for  positive  values  of  fr. 

Note  that  the  imaginary  part  is  much  more  lo- 
calized on  the  frequency  axis  than  is  the  real 
part  and  also  that  the  real  part  experiences  a 
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sign  change  at  fr  • I,  while  the  imaginary  part 
is  always  negative. 


Figure  8.  Real  and  Imaginary  Farts  of  the 
Fourier  Spectrum  of  a Decaying 
Sinusoid 


The  ESD  of  the  sum  of  two  damped  sine 
functions  with  natural  frequencies  fj  and  (2  is 

iGif)!2  * (RejGjiflf  + Re|C2(f)f]2 

+ (ImjGjtf)}  + Im|C.2<f)}]2  (45) 

where  G ^ (f ) and  G^f)  are  each  of  the  form 
shown  in  Equation  (44).  Therefore,  the  super- 
position of  two  damped  sine  functions  suffi- 
ciently separated  in  frequency  so  that  the  imag- 
inary parts  do  not  interact,  but  within  the  range 
where  the  real  parts  are  significant,  has  quite 
different  effects  in  the  region  fj  < f < f2>  de- 
pending on  the  respective  signs. 

The  ESD  of  the  superposition  is  shown  in 
Figure  9.  Except  in  the  region  of  the  peaks, 
the  difference  in  the  curves  is  much  more 
drastic  than  for  the  corresponding  shock  re- 
sponse spectra  shown  in  Figure  6.  In  fact,  for 
the  5 percent  damped  SRS  representation  the 
shape  of  the  two  spectra  is  distinctly  different, 
yet  both  fall  within  the  ±3  dB  (+41%,  -29%)  com- 
monly allowed  for  in  test  specifications.  This 
is  not  true,  however,  in  the  case  of  the  ESD, 
which  exhibits  a 15  dB  difference  in  the  region 
between  the  peaks  for  the  two  cases.  Thus  if 
the  ESD  or  the  equivalent  residual  undamped 
SRS  is  to  be  used  as  a test  criterion,  more 
attention  must  be  directed  toward  attaining  the 
proper  phase  (sign)  relationship  between  com- 
ponent waveform,  or  more  relaxed  tolerances 
must  be  allowed. 

If  the  spectrum  to  be  enveloped  is  very 
peaked  in  nature,  it  is  natural  to  select  a super- 
position of  in-phase  waveforms,  as  these  tend 


Figure  9.  Energy  Spectral  Density  of  the 

Superposition  of  Two  Unit  Ampli- 
tude Oscillatory  Waveforms  of 
Frequencies  fj  and  1.5  fi  When 
the  Components  Are  Either  Added 
(A ) or  Subtracted  (S) 

to  accentuate  the  peaks  and  valleys  of  the  fre- 
quency spectrum.  If,  on  the  other  hand,  the 
spectrum  is  broad,  a synthesis  of  component 
waveforms  comhined  alternately  in  and  out  of 
phase  becomes  the  natural  choice,  as  this 
method  of  combination  tends  to  smear  out  the 
local  character  of  the  spectrum.  It  is  parti- 
cularly significant,  however,  that,  unlike  the 
single-sided  pulses,  either  the  inphase  or  the 
alternating  in-  and  out-of-phase  combination 
results  in  very  little  energy  in  the  low  fre- 
quency region. 


MECHANICS  OF  SPECIFICATION 

A test  excitation  specification  of  a com- 
posite of  decaying  oscillatory  functions  may  be 
approximated  from  the  properties  of  the  damped 
sine  function  and  its  Fourier  transform.  The 
maximum  of  the  one-sided  ESD  of  a damped 
sine  function  is 

max  [|G(f)|2]  = <«> 

and  occurs  at  the  frequency 

f 1 f * f . 'Vl  - 2C2  t c ■ c(47) 

m fl 

t r C 

The  so-called  half-power  bandwidth  where  the 
ESD  is  one  half  its  maximum  is  approximately 

Bl/2  -1  2Cfm  (48) 

Thus  measurements  from  the  ESD  are  sufficient 
to  determine  A,  ?,  and  f . The  procedure  is  as 
follows:  n 
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1.  Determine  f from  the  ESD  as  the 
frequency  at  which  a dominant  peak 
occurs. 


V(s) 

F(s) 


(S2  » l)(s2  * b2)(s2  + d2) 
8(82  + a2)(s2  + c2> 


(51) 


2.  Determine  ? from  Equation  (48)  by 
measuring  the  bandwidth  between  c_ 
points  where  the  ESD  is  half  its 
peak  va'.-e, 

3.  Determine  f from  Equation  (47) 

(fm  is  usually  a very  good  approxi- 
mation). O ‘ 

4.  Determine  A from  Equation  (46) 
being  sure  that  the  ESD  is  the  "one- 
sided" version. 


where 

1 <=a  < b <Gc  < d < oc  ''S  ' ‘ 

Frequency  scaling  was  applied  to  Equation  (51) 
to  locate  the  zeros  at  333.  500,  and  800  Hz, 
and  the  poles  at  0,  400,  and  666  Hz.  (11] 

The  lumped  model  of  the  composite  struc- 
ture with  corresponding  parameter  value's  is 
shown  schematically  in  Figure  11. 


EXAMPLE 

The  system  chosen  to  demonstrate  the 
shock  specification  technique  is  shown  in  Figure 
10.  It  consists  of  a three-degree-of-freedom 
substructure  contained  within  a conically  shaped 
parent  structure.  The  parent  was  chosen  to  be 
a 30-inch  truncated  aluminum  cone  with  a wall 
thickness  of  0.25  inch  and  end  diameters  of  20 
and  6 inches.  The  parameters  of  an  approxi- 
mate lumped  element  model  for  axial  loading 
may  be  derived  by  dividing  the  cone  into  six 
segments  and  calculating  the  equivalent  mass 
and  axial  spring  rate  for  each  section  from 
Equations  (49)  and  (50). 


Figure  10.  Conical  Parent  Structure  Showing 
Substructure  (Shaded)  Attachment 
at  Mass  Station  14  and  Applied 
Impulsive  Loading 


EA. 

VTf 

(49) 

M.  = pD.tL. 

ill 

(50) 

where 

L.  = length  of  i**1  section 
D.  = average  diameter  of  i**1  section 
■ A.  = average  cross-sectional  area  of  the 

c B -th  °C  V C O c 

section  ° v 

C 0 'O'  o c 

t = wall  thickness 


° o C * C r fl  cr  . e C c 

c Figure  11.  Lumped  Model  Schematic  of  Parent 
Structure  and  Substructure 


o - material  density 
E = Young's  modulus 

The  parameters  describing  the  lumped  element 
substructure  model  were  determined  so  that  the 
undamped  driving  point  admittance,  i.e.  , the 
complex  frequency  domain  representation  of 
the  velocity-to-force  ratio,  would  be  of  the 
normalized  form 


Viscous  damping  elements,  while  not 
shown,  are  automatically  inserted  in  parallel 
with  the  spring  elements  by  the  computer  code 
1 12)  used  for  the  dynamic  solution.  The  damp- 
ing coefficient  for  the  i^  element  is  calculated 
according  to  the  equation 


C. 

i 
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\ U 1. 
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(52) 
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where  Cj  is  the  damping  factor  associated  with 
the  classical  single-degree-of-freedom  system 
consisting  of  the  i**1  spring  and  the  masses 
which  it  connects.  The  damping  factor  is 
specified  by  the  user  prior  to  calculation  and 
was  assigned  a value  of  0.  05  throughout  this 
example.  , 

The  composite  spring-mass  model  was 
excited  by  an  impulsive  axial  force  applied  at 
the  base  of  the  parent  structure.  This  was  ac- 
complished by  specifying  the  initial  velocity  of 
mass  10  to  be  20  in/s  in  the  solution  of  the 
system  equations.  The  specification  procedure 
suggested  above  was  then  used  to  define  an  ac- 
celeration input  to  Mass  1 of  the  substructure. 


The  response  of  Mass  1 to  the  "field"  excitation 
and  the  corresponding  ESD  and  SRS  are  shown 
in  Figure  12.  Three  significant  peaks  in  the 
ESD  suggest  that  three  oscillatory  components 
are  required;  vis.,  at  550  Hz,  700  Hz,  and 
1550  Hz.  The  amplitudes  and  decay  rates  were 
estimated  from  the  ESD  and  Equations  (46), 

(47),  and  (48)  to  be  8 g's  and  0.  034;  18  g's  and 
0.048;  and  20  g's  and  0.034,  respectively.  It 
is  clear  from  the  ESD  that  the  550  and  700  Hz 
components  should  be  combined  additively  and 
the  character  of  the  ESD  between  700  and  1550 
Hz  suggests  that  the  1550  Hz  component  should 
be  of  opposite  sign.  Figure  13  shows  the  re- 
sulting shock  signature  and  corresponding 
spectral  descriptors. 


a.  Acceleration  Response  in  g's  of  Mass  1 of 
Figure  2 


b. 


Base  10  I.og  of  the  Energy  Spectral 


of  the  Waveform  (Figure  12a) 


Density 


«X>'  ' 1JW  KKS  ' '■’1*0'  ' J*0'  * 

*B(  tJUfNCV  IN  c*5 


c.  Base  Excited  Shock  Spectrum  Analysis  (5% 
Damped)  of  the  Waveform  (Figure  12a) 

Figure  12.  Acceleration  Response  and  Spectral 
Descriptors  of  Mass  1 of  the  Sub- 
structure Due  to  Impulsive  Exci- 
tation Applied  at  the  Base  of  the 
Parent  Structure 


a.  Acceleration  Specification 


b.  Base  10  Log  of  the  ESD’s  of  the  Acceleration 
Specification  and  the  Field  Response 


c.  Base  Excited  SRS  Analysis  (5%  Damped)  of 
the  Acceleration  Specification  and  the  Field 
Response 

Figure  13.  Acceleration  Specification  and  Cor- 
responding Spectral  Descriptors 
for  the  l aboratory  Test  of  a Section 
of  the  Substructure 


0 The  responses  of  the  substructure  com- 
ponents to  the  specified  test  excitation  are 
compared  to  the  response  to  the  field  test 
simulation  in  Figures  14  and  15,  The  signa- 
tures are  different  in  detail  but  similar  in 


character;  i.e. , the  initial  peaks,  frequency, 
and  decay  rate  are  nearly  the  same.  Thus 
when  some  conservatism  is  added  to  the  speci- 
fication, adequate,  but  not  severe,  overtesting 
of  substructure  components  is  assured. 
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a.  Acceleration  Response  of  Mass  2 


b.  Acceleration  Response  of  Mass  3 

Figure  14.  Acceleration  Response  of  the  Substructure  Components  to  the  Field  Excitation  and  to  the 
Excitation  (Figure  13a)  Applied  as  an  Acceleration  to  Mass  1 of  the  Substructure 
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a.  Linear  Extension  of  K2  in  Inches 
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RESPONSE  TO  TEST 


b.  Linear  Extension  of  K3  in  Inches 

Figure  15.  Displacement  Response  of  the  Substructure  Elastic  Elements  to  the  Field  Excitation  and 
to  the  Excitation  (Figure  13a)  Applied  as  an  Acceleration  to  Mass  1 of  the  Substructure 
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In  the  example  shown  in  Figures  14  and 
15,  the  test  specification  was  derived  in  terms 
of  damped  oscillatory  functions  from  the  KSD 
of  the  acceleration  response  of  Mass  1 to  the 
field  environment.  It  was  demonstrated  that 
component  responses  to  the  resulting  excitation 
corresponded  quite  closely  to  those  observed 
in  the  field  simulation.  If,  instead  of  the  table 
acceleration,  the  excitation  voltage  of  the  ex- 
citer amplifier  is  specified  to  be  a superpo- 
sition of  damped  oscillatory  function,  the  ac- 
celeration response  of  the  exciter  table  will 
again  be  of  a decaying  oscillatory  nature  and 
the  corresponding  KSD  or  SRS  will  be  promi- 
nent at  the  frequencies  of  the  component  wave- 
forms. The  regions  between  prominent  points 
are  affected  by  the  sign  associated  with  the  im- 
mediately adjacent  components,  and,  further- 
more, the  frequency  region  of  interest  may 
usually  be  adequately  covered  by  five  or  fewer 
superimposed  functions.  Thus,  with  the  aid  of 
an  SRS  or  KSD  analyzer,  an  operator  may  ad- 
just the  gain,  damping,  and  sign  so  that  the 
specified  KSlJ  or  SRS  is  obtained  with  the  same 
assurance  concerning  system  response  energy 
and  maximum  response  bound  as  if  the  table  ac- 
celeration had  been  specified.  The  SRS  (5  per- 
cent damping)  of  the  exciter  table  acceleration 
resulting  from  such  an  excitation  voltage  is 
shown  in  Figure  16.  The  load  in  this  case  was 
a 500-lb  complex  test  specimen.  Frequencies 
and  damping  of  the  components  comprising  the 
excitation  voltage  were  150  Hz  and  0.  10;  840 
Hz  and  0.  02;  and  1550  Hz  and  0.  02. 
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Figure  16,  Five  Percent  Damped  SRS  of  Re- 
sulting Table  Acceleration  for  an 
Kxcitation  Voltage  Consisting  of 
Superposition  of  Three  Decaying 
Oscillatory  Waveforms 


CONCLUSIONS 

Damped  oscillatory  excitation  has  been 
shown  to  be  a realistic,  as  well  as  a realizable, 
simulation  of  the  excitation  experienced  by  a 
structure  subjected  to  pyrotechnic  shock. 
Significant  features  of  the  technique  are  as 
follows:  - - 

1.  If  the  ESD  or  the  undamped  SRS  of 
the  recommended  excitation  en- 
velops the  corresponding  description 
of  the  environment,  it  is  guaranteed 
that  the  "energy"  of  the  response  of 
all  system  parts  will  be  at  least  as 
great  as  that  experienced  in  the 
field. 

2.  If  the  excitation  of  the  exciter- 
specimen  system  is  judiciously 
chosen,  a reasonable  bound  exists 
on  the  maximum  system  response. 

3.  The  excitation  may  be  specified  in 
a straightforward  manner  by  the 
use  of  existing  spectral  descriptors. 

4.  Sophisticated  generation  and  equal- 
ization equipment  is  useful  but  not 
required. 
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DEVELOPMENT  OF  A PYROTECHNIC  SHOCK  TEST  FACILITY 
Dan  R.  Powers 

McDonnell  Douglas  Astronautics  Company  - West 
Santa  Monica,  California 


A total  of  2b  high  energy  pyrotechnic  shock  tests  were  performed  in  the 
process  of  developing  a pyrotechnic  shock  test  facility.  The  concept 
employs  & b-  by  fl-foot  flat  metal  response  plate  to  which  items  to  be 
tested  are  mounted.  The  response  plate  is  driven  by  the  energy  released 
from  detonating  flexible  linear  shaped  charge  which  cuts  & separation 
sheet.  Capabilities  of  the  facility  and  results  of  numerous  firings 
are  discussed.  Data  presented  are  used  to  answer  some  of  the  typical 
questions  arising  in  the  prediction  of  shock  environments  and  in  the 
conduct  of  shock  tests. 


INTRODUCTION 

Qualification'  of  equipment  which  mu3t 
survive  the  shock  environment  caused  by  pyro- 
technic devices  has  long  been  a problem.  Pro- 
ducing pyrotechnic  environments  by  performing 
ground  tests  utilizing  flight  separation  hard- 
ware has  two  main  disadvantages:  cost,  and 

the  inability  to  obtain  qualification  margins. 
Electro dynamic  shakers  controlled  by  shock 
synthesizers  have  been  used  successfully  to 
qualify  equipment  for  service  in  some  of  the 
less  severe  shock  environments;  inherent  shaker 
limitations  in  acceleration  obtainable,  fre- 
quency response,  and  specimen  weight  restric- 
tions nave  prevented  their  use  in  simulating 
environments  whose  shock  spectra  specifications 
exceed  5,000  g's  or  10,000  Hz  [lj.  Because  of 
unrealistic  simulation,  there  is  a current 
trend  to  write  shock  spectra  specifications  tj 
exclude  the  use  of  synthesizers  whose  outputs 
resemble  sine  packets  rather  than  high  fre- 
quency transients  typical  of  pyrotechnic  events. 

The  facility  described  in  this  paper  was 
developed  in  order  to  produce  higher  accelera- 
tions and  achieve  more  realistic  simulation  of 
pyrotechnic  3hock  environments.  The  final 
design  incorporates  desirable  features  from 
several  types  of  existing  fixtures;  one  of 
these  features  is  the  reusable  Joint  concept, 
presently  used  on  barrel  testers,  which  has 
proven  to  be  very  successful  {2],  In  order  to 
achieve  high  accelerations  and  greater  versa- 
tility, a thick  flat  plate  was  chosen  for  the 
response  member  rather  than  a thin  cylindrical 
shell  typical  of  barrel  testers. 

After  the  fixtures  were  built,  a compre- 
hensive test  program  was  carried  out  in  order 
to  determine  the  relationships  between  the 
various  changeable  parameters  of  the  fixtures 
and  the  accelerations  produced.  Since  the 
program  consisted  of  2b  firings,  it  provided 


an  excellent  opportunity  to  investigate  some 
of  the  problems  associated  with  the  pyrotechnic 
shock  phenomena. 

Although  this  paper  will  describe  and 
discuss  the  facility  and  its  capabilities,  it 
is  also  hoped  that  the  information  presented 
can  be  used  to  answer  some  of  the  typical 
questions  arising  in  the  prediction  of  shock 
environments. and  in  the  conduct  of  shock  tests. 


DEVELOPMENT  PROGRAM 

The  objective  of  the  program  was  to  design, 
build,  and  test  a facility  capable  of  producing 
pyrotechnic  shock  environments  over  a wide  range 
of  magnitudes  in  a predictable,  repeatable,  and 
inexpensive  manner. 

Two  flat  plates  were  chosen  as  the  fix- 
tures to  which  the  components  to  be  tested 
would  be  attached.  The  plates  were  suspended 
vertically,  from  the  ceiling  of  a blockhouse, 
with  nylon  slings.  Both  plates  measured  four 
feet  by  eight  feet.  One  was  1/2-inch-thick 
steel  and  the  other  was  lA-inch-thick  alumi- 
num. At  each  end  of  both  plates,  a high 
strength  steel  ordnance  housing  was  attached 
(Figures  1 and  2).  <•  <■ 

c fc  s c « c <f<-  . ? < < 

Different  size  cavities  in  the  ordnance 
housings  allowed  for  a wide  selection  of  charge 
sizes  to  be  used.  Separation  sheets  of  various 
thicknesses  were  bolted  to  the  top  of  the  ord- 
nance housings.  Shocks  were  generated  by 
detonating  flexible  linear  shaped  charge 
inserted  in  the  ordnance  housings  and  severing 
the  separation  sheets.  Combinations  of  charge 
sizes,  ranging  from  7 grains/foot  to  50  grains/ 
foot,  and  separation  sheets  ranging  in  thick- 
ness from  0.030  inch  to  0.250  inch  were  used  to 
generate  shock  spectra  levels  from  5|000  to 
100,000  g's  (5  percent  damping).  A total  of 
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Fig.  1 - Pyrotechnic  flat  .plate 


Fig.  2 - One-half-inch  steel  plate  ordnance 
housing  assembly 
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c2b  firings  ve re  made  and  shock °sp£ctra  were ^ 
c generated  from  the  outputs  of  13  accelerometers  c 
for  each  firing. 


/ 


Program  objectives  were  satisfactoi ily  met. 
Predictability  and  repeatability  of  shock 
spectra  are  excellent.  Cost  per  test  is  con- 
siderably less  than  tests  utilizing  flight 
hardware  to  produce  the  shock.  Material  costs 
to  conduct  a flat  plate  test  are  less  than  $50 
per  shot.  One-inch-diameter  flight-type  pyro- 
technic separation  bolts  are  $1,200  each,  and 
skin  cutting  separation  systems,  similar  to  the 
one  used  on  the  Spartan  missile,  are  in  excess 
of  $20,000. 
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■-  INSTRUMENTATION  ? - 


Transducers 

Fourteen  JSndevca  Model  2225-M5  accel- 
erometers were  mounted  on  each  plate  (Figure  1). 
%he  method  that  was  used  tocmour.t  the  Accel- 
erometers is  described  in  detail  since  various 
mounting  techniques  can  alter  data  considerably. 
Figure  3 shows  the  mounting  stud  and  method  of 
attachment.  Figure  U shows  the  actual  instal- 
lation. Note  that  the  stud  and  base  of  the 
accelerometer,  as  veil. as  the  Microdot  connec- 
tor, have  been  coated  with  an  epbxy  (3M  Company 
EC-2216)  to  prevent  loosening.  Cable  movement 
has  been  prevented  by  securing  the  cable  to  the 
body  of  the  accelerometer  with  tie  cord  and 
taping  it  down  to  the  plate . On  one  test , the 
3001  connector  attached  to  the  Endevco  Model 
2291  accelerometer  came  loose,  resulting  in  the 
loss  of  signal;  30  it  too  was  covered  with  epoxy 
(subsequent  to  the  taking  of  the  photograph, 
Figure  U). 
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Fig.  3 - Accelerometer  attachment 
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Fig.  U - Accelerometer  mounting  technique 
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D»ta  Acquisition 

The  data  acquisition  system  consisted  of 
Endevco  Model  2225-M5  accelerometers , 100- foot 
Microdot  cable  lead3,  Unholtz-Dickie  Model  Dll 
charge  amplifiers,  and  an  Ampex  CP-100  recorder 
operated  at  60  inches  per  second  in  the  mode 
(108  kHz  center  frequency).  System  checkout 
vaa  performed  by  ganging  the  amplifiers 
together  and  inserting  voltages  at  appropriate 
amplitudes  and  frequencies  and  recording  the 
signals.  All  channels  were  flat  ♦!  dB  over 
the  frequency  range  from  20  to  20,000  Hz, 
linear  +1  dB  from  5 percent  to  100  percent  full 
scale,  and  had  a dynamic  range  greater  than 
35  dB. 


Data  Reduction 

c Inmediately  after  each  firing,  the 
recorded  data  were  played  back  and  displayed 
as  oscillograms.  Honeywell  Model  M5000  gal- 
vanometers used  with  a recorder  tape  speed 
reduction  of  U/l  yielded  flat  rerponse  to 
12  kHz.  The  data  wex*e  examined  for  dc  shifts, 
clipping,  and  proper  band  edge  settings. 

Valid  data  were  then  played  into  an 
MB  Electronics  Model  1*982  shuck  spectrum 
analyzer.  Positive  and  negative  shock  spectra 
plots  were  generated  using  5 percent  damping 
(magnification  factor  Q=10)  for  analysis.  For 
ease  of  interpretation,  much  of  this  raw  data 
was  ^-plotted  as  m*»xinax  spectra  (maximum 
envelope  of  positive  and  negative  spectre). 


RESULTS  AI ID  DISCUSSION 

In  general,  results  were  as  expected  with 
higher  accelerations  occurring  near  the  cutting 
plane.  As  the  shock  wave  traveled  down  the 
plate,  attenuation,  edge  reflections,  and  plate 
response  increased  data  scatter.  For  this 
reason,  most  of  the  data  presented  ha3  been 
* restricted  to  locations  within  20  inches  from 
the  cutting  plane. 

Figure  5 shows  the  envelope  of  the  maximax 
spectra  generated  from  the  outputs  of  accel- 
erometers 1 through  U for  shots  1 and  3.  An 
approximate  *3  dB  scatter  band  is  shown  for 
c each  shot.  Shot  1 was  fired  with  15  grains/  - 
e foot,  aluminum  sheathed,  flexible  linear  shaped 
c charge  (FXSC  RA15J).  Shot  3 used  the  identical 
charge  and  material  type  except  the  separation 
sheet  thickness  was  increased  to  0.125  inch. 

A 75  percent  sheet  thickness  increase  produced 
a 50  percent  shock  spectrum  amplitude  increase. 

The  maximum  capability  of  the  facility  is 
presented  in  Figure  6,  which  shows  the  maximax 
spectra  from  the  outputs  o*  accelerometers  11 
through  l1*  for  shot  5.  A sheet  of  201U-T651 
0.250  inch  thick  and  a charge  of  FLSC  RA50J 
were  used.  Note  that  the  sheet  thickness  is 
double  that  used  in  shot  3 (Figure  5),  and  the 
mean  amplitude  of  the  shock  spectra  is  twice 


Fig.  5 - Envelopes  of  maxinax  spectra  from  two 
shots  showing  change  in  spectra 
amplitudes  due  to  variation  in 
separation  sheet  thickness 


c ■ ' t 


that  obtained  In  shot  S'.  h*  wev  r,  in  order  to 
accomplish  adequate  separation,  the  charge  size 
was  changed  from  15  grafns/f »ot  to  5 9 grains' 
foot . 

Figure  7 presents  spectra  cr:v!:-p»-s  **r  m 
shot  3 and  shot  6.  The  conditions  for  both 
shots  were  identical  except  for  the  covering  of 
the  flexible  linear  shaped  charge.  Shot  3 
15  grains/foot  aluminum  sheathed  FLJC  an  1 sh.t  6 
used  15  grains/foot  lead  sheathed  FL2C . Dif- 
ferences, if  any,  are  hidden  in  the  lata  critter 
bar.  I. 
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Fig.  7 - Envoi  103  cr  max 'max  spectra  from 
two  shots  wing  effect  on 
spectra  amplitudes  due  to  changing 
the  covering  of  the  flexible 
linear  shape!  charge 

i'hots  13  and  la  were  made  to  determine  the 
effect  on  sjeetra  amriitules  by  varying  the 
mechanical  properties  of  4 he  separation  sheets. 
Both  shots  used  a charge  of  ?.L1>J  and  a sepa- 
ration sheet  thickness  cf  0.125  inch.  Chot  13 
use j 2012-76  (ultimate  tensile  strength  = 
c7,000  psii  Brir.r.el  bar  ir.os.r  = 135)  c.  i shot  i’« 
6 >21-0  (ultimate  * or.  si  >-  strength  = 

16,000  js*;  iirir.ell  airiness  = 30).  Figure  $ 
chews  very  little  difference  in  cpo.'tra  ampli- 
tudes. This  result  was  not  as  predicted. 


Fig.  8 - Envelopes  of  maximux  spectra  frc.n 
two  oh  * s ch'vir.g  effect  on 
spectra  ar.|  litudes  due  to  changing 
trie  mechanical  p r * rent  ies  of 


Flexible  linear  shaped  charge  scaling  lava 
include  the  Brinell  Hardness  Number  shoving 
that  harder  materials  require  a greater  quantity 
of  charge  to  achieve  adequate  cutting.  This  c 
implies  that  harder  rate  rills  absorb  ito  re  ° energy 
prior  to  failurecond  would,  therefore ,'tr s&sm it 
more  energy  into  the  response  plate.  After  the 
firings,  the  separation  sheets  were  examined 
and  compared.  The  201 2 -76  sheet  separated  as 
two  strips,  failing  at  the  center  by  the  cutting 
action  of  the  charge  (80  percent  penetration) 
and  at  the  contact  point  of  each  of  the  cutters 
(Figure  l).  The  6061-0  sheet  failed  only  at 
the  center,  cut  completely  through  by  the  charge 
and  bent  back  over  the  cutters.  Perhaps  one 
reason  that  differences  in  spectra  amplitudes' 
were  not  noted  is  that  the  ordnar.ee  housing 
design  used  is  very  dependent  upon  charge  size 
as  explained  later  in  the  discussion  of 
Figure  10. 

Some  experimenters  have  voiced  the  opinion 
that  the  thickness  of  the  material  being  cut  is 
the  major  factor  in  the  changing  cf  spectra 
amplitudes  and  that  charge  size  has  negligible 
effect  as  long  as  the  material  is  satisfactorily 
severed  [3,2].  These  conclusions  were  based 
mainly  on  data  obtained  from  ground  tests 
utilizing  flight  separation  systems.  Kzvever, 
it  is  difficult  to  make  generalized  statements 
since  there  are  so  many  configurations  in  use. 
For  instance,  one  common  stage  separation  sys- 
tem employe-  a rubber  charge  holder  with  a 
fiberglass  backup  ring.  Ipcu  detonation,  the  c 
rubber  and  fiberglass  are  lor  troy  e I an!  the 
shock  transmitted  through  the  charge  holder  to 
the  vehi cit  . ok  in  is  mi n i sal . Fo r t h 1 j ty:  c 0 f 
cyst  cm,  the  * :.ickr;eos  of  the  ski is  j.  r':bat..y 
far  mere  i rt ant  thru;  the  quantity  of  char.ee . 
This  is  not  true  for  systems  using  mild  deto- 
nating fuse  (!T>F)  where  the’ charge  holder  is 
usually  an  integral  part  of  the  vehicle 
structure . 

Figure  9 shows  the  effect  that  varying  the 
charge  size  has  up  or.  spectra  amrlituien  cf  * he 
aluminum  r ospom-.e  plate,  fhot  l6  use  1 a charge 
of  RL7J  and  shot  17  used  a charge  of  RL10J.  A 
separation  sheet  0.030  inch  thick  was  used  for 
both  shots.  A UO  percent  increase  in  charge 
sire  nearly  doubled  the  resulting  shock  spectra. 

C c°  c 

The  results  from  shots  l6  and  i3  are  prer  c 
seated  in  Figure  T- . c ■ fteth  shots  cu®ed  th*>  s 'me 
charge  RL7J.  2 hot  lC  ■g'1 1 a se:  urat i\ a sheet 
of  0,030  inch  and  shot  IS  was  fired  vitn  :-u+  ■» 
separation  sheet.  Very  little  difference  in 
spectra  amplitudes  in  1;  cai^i. 

Figure  11  shows  the  sjeotrn  obtain  ;i  fr  " 
shots  18  and  19-  Neither  shot  used  a separa- 
tion sheet . The  charge  si ze  fer  shot  l8  was 
7 grains/fcct  (RL7J)  ar.u  f.-r  sh-'t  19  var 
25  grains /foot  (RA2SJ).  The  3.6  times  increase 
in  charge  size  resulted  in  an  approximate 
2.8  times  increase  in  spectra  umr  I It 

Questions  have  arisen  ir.  the  past  r^gariiug 
the  effect  of  a high  intensity  sound  fi-li  ut  on 
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MAXIMA*  (If  SPONSE  . 9 MAXIMAX  RE  SPOUSE . 


Fig.  9 - Haxieax  spectra  fron  the  output*!  of 
two  accelercr.etern  for  two  shot  3 
showing  the  effect  cr.  spectra 
ar.jlitudec  -hie  to  changing  charge 
site  (separation  sheet  thickness 
constant) 


rig.  11  - Maxisax  spectra  from  the  outputs  of 
two  accelerometers  for  two  shots 
showing  the  effect  cn  spectra 
•ir.pl ituJcs  lue  to  changing  charge 
sloe  (no  reparation  sheet  usei) 


H)V - T r 

r SHOT  lb  ACCELEROMETERS  I6&18 

■ SEPARATION  SHF  £ T .030.  CHARGE  RL7J 


Fig.  If  - Maxi max  spectra  fr'T.  the  outputs  of 
an  accel«?r:r.et»T  exp  o**;  to  the 
high  intensity  acoustic  fieli 
associate!  with  charge  let -nation 

charge,  fcr.o  response  is  indicated;  however, 
it  is  negligible  compared  to  the  full-scale 
ranges  of  plate  ncunted  accelerometers . 

Vn  |U(,st  irr.afcly,  the  r.ost  important  eler.er.t 
in  the  data  acquisition  system  used  in  the 
o ine*  -f  : y r-'technic  sh‘ok  tests  is  the 


/ 
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transducers,  Many  so-called  shock  accelerom- 
eters produce  completely  erroneous  data  vhen 
exposed  to  a pyrotechnic  environment  even  though 
the  'actual  acceleration  is  less  than  the  manu- 
facturer's published  acceptable  limits!  The* two 
most  widely  accepted  pyrotechnic  shock  accel- 
erometers in  use  today  are  the  Endevco  Models 
2.1:2 5 and  2225-K5  [6,7,8].  A new  generation 
accelerometer,  the  Endevco  2291*  is  currently 
being  recommended  as  a replacement  for  the 
2228-M 5.  Since  so  many  specifications  and 
predictions  have  been  based  on  data  obtained 
from  the  earlier  models,  it  is  Important  to 
recognize  that  there  arc  variations  in  outputs 
between  the  designs. 

Six  shots  were  made  in  which  the  output  of 
2225* M8  was  compared  with  the  cut put  of  a 2291. 
Representative  shock  spectra  from  two  of  these 
shots  are  presented  in  Figure  13.  Note  that 
the  spectra  amplitudes  are  generally  higher  for 
tile  2228-M8  than  the  2291,  especially  at  the 
higher  fro  isencies . Ibis  characteristic  was 
also  true  fer  the  ether  four  sh-.ts  from  which 
comparisons  were  made.  Both  accelerometers 
Wore  mounted  in  the  same  1/4-26  tapped  hole  or* 

. epos i to  sides  of  the  recpcnc**  plate  as  shown 
ir.  Figure  l4.  A photograph  :f  M»**  mounted  2.791 
is  presented  in  Figure  4.  Acceleration  his- 
tories for  the  two  shots  are  shewn  in  Figure;;  18 
and  16.  It.  is  of  interest  to  examine  and  ocm- 
; are  the  transients  pro  luced  from  the  twe  shots. 
F^r  shot  5;  the  2291  indicates  a peak  accelera- 
tion of  1*7,800  g*s,  and  the  2225-M5  indicates 
a peak  of  C8,000  g*s  (Figure  18).  F :r  : h :t  6, 
the  peak  accelerations  ar"  cVs«*r  to  each  other, 
but  the  wave  for**.;*,  jifiVr  cons  id"  rally 
(Figure  1C). 


Fig.  13  - Maximax  spectra  from  the  outputs  of 
two  different  model  accelerometers 
mounted  cjposite  sides  of  the 
• response  plate  in  the  same  hole 
(see  Fig.  18  and  l6  for  accelera- 
tion histories) 


Fig.  ll*  - "Back  to  back"  mounting  procedure 


As  mentioned  earlier,  the  accelerometers 
on  the  response  plate  were  rrun ted  as  shown  in 
Figure  3.  This  rather  elaborate  mounting  pro- 
cedure has  been  adopted  at  McDonnell  Douglas  as 
standard  practice  for  all  pyrotechnic  shock 
tests  because  of  bad  experiences  with  other 
methods  of  attachment.  Namely,  accelerometers 
spinning  lc.se  cr  flying  off,  and  problems  with 
grounded  accelerometers  such  as  severe  reduction 
of  dynamic  range  and  complete  loss  of  data  from 
amplifier  saturation  if  a short  to  the  mounting 
structure  occurs. 

Figure  17  is  a plot  of  the  max in ax  spectra 
from  the  outputs  of  two  2228-M8  accelerometers 
located  1 inch  apart,  both  located  3-1/2  inches 
from  the  cutting  piano.  ?ne  accelerometer  was 
mounted  <nc  shewn  c ip  Figure,  3 arpd  the^  other  was 
mounted  to  a stud  that  was  screwed  directly  ihlfo 
the  resr.rtse  plate  as  shown  in  Figure  ’4.  Fig- 
ure 17  shews  that  the  spectrum  gene  rat  evl  from' 
the  accelerometer  on  the  stud  screwed  in  the, 
tapped  hole  is  approximately  3 dB  higher,  in 
the  region  above  10  kHz,  than  the  spectrum  from 
the  accelerometer  on  the  insulated  stud. 

° e O c 

There  are  Numerous  opihionf  about?  the 

effects  of  mass  loading  on  the  response  of  a c 
structure  transmitting  a pyrotechnic  transient 
(3,6,9).  This,  of  course,  was  a critical  issue 
in  the  development  of  the  facility.  It  was  very 
desirable  to  be  able  to  test  electronic  boxes 
and  components’ . If  mass  loading  had  a signifi- 
cant effect  on  the  response  plate,  it  would  not 
only  limit  specimen  weight,  but  also  min  the 
predictability  feature  of  the  facility. 

Figure  18  shows  the  configuration  used  to 
■determine  mass  loading  effects.  An  8-pound 
section  of  a. Spartan  missile  fairing,  which 
was  used  as  a backup  structure  for  a previous 
shock  test,  was  attached  to  the  steel  response 
plate  by  four  bolts  which  were  torqued  to 
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Fig.  17  - Maxinax  spectra  from  the  outputs  of 
tvo  accelerometers  mounted  1-inch 
apart , one  mounted  on  a stud  in  a 
tapped  hole,  the  other  mounted  as 
shown  in  Fig.  3 


121  foot-pounds.  On  top  of  the  fairing,  a 
lU6-pound  steel  block  was  attached.  Acceler- 
ometer number  8 was  attached  to  the  center  of 
the  steel  block  a3  shown.  e 

‘ o Figure  19  shows  the  results, of  sh*>tc20 
which  used  a separation  sheet  0.190  inch  "nick 
and  a charge  of  RA50J.  Un to rt unat e ly , dc  shifts 
invalidated  the  outputs  from  accelerometers  11, 
13,  and  lb.  Koximax  spectra  from  the  outputs 
of  accelerometers  3»  9»  and  12  are  shown. 
Accelerometer  number  3 was  the  Endevco  2291 

c shown  in  Figure  U,  and  was  located  1.5  inches 
from  accelerometer  13.  Ilote  that,  even  though 
accelerometer  number  9 was  located  on  the 
response  plate  directly  under  the  attach  point 
of  a 15b-pound  mass,  the  spectrum  generated 
from  its  output  is  still  within  the  spectra 
band  formed  from  the  outputs  of  accelerom- 
eters 3 and  12.  The  envelope  formed  by  3, 

9,  and  12  compares  very  closely  with  the 
envelope  obtained  from  the  unloaded  plate  in 
3hot  5 (Figure  6).  Ilote  when  comparing  the 
two  shots  that  not  only  was  a large  mass 
attached  for  shot  20,  but  also  that  the 
separation  sheet  thickness  was  decreased.  Both 
of  these  changes  would  imply  a reduction  in 
spectra  amplitudes.  Such  was  not  the  case,  and 
it  appears  that  the  ad  lit  ion  cf  the  mass  had 
very  little  effect  on  plate  response. 

A significant  reduction  in  spectra  ampli- 
tudes is  indicated  at  locations  7 and  Q.  The 
difference  between  spectra  at  locations  7 and  9 
is  attributed  to  the  Joint  loss  occurririgcat'  the 
interface  between  the  response  plate  and  the 
fairing.  The  difference  between  spectra  at 
locations  7 and  8 is  attributed  to  the  fairing, 
steel  block  interface.  Ilote  that  this  reduc- 
tion occurs  mainly  above  5 kHz,  while  at  loca- 
tions 9 and  7 the  reduction  occurs  over  the 
entire  frequency  band. 


■ SHOT  ?0  SEPARATION  SHEET. 190. 

■ CHARGE  RA50J 
• ACCELEROMETERS  3.  9 & 12  ON 

RESPONSE  PLATE 
-ACCELEROMETER  7 ON 
FAIRING  OPPOSITE 

' ACCELEROMETER 
’ 8 ON  TOP  OF  154 y 

■ POUND  MASSi 


2*10 


FREQUENCY.  Hz 


Fig.  19  - Kaxin/ix  spectra  from  the  outputs  of 
5 accelerometers  to  show  the  effect 
of  mass  loading  and  Joint  losses 
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There  has  been  much  discussion  as  to  the 
meaning  and/or  validity  of  tri-oxial  measure- 
ments In  a pyrotechnic  environment.  Figure  20 
is  presented  for  general  information  only;  no 
attempt  is  made  to  explain  or  justify  data 
presented.  Accelerometers  2,  5*  and  6 were 
attached  to  a 1-inch  aluminum  cube  as  shown  in 
Figure  l8,  each  reading  response  in  mutually 
perpendicular  directions.  liote  the  difference 
between  the  spectrum  generated  from  the  output 
of  accelerometer  number  5 which  was  mounted 
on  the  1-inch  block  end  the  spectra  from  the 
outputs  of  accelerometers  3,  9i  and  12  (Fig- 
ure 19)  mounted  in  the  same  general  area  but 
directly  to  the  response  plate. 


Fig.  20  - Max.r.ax  rje^t.ra  from  the  outputs  of 
3 ueoelcr;meters  mounted  on  a one- 
c : 'inch  aluminum  cute  (tri-nxial) 


Co.t'-l*’.'!-.  i _.iL 

Rased  on  our  experience  in  the  use  of  the 
pyrotechnic  shock  test  facility  or.d  tests  con- 
ducted to  date,  the  following  conclusions  have 
bceri  drawn;  caution  should  be  exercised*  how-  c 
ever,  in  extrapolating  the  tent  results  pre- 
sented in  this  paper  to  configurations 
differing  from  those  tested. 

1.  The  facility,  through  actual  usage,  ha3 
proved  to  bo  a reliable,  repeatable,  and 
cost-effect! ve  mi'th*  d of  qualifying  farts 
for  usage  in  pyrotechnic  chock 
environments . 

2.  Increasing  the  thickness  of  the  separation 
sheet  increases  the  amplitude  of  the 
resulting  shock  spectra  (Figure  5).  Mathe- 
matical relationships  between  sheet  ♦hick- 
ness onl  spectra  amplitudes  are  not  easily 
derived  since  the  quantity  of  charge  used 
'll  so  affects  sjoctrn  am:  1 i tales. 


3.  Spectra  amplitudes  are  a function  of  the 
quantity  of  flexible  linear  shaped  charge 
used  when  the  charge  holder  Is  rigidly 
attached  to,  or  is  a part  of,  the  main 
structure  (Figures  9 and  11).  „ 

U,  Figure  7 shows  that  the  covering  of  flexi- 
ble linear  shaped  charge  doe3  not  signifi- 
cantly alter  the  response  spectra. 

5.  Alteration  of  the  mechanical  properties  of 
the  separation  sheet  doe3  not  significantly 
change  the  response  spectra  (Figure  8). 

The  effect  of  this  change  may  have  been 
hidden  by  the  fact  that  the  housing  used 
was  so  dependent  upon  the  charge  that  even 
the  complete  elimination  of  the  separation 
sheet  did  not  significantly  reduce  the 
spectra  amplitudes,  as  shown  in  Figure  10. 

6.  Accelerometer  outputs  are  not  significantly 
affected  by  the  high  intensity  sound  field 
that  accompanies  a pyrotechnic  event 
(Figure  12). 

7.  The  outputs  of  the  Endevco  2225-M5  and 
2291  accelerometers  differ,  particularly 
in  the  region  above  10  kHz,  with  the 
2225-M5  indicating  the  higher  values. 

8.  Using  the  accelerometer  mounting  technique 
shown  in  Figure  3 will  reduce  resulting 
shock  spectra  plots  by  approximately  3 dB 
in  the  regions  above  10  kHz  (Figure  17). 

9.  Mass  loading  does  not  significantly  alter 
high  frequency  pyrotechnic  shock  transients 
traveling  through  structural  members. 

Large  attenuations  are  shewn  at  mounting 
interfaces  and  structural  Jolnti 

(Figure  10). 
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DISCUSSION 


Mr.  Chapman  (Jet  Propulsion  Laboratory) : What 

Instrumentation  did  you  use  to  obtain  the  data 
that  we  saw? 

Mr.  Powers:  The  data  acquisition  system  con- 

sisted of  14-2225  accelerometers.  The  microdot 
cable  leads  went  approximately  100  ft.  to  an 
Unholtz-Dickie  Dll  charge  amplifier.  The 
amplifier  signal  went  into  the  recorder.  Prior 
to  running  the  test  a frequency  response  check 
was  made  on  the  system  which  showed  that  there 
was  no  rolloff  up  to  20,000  Hz;  that  is  the 
system  was  flat  to  20,000  H2;  and  insert  volt- 
ages were  used  to  prove  that  it  was  linear 
within  + 1 db,  and  the  signal  to  noise  ratio 
was  in  excess  of  35  db.  On  the  playback  side, 
the  data  reduction  side,  the  signal  was  played 
back  through  an  MB  N 932  shock  spectrum  analyzer 
and  the  plots  out  of  the  analyzer  were  condensed 
in  form  into  maxi-max  shock  spectra,  and  the 
greatest  and  the  least  maxi-max  spectra  from 
each  accelerometer  were  put  on  this  plot  to  form 
an  envelope. 


Mr.  Powers:  That  was  a pure  sinusoidal  input 

out  of  an  oscillator.  The  paper  will  show  you 
the  transients  that  were  used  at  least  for  the 
2225  and  2291  accelerometer  comparisons,  and 
they  were  taken  directly  off  the  scope  and 
directly  from  the  tape  recorder. 

Mr.  Peete  (Naval  Undersea  Center):  What  did  you 

use  in  your  calibration  technique  between  the 

10,000  and  20,000  Hz  area,  was  it  based  on  a 
standard  comparison,  or  what  was  your  absolute 
traceable  standard? 

Mr.  Powers:  10,000  to  20,000  Hz.  How  do  I know 

that  is  the  true  frequency  of  the  input 
oscillator? 

Mr.  Peete:  No,  the  true  acceleration  in  that 

frequency  band. 

Mr.  Powers:  Perhaps  an  Fndevco  representative 

could  answer  your  question.  Fndevco  publishes 
calibration  data  up  to  about  20,000  g‘s. 


Mr.  Chapman:  It  has  been  our  experience  that 

in  measuring  slew  rates  of  impulse  type  functions 
into  the  charge  amplifiers  and  tape  recorders 
that  we  get  different  responses  depending  upon 
theorise  time  of  the  pulses.  You  mentioned  your 
recorder,  who  is  the  manufacturer  of  the  recorder 
and  what  is  the  model  number? 

Mr.  Powers:  I believe  it  was  a CP  100. 

Mr.  Chapman:  Many  of  the  tape  recorder  manu- 

facturers have  two  modes  of  operation  on  their 
tape  decks,  a transient  mode  and  a sine  wave  or 
^steady  mode;  the  pulses  that  you  used  are  the  c 
means  of  determining  that  your  data  channel  w£s 
flat  to  20,000  Hz.  What  mode  of  operation  did 
you  use? 


Mr.  Fnsor  (Fndevco):  The  traceability  that  we 

have ‘above  10,000  Hz  is  a bit  nebulous,  but  we 
use  a calibration  shaker  that  has  a resonant 
frequency  of  approximately  55,000  Hz  and  the 
standard  inside  has  a resonance  at  approximately 

80.000  Hz.  We  run  a number  of  types  of 
accelerometers  whose  resonant  frequencies  are 
known  by  excitation  on  this  shaker  and  shock 
excitation  and  so  forth.  So  above  10,000  Hz  we 
have  an  electrical  filter  which  takes  out  the 
resonant  frequency  of  the  standard  or  the  rise 
due  to  the  standard  in  the  shaker;  so  we  don’t 
really  known  the  accuracy  of  the  calibration 

c above  10,000  Hz  to  any  great  extent.  oWe  do  know 
that  we  Have  Comparisons  between  two  types  of 
, accelerometers',  up  to  50,000  Hz.  When  you  have 
a very  high  resonant  frequency  accelerometer  of 

10.000  Hz,  like  the  2291,  then  you  can  make  com- 
parisons of  that  accelerometer  relative  to  lower 
resonant  frequency  instruments. 
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STUDY  OF  AN  EXPERIMENTAL  TECHNIQUE  FOR  APPLICATION 
TO  STRUCTURAL  DYNAMIC  PROBLEMS 


R.  F.  Snell 

McDonnell  Douglas  Astronautics  Company 
Huntington  Beach,  California 


An  experimental  program  was  conducted  to  determine  the 
feasibility  of  using  subscale  Lexan  plastic  models  to  deter- 
mine the  response  of  full-scale  aerospace  structural 
components  to  impulsive,  pyrotechnic  loadings.  A Lexan 
raonocoque  cylinder  was  impulsively  loaded  around  the 
circumference  of  one  end,  causing  a compressive  stress  wave 
to  propagate  in  the  axial  direction.  The  resulting  structural 
responses  of  two  configurations  of  the  cylinder  (with  and 
without  a cutout)  were  recorded  by  photoelasticity,  strain 
gages,  and  accelerometers.  A maximum  dynamic  stress  concentra- 
tion was  photoelastically  determined  and  the  accelerations 
calculated  from  strain-gage  data  were  in  good  agreement  with 
those  recorded  by  accelerometers.  On  the  basis  of  results 
from  these  tests,  it  is  concluded  that  reliable,  quantitative 
structural  response  data  can  be  obtained  by  the  experimental 
techniques  described  in  this  report. 


INTRODUCTION 

Pyrotechnic  devices  are  commonly 
used  today  i:  space  vehicles  for  several 
purposes,  e.g.,  stage  separation,  bay 
removal,  and  fairing  removal.  The 
detonation  of  these  devices  imparts 
shock  loading  to  the  vehicle  structure 
and  to  the  components  attached  to  this 
structure.  For  a given  application,  the 
pyrotechnic  devices  must  be  designed  in 
conjunction  with  the  vehicle  structure 
and  components  such  that  the  integrity 
of  the  vehicle  and  its  mission  are  not 
compromised  by  the  shock  loading. 
e _ Unfortunately , limited  information  is 
available  to  the  designer  on  shock 
levels  generated  from  pyrotechnic 
detonations  and  on  the  effects  that 
these  shock  loadings  have  on  the  vehicle 
structure  and  components.  There  is 
therefore  a need  both  for  more  powerful 
analytical  techniques  and  for  less 
expensive,  more  versatile  experimental 
techniques  for  investigating  shock 
loading  and  the  response  of  structures 
to  shock  loading.  McDonnell  Douglas 
Astronautics  Company  (MDAC) , under  the 
sponsorship  of  NASA  Contract  NAS9-12873, 
conducted  an  experimental  program, 
described  in  this  report,  to  investigate 
the  feasibility  of  one  improved 
experimental  technique,  that  of  an 


I 

electromagnetic,  stres3-wave  generator 
augmented  by  dynamic  photoelastic, 
strain  gage,  and  accelerometer  instru- 
c mentation  techniques  for  the  determina- 
tion of  dynamic  response  in  models  of 
proposed  vehicles. 

This  technique  can  be  divided  into 
| three  areas,  that  of  the  loading  device, 
•that  of  the  model,  and  that  of  instru- 
mentation for  determination  of  the 
response  of  the  model  to  the  loading. 

The  loading  device  employs  the  energy 
stored  in  a high-energy,  high-voltage 
capacitor  bank  to  produce  uniform 
impulsive  loads  that  simulate  shock 
loads  from  the  detonation  of  pyrotechnic 
devices.  The  test  specimen  models 
proposed  vehicle  configurations  and  is 
made  of  Lexan  polycarbonate  plastic. 
Lexan,  a photoelastic  material,  allows 
the  determination  of  the  states  of 
strain  in  the  model  by  use  of  a dynamic 
polariscope.  The  model  can  also  be 
instrumented  with  strain  gages  and  low- 
mass  accelerometers  to  further 
characterize  the  model  response.  As  a 
final  step  in  this  technique,  the 
dynamic  response  of  the  model  must  be 
related  to  the  dynamic  response  of  an  / 
actual  prototype  by  the  use  of  / 

appropriate  similitude  relationships.  ' 
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Pig.  i - Configuration  and  dimensions  of  Lexan  cylinder 


This  experimental  technique  has 
two  principal  advantages.  First,  the 
technique  is  relatively  inexpensive  in 
comparison  to  full-scale  pyrotechnic 
testing  and,  second,  the  technique 
allows  the  determination  of  the  states 
of  strain  in  the  model.  This  is  in 
contrast  to  the  information  normally 
available  from  actual  hardware  tests  in 
that  results  from  hardware  tests  are 
generally  limited  to  determining  if  the 
part, does  or  does  not  fail  under  shock, 
loading. 

MODEL  DESCRIPTION 

A cylinder  of  Lexan  polycarbonate 
plastic  was  fabricated  to  the  dimensions 
shown  in  Figure  1 for  an  r/t  ratio  of 
54.2.  The  length  of  the  cylinder  was 
arbitrarily  established  as  20  inches r a c 
length  that  was  approximately  four  times 
the  radius  of  the  cylinder.  Fabrication 
of  the  cylinder  was  accomplished  by 
thermoforming  two  sheets  of  Lexan  of  the 
appropriate  dimensions  into  half 
cylinders  by  the  use  of  a male  mold. 
These  two  half  cylinders  were  sub- 
sequently butt-joined  with  ethylene 
dichloride,  a solvent  of  Lexan  commonly 
used  as  a bonding  agent,  to  form  a 
complete  cylinder.  Lexan  was  used  as 
the  material  for  the  cylinder  model 
because  Lexan  is  easily  thermoformed 
into  complicated  shapes  and  is  a 
sensitive  photoelastic  material.  In 


addition,  Lexan  is  an  extremely  tough 
material  and,  as  such,  survives  well  in 
a high-shock  environment.  The  final 
cylinder  with  strain  gages  attached  is 
shown  in  Figure  2. 

EXPERIMENTAL  PROCEDURE 

Loading  Device 

For  this  experimental  program,  the 
existing  MDAC  stress-wave  generator  was 
modified  to  accept  a cylinder  of  the 
type  and  dimensions  previously 
described.  The  3tress-wave  generator 
utilizes  the  discharge  of  a high-energy, 
high-voltage  capacitor  bank  to  produce 
a magnetic  pulse  which,  in  turn, 
produces  a relatively  short-duration, 
high-intensity  pressure  pulse.  Refer- 
enced gives  a complete  description  of 
this  stress-wave  generator  and  its 
principle  of  operation.  Numerous  tests 
have  shown  excellent  repeatability  of 
the  pressure  pulse  (on  the  order  of  3 
percent)  and  the  generator  therefore 
allows  the  production  of  repeatable 
high-pressure,  short-duration  pulses 
over  flat  or  curved  surfaces.  For  the 
experiments  of  this  program,  the 
pressure  pulse  had  a sine  squared  shape 
with  a duration  of  approximately  25 
microseconds  and  a peak  magnitude  of 
approximately  2000  psi. 
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Fig.  2 - Le-.:zz>  cylinder  with  strain 
gages  attached 


Instrument at  ion 


Response  of  the  cylinder  to  the 
passage  of  the  stress  wave  was 
determined  by  photoelastic,  strain  gage, 
'and  accelerometer  techniques.  The 
three  techniques,  as  applied  to  this 
test  program,  are  described  in  the 
following  paragraphs. 

Static  photoelasticity  generally 
involves  the  fabrication  of  a two- 
dimensional  model  of  the  part  to  be 
analyzed  from  a photoelastic  material.-  ' 
this  model  is  appropriately  loaded  and 
observed  with  a circular  polar. iscope . 
Basically,  a circular  polariscope  is  a 
device  that  allows  the  observation  of 
the  birefringence  of  the  model  and,  for 
photoelastic  materials,  this 
birefringence  can  be  directly  related 
to  the  state  of  stress  or  strain  that 
exists  in  the  model.  An  observer  will 
see  a series  of  dark  and  light  bands 
which  are  collectively  called  the  fringe 
pattern  and  the  fringe  order  for  a given 
point  is  determined  by  counting  the 
fringes  to  that  point.  This  fringe 
order  may  be  related  to  the  difference 
in  principal  stresses  at  that  point  by 


°x  ‘ °y  ■ T (1) 

where  o and  c are  the  principal 

* - y 

stresses,  n is  the  fringe  order,  d is 
the  thickness  of  the  model,  and  K is  a 
constant  of  the  particular  photoelastic 
material  called  the  stress  optical 
coefficient.  At  a free  edge  of  a model, 
one  of  the  principal  stresses  is  zero 
and  the  other  principal  stress,  lying 
tangent  to  the  edge,  can  be  directly 
determined  from  Equation  1.  This  is 
fortunate  because  the  maximum  stresses 
occur  at  a surface  location  for  the 
vast  majority  of  static  problems  and, 
therefore,  photoelasticity  may  be  used 
to  directly  determine  these  maximum 
stresses . 


The  experimental  program  at  hand, 
however,  involved  a dynamic  condition 
of  stress-wave  propagation  and, 
although  the  validity  of  Equation  1 
still  holds,  maximum  stresses  do  not 
necessarily  occur  at  a free  boundary. 
Principal  stresses  can  be  determined  at 
free  edges,  as  in  the  static  case,  but 
the  resolution  of  internal  stresses  can 
only  be  accomplished  with  additional 
information  about  the  stress  field,  e.g. 
the  existence  of  a uniaxial  stress 
field  allows  such  a resolution.  For  the 
dynamic  case,  photoelasticity  does, 
however,  produce  a dramatic  qualitative 
indication  of  the  stress  state. 

The  photoelastic  fringe  patterns 
that  result  from  a propagative  stress- 
wave  cannot  be  directly  observed 
because  of  their  high  velocity  of 
propagation  (approximately  5000  ft/sec)  . 
In  the  stress-wave  generator,  this 
problem  has  been  overcome  by  the  use  of 
a camera  in  conjunction  with  a high- 
intensity,  short-duration  (0.5  u sec) 
light  source  to  photographically  stop 
the  movement  of  the  wave.  The  time  at 
which  the  light  source  is  activated 
relative  to  the  initiation  of  the  stress 
wave  at  the  end  of  the  cylinder  is 
controlled  by 'a  time-delay  circuit.  For 
a given  passage  of  the  stress  wave,  this 
experimental  setup  allows  the  taking  of 
only  one  photoelastic  fringe  pattern. 
Consequently  a number  of  discharges  of 
the  stress-wave  generator,  each  with  a 
different  light-source  delay  time,  are 
required  to  map  completely  the  passage 
of  the  stress  wave  through  the  model. 

The  validity  of  this  approach  rests 
upon  the  excellent  repeatability  of  the 
load  history  by  the  generator  plus  the 
operation  of  the  generator  at  a load 
level  that  assures  an  elastic  response 
of  the  model.  In  this  manner,  the 
photoelastic  manifestation  of  the 
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Fig.  3 - Dynamic  polariscope 


interaction  of  stress  waves  in  models 
have  been;  recorded  in  past  test  programs 
as  well  as  in  the  model  of  this  test 
program. 

The  optical  path  of  the  polariscope 
used  for  this  experimental  program  is 
shown  in  Figure  3. 

One  biaxial  strain  gage  and  seven 
triaxial  strain  gage  rosettes  were 
Applied  to  the  cylinder  model  during 
the  course  of  this  test  program.  The 
location  of  the  triaxial  gages  are 
shown  in  Figure  1.  In  the  case  of  the 
biaxial  gage,  one  element  was  oriented 
in  the  direction  of  the  cylinder  axis 
and  the  other  in  the  circumferential 
direction.  Two  of  the  three  elements 
l of  the  triaxial  rosettes  were  also 
oriented  in  the  axial  and  circumferen- 
tial directions,  with,  the  third  element 
located  between  the  other  elements  at 
an  angle  of  45  degrees.  All  elements 
had  active  gage  lengths  of  0.062  inch, 
a size  small  enough  relative  to  the  wave 
length  to  prevent  distortion  in  the  gage 
readout  [ 2 J . A standard  Wheatstone 
bridge  was  employed  to  read  the  strain 
gages  in  conjunction  with  a dual-beam 
Tektronic  555  oscilloscope. 

In  the  tests  of  this  experimental 
program,  two  types  of  piezoelectric 
accelerometers  were  used,  the  Endevco 


2291  and  the  Endevco  2292.  Both 
accelerometers  are  designed  for  the 
measurement  of  shock  accelerations, 
both  attach  to  the  structure  by  1/4-inch 
diameter  holes  tapped  with  28  threads 
per  inch,  and  both  have  masses  of  1.3 
grams.  The  2291  is  nominally  rated  for 
a peak  acceleration  of  100,000  g with  a 
resonant  frequency  of  250  kHz  and  a 
sensitivity  of  0.00385  picocoulomb/g. 

The  2292  is  designed  for  a somewhat  less 
severe  environment , having  a peak 
acceleration  rating  of  20,000  g,  a 
resonant  frequency  of  100  kHz  and  a 
sensitivity  of  0.130  picocoulomb/g. 

Data  from  the  accelerometers  were 
recorded  with  a dual-beam  Tektronic  555 
oscilloscope  in  both  voltage-mode  and 
charge-mode  instrumentation  schemes. 

‘ TEST  SEQUENCE,  RESULTS,  AND  DISCUSSION  c 

: Oc  „ C C 

0. 

First  Test  Series 

The  first  test  series  was  conducted 
on  the  monocoque  cylinder  to  determine 
the  response  of  the  configuration  to  an 
axially  propagating  stress  wave.  The 
results  of  this  test  series  served  as 
the  baseline  for  subsequent  tests  and 
provided  insight  into  the  difference  in 
response  between  that  of  a cylinder  and 
that  of  a flat  plate,  both  without 
inclusions  or  cutouts.  The  initial 
loadings  of  the  monocoque  cylinder  were 
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Fig.  4 - Typical  photoelastic  fringe  pattern  of  first  test  series 


used  to  obtain  photoelastic  data  on  the 
cylinder.  Photoelastic  pictures  were 
taken  prior  to  the  installation  of 
strain  gages  and  accelerometers  to 
provide  a basis  for  determination  of 
the  effects  that  these  other  two  types 
of  instrumentation  had  on  the  response 
of  the  cylinder.  Examination  of  these 
fringe  patterns,  e.g.,  Figure  4,  show 
that  the  propagating  stress  wave  was 
uniform  in  magnitude  and  velocity  of 
propagation  with  a velocity  of 
propagation  of  0.063  in/usec  and  a pulse 
length  of  1.6  inches  for  a pulse- 
duratrion  of  25  usee.  Furthermore,  these 
patterns  indicated  that  attenuation  and 
despersior.  of  the  wave  as  it  propagated 
up  the  cylinder  was  insignificant. 

After  completion  of  the  initial 
photcelastic  mapping,  seven  strain  gage 
rosettes  were  placed  on  the  cylinder  at 
the  locations  indicated  in  Figure  1. 

The  subsequent  photoelastic  fringe 
patterns  indicated  that  the  strain  gages 
had  only  a 'oralized  effect  on  the 
strain  fit  Id. 


to  determine  the  strain  history  from 
the  passage  of  the  stress  wave.'  The 
oblique  (45°)  gages  gave  peak  strain 
values  that  were  approximately  one  half 
of  the  peak  axial  strain  values  while 
the  transverse  gages  showed  that 
circumferential  strain  remained  at  zero 
throughout  the  wave  passage.  The 
geometry  of  the  model  (large  r/t  ratio) 
makes  the  application  01  plane  stress 
relationships  valid.  The  readings  of 
the  oblique  and  transverse  gages  indicate 
that  the  conditions  are  more  restrictive 
than  plane  stress  in  that  the  circumfer- 
ential strain  is  zero.  The  stress- 
strain  relationships  therefore  become 
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Each  element  of  all  the  rosettes 
was  subsequent- ly  read  on  an  oscilloscope 
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ick-to-back  triaxial  rosettes 
at  the  5-iAch,  30-degree  location  c 
(Figure  1)  jgave  identical  readings, 
within  experimental  accuracy  for  all 
elements.  There  was  therefore  no 
bending  in  the  walls  and  no  radial 
displacement.  This  indicated  that, 
for  the  stress-wave  length  of  these 
tests,  the  wall  of  the  cylinder 
responded  in  the  same  manner  as  a flat 
plate  of  the  same  thickness  would  have 
responded.  Generally  speaking,  the 
geometry  of  the  cylinder  would  probably 
not  affect  the  stress-wave  response 
unless  the  length  of  the  wave  were 
equal  to,  or  greater  than,  the 
circumference  of  the  cylinder. 

I 

Shock  responses  of  aerospace 
vehicles  arc  usually  described  in  terms 
of  acceleration  as  a function  of  time 
for  various  points  on  the  vehicle  or  in 
terms  of  a shock  spectra  consisting  of 
response  representations  obtained  by 
reduction  ,of  acceleration  histories. 

In  order  for  model  data  to  be  readily 
used  by  ttje  aerospace  industry,  it  is 
necessary  Ithat  the  raw  model  data  be 
reduced  to  acceleration  histories  or 
reduced  to  shock  spectra.  The  last  test 
series  of  !this  experimental  program 
determined  accelerations  directly  by 
accelerometers.  The  disadvantage  of 
such  an  approach  for  model  application 
is  that  the  available  accelerometers 
are  large j relative  to  the  structure  of 
the  model]  One  then  has  the  classic 
case  of  altering  the  response  one 
wishes  to | measure  by  the  very  act  of 
making  that  measurement.  For  this 
study  photoelasticity  and  strain  gage 
technique^  were  investigated  for  the 
feasibility  of  reducing  these  types  of 
data  to  accelerations  of  the  model. 

The  following  paragraphs  describe  how 
this  was  accomplished. 

For  k plane  wave  traveling  in  the 
'direction  of  increasing  x,  displacement  o 
as • ac  function  of  position  and  time  may 
be  written  as  , 


u = f <c0t 


X) 


(4) 


'where  u is  displacement,  f represents 
the  function,  cG  is  the  propagation 
velocity,  and  t is  time.  Separate 
differentiating  of  Equation  4,  first 
with  respect  to  x and  then  with  respect 
to  t,  will  yield 
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Solving  both  equations  for  f1  (c0t  - x) 
and  equating  the  results  gives 
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As  3u/3t  is  the  particle  velocity  (vx) 
and  3u/3x  is  the  strain  in  the  x 
direction  (ex)  Equation  7 becomes 


(8) 


Differentiation  of  Equation  8 with 
respect  to  time  will  yield  the 
acceleration 
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where  Ax  is  acceleration.  Equation  9 
simply  states  that  the  acceleration  i3 
equal  to  the  propagation  velocity 
times  the  instantaneous  slope  of  the 
strain  history  for  any  given  time.  It 
should  be  realized  that  the  foregoing  ‘ ° 
argument  is  valid  only  for  the  case  of 
the  propagation  of  a plane  stress  wave. 
In  practice  Equation  9 means  that  a 
strain  history  may  be  reduced  to  an 
acceleration  history  by  a point-by-' 
point  measurement  of  the  slope  of  the 
strain  history.  The  disadvantage  of 
this  approach  is  that  small  variations 
in  the  strain  history  may  result  in 
‘large  variations  in  the  slopes.  For  the 
present  study,  however,  the  strain 
histories  are  smooth  curves  and  such  a 
reduction  as  herein  described  is  both 
straightforward  and  accurate. 

Maximum  acceleration  is  then 
determined  by  measurement  of  the 
maximum  slope.  For  examp 1 ;,  Figure  5 
shows  a typical  strain  history  from  the 
gages  used  in  these  tests.  The  maximum 
strain/rate  for  this  history  is  measured 
as  -75'4  in/in/sec.  This  value,  along 
with  (£he  velocity  of  propagation  of 
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Fig.  5 - Typical  strain  gage  trace 
for  axial  gage  (2500  uin/ 
in/cm,  5 usec/cm,  sweep 
delay  * 115  usee) 


0.063  in/usec,  results  in  a maximum 
acceleration  of  126,000  g. 


the  type  of  stress  field  that  exists  at 
the  point  of  interest.  In  the  monocoque  < 
configuration,  for  instance,  it  is 
known  that  the  conditions  are  that  of 
plane  stress  •.:ith  zero  circumferential 
.strain.  Without  such  additional 
information  the  photoelastic  data 
cannot  be  reduced  to  accelerations. 
Accelerations  determined  from  strain 
gages  were  used  in  the  data  reduction 
for  the  test  series  of  this  program, 
rather  than  those  determined  from  photo- 
elastic data,  because  of  the  relative 
ease  with  which  strain  gage  data  may  be 
reduced  to  accelerations. 

The  assumption  that  the  pressure 
applied  to  the  loaded  edge  is  a sir.e- 
squared  function  of  time  gives  an 
interesting  check  on  the  validity  of 
the  maximum  acceleration  measured  with 
strain  gages.  Again  assuming  classical 
wave  propagation  theory,  it  car.  be 
shown  that  the  maximum  acceleration  for 
a strain  pulse  having  a sine-squared 
shape  is 


In  like  manner  the  slope  of  the 
strain  may  be  obtained  from  the  photo- 
elastic data.  This  is  accomplished  by 
determining  the  fringe  order  at  a 
given  point  as  a function  of  time. 

Such  a determination  requires  a series 
of  photographs  ot  the  fringe  patterns 
at  the  point,  each  taken  at  slightly 
different  times.  The  data  obtained 
from  those  photographs  would  bo  a series 
of  discrete  points  plotted  as  a function 
of  time  ar.d  connection  of  the  points 
would  yield  a continuous  curve  of  fringe 
order  versus  time.  Application  of 
Equation  1,  for  conversion  of  fringe 
order  to  difference  in  principal  stress, 
and  Equations  2 and  3,  for  conversion 
of  difference  in  principal  stress  to 
strain,  results  ir.  a plot  of  strain 
versus  tire.  The  procedure  for  obtain- 
ing acceleration  fron  this  stage  onward 
is  then  identical  to  that  employed  with 
the  strain  gage  data. 


where  c0  is  as  previously  defined,  Cm 
is  the  maximum  strain  (-5500  uin/in) 
and  r-  is  the  strain  duration  time 
(25  usee) . Substitution  of  these  values 
will  result  in  a maximum  acceleration  of 
115,000  g,  a value  very  close  to  the 
measured  value. 

Second  Test  Series 

A rectangular  cutout  was  machined 
into  the  cylinder  wall  to  constitute  the 
model  configuration  of  the  second  test 
series.  Figures  1 and  6 show  the 
location  and  dimensions  of  this  cutout. 
As  in  the  first  test  series,  model 
response  was  determined  by  the  taking 
of  photoelastic  pictures  and  the 
recording  of  strain  gage  outputs. 


There  are  certain  difficulties  in 
the  reduction  of  photoelastic  data  to 
obtain  accele'rat  ior.s ., 'First , a large 
number  of  photographs  are  required  to 
accurately  record  the  changing  photo- 
elastic pattern  and  the  minimum  time 
separation  between  these  photographs 
would  be  a function  of  the  maximum 
strain  rate.  Second,  determination  of 
ekact  fringe  order  in  most  cases  would 
require  ext rapolat ion  to  non-integral 
values  of  fringe  orders.  These  r.cn- 
integral  values  must  be  estimated  from 
the  photographs  and  such  estimation 
could  give  rise  to  inaccuracies. 

Finally  the  reduction  of  differences  in 
principal  stress  to  axial  strain 
requires  additional  information  as  tc 


As  was  expected  the  photoelastic 
, fringe  patterns  taken  prior  to  the  ' « 

arrival  cf  the  stress' wave  at  the  cutout  c 
are  identical  to  thosd  patterns  taken 
on  the  uncut  cylinder.  The  interac'ion 
of  the  stress  wave  with  the  cutout  are 
shown  in  Figure  7.  Three  phenomena  are 
readily  apparent  in  this  figure.  First, 
the  reflection  of  the  compression  wave 
at  the  lower  edge  of  the  cutout  results 
in  the  propagation  of  a tension  wave  in 
the  opposite  direction  from  the  initial 
compression  wave.  Second,  the  inter- 
action of  the  stress  wave  with  the 
cutout  results  in  a stress  concentration 
at  the  corners  of  the  cutout.  This  is 
manifested  in  the  large  increase  in 
fringe  order  that  Occurs  at  these  corners. 


k‘» 


remainder  of  the  cylinder  and  gives 
rise  to  the  oblique  relief  waves. 

Figure  7d  'shows  the  bending  of 
the  stress  wave  around  the  back  of  the 
cutout.  The  subsequent  reunification 
of  the  wave  components  results  in  a 
fringe  order  considerably  reduced  from 
the  free-field  fringe  order.  As  can  be 
seen  in  Figure  7F  this  reduction  is  by 
a factor  of  approximately  two  when  the 
peak  of  the  wave  has  propagated  a 
distance  away  from  the  cutout  equal  to 
the  height  of  the  cutout. 

Third  Test  Series 
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Fig.  6 - Dimensions  of  cylinder 
cutout 


Figure  7B  indicates  that  the  maximum 
fringe  order  at  these  corners  is  10, 
compared  to  a maximum  fringe  order  of 
4-1/2  at  a location  away  from  the  cutout. 
These  fringe  orders,  together  with  the 
assumption  that  a plane  stress,  uniaxial- 
strain  field  exists  in  the  cylinder  wall 
and  that  a plane  stress  field  exists  at 
the  edge  ot  the  corner,  results  in  a 
strain  concentration  value  of  1.62  and 
a stress  concentration  of  1.40.  For 
this  program  strain  and  stress  concentra- 
tions were  defined  as  the  maximum  values 
of  such  quantities  at  the  location  in 
questions,  e.g.,  the  edge  of  the  cutout, 
divided  by  the  maximum  values  of  such 
quantities  in  the  free  field  of  the 
cylinder. 

Finally,  the  photographs  indicate 
the  formation  of  oblique  relief  waves, 
(shown  in  Figure  7C)  on  both  lateral 
edges  of  the  cutout,  that  propagate 
into  the  remainder  of  the  cylinder  at 
an  angle  of  approximately  45  degrees. 

As  previously  mentioned  the  strain 
field  of  the  stress  wave,  prior  to  the 
arrival  at  the  cutout,  has  no  strain 
component  in  the  circumferential 
direction  and,  hence,  there  exists  a 
biaxial  stress  field.  For  a free  edge, 
however,  there  can  exist  no  stress 
component  perpendicular  to  this  free 
edge,  and  when  the  stress  wave  arrives 
at  the  cutout,  the  circumferential 
component  of  the  biaxial  stress  field 
is  relieved  at  the  edge  of  the  cutout. 
This  relief  propagates  into  the 


The  third  test  series  was  for  the 
determination  of  the  axial  acceleration 
of  the  cylinder  by  the  use  of 
accelerometers.  As  previously 
mentioned,  the  reason  for  obtaining 
accelerometer  data  was  for  a comparison 
of  this  data  tor  cylinder  response  with 
the  data  obtained  by  strain  gages  and 
by  photoelasticity.  Such  a comparison 
would  be  facilitated  if  the  measurements 
were  made  in  a uniform  field  away  from 
the  wave  disturbance  that  results  from 
the  cutout.  For  this  reason,  the 
accelerometers  were  mounted  cn  the 
cylinder  in  a position  diametrically 
opposite  that  of  the  cutout.  As  the 
accelerometers  are  large  relative  to  the 
wall  thickness  of  the  cylinder,  it  was 
necessary  to  design  and  install  a mount 
for  the  accelerometers.  The  mount  was 
also  made  from  Lexan  and  bonded  to  the 
cylinder  with  ethylene  dichloride.  Its 
geometry  and  location  are  shown  in 
Figure  8. 

As  mentioned  previously,  two  types 
of  accelerometers  were  each  employed  in 
two  different  types  of  data  acquisition 
modes  to  measure  the  acceleration  of 
the  cylinder  wall.  The  acceleration 
histories,  shown  in  Figure  9,  indicated 
that  in  all  cases  that  the  measured 
acceleration  was  approximately  62,000  g. 
This  value  is  considerably  less  than 
the  acceleration  of  126,000  g determined 
by  the  reduction  of  the  strain  histories 
obtained  from  the  strain  gages.  The 
mount  to  which  the  accelerometers  were 
attached  had  a depth  of  0.375  inch 
compared  to  the  underlying  wall  thick- 
ness of  0.097  inch.  With  this  large 
difference  in  thickness,  a reduction  in 
acceleration  is  not  surprising.  The 
task  then  became  that  of  correlating  the 
acceleration  measured  on  tne  mount  with 
that  calculated  from  the  strain  gage 
outputs.  Two  approaches  were  taken  to 
resolve  this  issue. 

First,  photoelastic  pictures  were 
taken  of  the  stress  wave  as  it 
propagated  into,  through,  and  beyond  the 
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Dimensions  and  location  of 
accelerometer  mount 


accelerometer  mount.  One  such  picture 
is  shown  in  Figure  10  and,  as  can  be 
seen,  the  mount  resulted  in  considerable 
disturbance  to  the  free-field  photo- 
elastic pattern.  This  pattern  also 
allows  an  assessment  of  the  average 
strain  in  the  mount  and  cylinder  wall 
directly  under  the  mount  relative  to  the 
strain  in  the  cylinder  wall  in  a region 


Fig.  10  - Photoelastic  fringe 

pattern  in  accelerometer 
mount  at  t = 120  usee 


undisturbed  by  the  mount.  Such  an 
assessment  is  accomplished  by  comparison 
of  the  maximum  fringe  orders  in  each 
position  in  conjunction  with  certain 
assumptions  concerning  the  stress-strain 
field  in  these  two  regions.  The  stress- 
strain  relationship  for  the  cylinder 
are  given  in  Equations  2 and  3.  These 
two  equations  may  be  combined  to  give 
the  following  expression  for  the  axial 
strain 
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Fig.  9 - Accelerometer  readings  in  charge  mode  (30,000  g/cm,  20  ysec/cm, 
sweep  delay  120  usee) 
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Because  the  length  of  the  wave  is  long 
compared  to  the  cross-section 
dimensions  of  the  mount,  a condition  of 
uniaxial  stress  is  assumed  to  exist  in 
the  mount.  The  applicable  stress- 
strain  relationships  are  therefore 
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For  later  convenience  Equations  12  and 
13  are  rewritten  as 
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The  division  of  Equation  14  by  Equation 
11  will  result  ir.  an  expression  for  the 
ratio  of  the  axial  strains.  This 
expression  reduces  to 


<«x> 

1 „ , 1 , 
TTT  (rn7> 

x 2 


(Ox-Oy) 

T v7 


i 


2 


(15) 


where  the  subscripts  1 and  2 refer  to 
the  mount  and  cylinder  respectively. 
These  differences  in  principal  stress 
are  determined  by  the  photoelastic 
fringe  patterns  as  applied  to  Equation 
1.  The  latio  of  the  differences  in 
principal  stresses  may  be  written 
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where  n is  the  maximum  fringe  order 
(17  fringes  and  4-1/2  fringes  for  the 
mount  and  cylinder  wall  respectively) 
and  d is  the  optical  thickness  (0.472 
inch  for  the  combined  thickness  of  the 
mount  and  cylinder  wall  and  0.097  inch 
for  the  cylinder  wall  alone).  The 
application  of  these  values  plus  the 
value  for  Poisson's  ratio  of  0.37  to 
Equation  15  and  16  results  in  a ratio 
for  the  axial  strains  of  0.56.  The 
strain  in  the  mount  is  therefore  56 
percent  of  the  strain  in  the  cylinder 
wall.  This  result  can  be  applied  to 
determine  the  ratio  of  the  maximum 
accelerations  if  it  is  assumed  that  the 
axial  strain  histories  of  the  mount  and 


cylinder  wall  are  of  the  same  shape, 
differing  only  in  magnitude.  If  such  a 
condition  exists,  then  the  ratio  of  the 
maximum  accelerations  equals  the  ratio 
of  the  maximum  strains.  The  maximum 
accelerations  in  the  mount  should 
therefore  be  56  percent  of  the  maximum 
acceleration  of  the  cylinder  wall. 
Assuming  that  the  wall  acceleration  is 
126, COO  g (as  determined  by  strain  gages) 
then  the  acceleration  in  the  mount  would 
be  71,000  g.  Considering  the 
assumptions  made  in  the  foregoing 
analysis,  this  value  is  reasonably  close 
to  the  accelerometer  value  of  62,000  g; 
this  difference  amounting  to  14  percent. 

As  a second  approach  to  the 
determination  of  the  validity  of  the 
accelerometer  readings,  a biaxial  strain 
gage  was  placed  on  the  accelerometer 
mount  in  the  position  shown  in  Figure  8. 
The  reduction  of  the  axial  strain 
history  from  this  strain  gage  gave  a 
maximum  strain  rate  of  -357  in/in/sec 
corresponding  to  a maximum  acceleration 
(Equation  9)  of  59,000  g,  a value 
approximately  4 percent  below  that 
obtained  with  the  accelerometers. 

A summary  of  the  values  obtained 
by  the  three  instrumentation  techniques 
for  accelerations  is  given  in  Table  1. 

A comparison  of  the  accelerometer 
trace  of  Figure  9A  for  the  2291  with 
that  of  Figure  9B  for  the  2292  shows 
that  the  positive  portions  of  the 
traces  are  nearly  identical.  The 
negative  portions  are  different,  however, 
in  that  local  oscillations  occur  in  this 
portion  in  the  trace  from  the  2292 
accelerometer  but  do  not  appear  in  the 
trace  from  the  2291  accelerometer. 

Figure  9B  shows  that  five  cycles  of 
local  oscillation  occur  for  the  2292  in 
36  microseconds,  corresponding  to  a 
frequency  of  139  kHz.  This  frequency 
is  close  to  the  manufacturer's  stated 
resonant  frequency  of  100  kHz  for  this 
transducer  and  these  local  oscillations 
are  probably  the  excitation  of  this 
resonance.  No  such  oscillations  appear 
in  the  traces  for  the  2291  at  a 
frequency  of  139  kHz  nor  are  there 
oscillations  at  250  kHz,  the  resonant 
frequency  of  the  2291  accelerometer. 

For  a further  characterization  of 
the  shock  pulse,  the  outputs  obtained 
in  the  charge  mode  of  both  accelero- 
meters were  reduced  to  produce  shock 
spectra.  As  would  be  expected,  the 
shock  spectra,  shown  in  Figures  11  and 
12  are  very  similar  for  the  2291  and 
2292.  The  peak  of  both  occur  at  about 
150,000  g.  This  value  is  about  2-1/2 
that  of  the  peak  acceleration  of  the 
acceleration  histories  and  such  a ratio 
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Acceleration  («) 


TABLE  1 

Summary  of  Acceleration  Bata 


Photoelastic  | Strain  Gage  , Accelerometer  , Accelerometer 


Acceleration  (kg) 

71 

59 

62 

63 

Percent  of  Acceleration* 

c : 56 

< 47  c ‘ 

c 49  • « 

' ' ‘50  ' 

in  Cylinder  Wall 

c 

Percent  of  2291 

114 

96 

100 

102 

Accelerometer  Reading 

* Maximum  acceleration  in  cylinder  wall  = 126,000  g 
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Fig.  11  - Shock  spectrum  from  2291 
accelerometer  data 


Frequency  (Hi  ] 

Fig.  12  - i'hock  spectrum  from  2292 
accelerometer  data 


is  characteristic  of  shock  spectra.  It 
is  interesting  to  note  the  local  peak 
in  the  negative  response  portion  of  the 
shock  spectra  of  the  2292  in  the  region  • 
of  100,000  kHz.  This  loi.ai  peak  is 
apparently  from  the  resonance 
excitation,  and  as  such  does  not  appear 
in  the  spectrum  of  the  2291. 

SIMILITUDE  FEASIBILITY  STUDY 

Introduction 


The  feasibility  of  scaling  model 
data  to  determine  the  dynamic  response 
of  full-size  prototypes  depends  funda- 
mentally on  what  physical  parameters 
are  important  in  the  response  problem. 

At  one  end  of  the  spectrum  are  linear 
elastic  response  problems  for  homo- 
geneous, one-dimensional  structures 
that  are  insensitive  to  strain  rate  and 
that  are  undamped.  At  the  other  end 
are  response  problems  for  structures 
whose  material  constitutive  relation- 
ships are  of  such  complexity  an  to  make 
scale  modeling  extremely  difficult  if 
not  impossible.  The  present  study  is 
concerned  with  metallic  structures  of 
isotropic  materials  and  scale  models  of 
plastic  materials.  It  is  helpful  to 
first  review  the  modeling  requirements 
of  three-dimensional  elasticity  for  an 
isotropic  body,  h'ext  the  feasibility 
of  scale  modeling  when  stress  depends 
on  strain  rate  as  well  as  strain  will 
be  investigated  and,  finally,  model 
fabrication  problems  will  be  reviewed. 

Model  Requirements  for  an  Isotropic  Body 
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where  a „ and  are  respectively  the 

components  of  the  stress  and  strain 
tensors  of  classical  elasticity;  u^  are 

the  components  of  the  displacement 
vector;  d^  are  the  direction  cosines 

of  the  gravitational  field;  1 and  u are 
the  Lame  constants  of  the  material,  and 
0 is  the  mass  density.  The  initial 
conditions  are 


(?,  0)  ■ 0 (20) 

uA  (!,  0)  - 0 (21) 

and  the  boundary  conditions  are 

Cij  nj  " Si  tU  - 6 Bs  <22) 

(?,  t)  - 0;  ? e Bu  (23) 


where  n^  are  components  of  the  outward 
unit  normal  ? to  Bs  at  the  point  ? on 


Consider  an  isotropic,  homogeneous, 
llrtear  elastic  body  that  occupies  a 
volume  V bounded  by  a surface  B as 
shown  in  Figure  13.  The  undeformed  body 
is  initially  at  rest  in  a uniform 
gravitational  field  g ?.  The  body  is 
subjected  to  body  forces  * (?,  t)  in  the 
interior,  surface  tractions  § (Z(  t)  on 
a portion  of  the  bounding  surface  Bs, 
and  the  displacement . vector  u. (?,  t>  is 
prescribed  zero  on  the  remaining 
portion  of  the  bounding  surface,  Bu. 

The  coordinates  z^  of  a point  ? are  with 
respect  to  an  orthonormal  Cartesian 
frame  that  can  be  considered  an  inertial 
fr?.ne.  The,  field  equations  for 
infinitesimal  displacements  are 
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Fig.  13  - Elastic  body  and 
coordinate  system 
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this  surface.  These  conditions  and  the 
field  equations  completely  determine 
the  response  “ '(Z,t),  <J;j  (?>t)  and  c 

(?,t)  and  hence  identify  all  the 
physical  parameters  important  in  the 
response  problem.  In  general  it  is  not 
necessary  to  know  the  governing 
equations  to  identify  the  important 
physical  parameters  in  the  response 
problem.  In  fact,  having  identified 
the  important  physical  parameters,  the 
modeling  requirements  can  be  determined 
using  the  Buckingham  Pi  theorem  without 
recourse  to  the  governing  equations. 
Counting  the  components  of  a vector  or 
tensor  as  only  one  parameter,  there  are 
eleven  physical  parameters  that 
determine  the  response  which  implies 
there  are  eight  dimensionless  Pi  terms 
that  are  sufficient  to  describe  the 
response.  The  eleven  parameters*  are 

°ij'  ti'  g'  ui'  Si‘  y'  p'  and 
2^,  and  a convenient  set  of  Pi  terms  is 
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The  quantity  1 is  any  convenient 
characteristic  length. 

These  are  not  unique  but  are  a 
commonly  used  set  of  dimensionless 
parameters.  Equation  24  can  also  be 
written 
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The  scaling  laws  that  are  implied  by 
Equation  25  can  be  stated  as 
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Where  the  subscript  m denotes  model  and 
p denotes  prototype.  The  strains 

and  direction  cosines  d.  must  also  be 

equal.  It  should  be  emphasized  that 
the  relations  of  Equation  26  are  not 
dependent  on  the  governing  equations; 
they  depend  only  on  the  Buckingham  Pi 
theorem.  The  strain-displacement 
equations  and  stress-strain  equations 
can  be  nonlinear  for  example.  The 
interpretation  of  the  relationships 
given  in  Equation  26  is  relatively 
straightforward.  ’For  instance,  the 
first  relationship  of  Equation  26  means 
that  stresses  in  the  prototype  can  be 
determined  simply  by  multiplying  the 
stresses  measured  in  the  model  by  the 

ratio  U /u provided  that  all  the  other 

pm 

conditions  of  Equation  26  are  satisfied. 
The  satisfaction  of  Equation  26  can, 
however,  require  stringent  model  design, 
especially  if  gravity  forces  are 
important.  When  the  model  and  prototype 
are  of  the  same  material,  simulation  of 
these  forces  requires  either  a full- 
scale  model  or  requires  the  changing, 
somehow,  of  the  magnitude  of  these  force 
fields.  The  problem  could  be  further 
compounded  if  the  model  and  prototype 
were  made  of  different  material.  Even 
when  gravity  forces  are  unimportant, 
Equation  26  requires  replica  modeling 
and  requires  the  use  of  materials  that 
have  the  same  Poisson's  ratio,  i.e., 

( A/u ) = 2v/(l-2v). 
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The  use  of  models  that  have 
Poisson's  ratios  different  from  the 
prototype  require  an  examination  of  the 
influence  of  Poisson's  ratio  on 
response.  Past  experience  in  photo- 
elasticity for  static  loadings  of  model3 
have  shown  that  differences  in  Poisson's 
ratios  generally  have  insignificant 


Strain  and  the 


direction  cosines  d^  are  already  dimensionless. 
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effects  In  the  prediction  of  stresses 
in  the  prototype  [3,  4,  and  5].  As  the 
similitude  relationships  for  the  static 
case  are  the  same  as  those  of  the 
dynamic  case  (Equation  26),  with  the 
exception  that  the  relationship 

(t/t  /g/p)  <*  (t/t  /p/p)  need  not  be 

n p 

satisfied,  it  is  possible  that  the 
effect  of  different  Poisson's  ratios 
may  also  be  insignificant  for  the 
dynamic  case.  An  indication  of  the 
effect  for  the  dynamic  case  can  be 
obtained  by  an  examination  of  the 
equations  of  motion  (Navier's  Equations). 
First  a change  of  variables  will  be 
made  to  non-dimensior.alize  the  equations 
per  Equation  26. 


" t^/l,  u*  » Uj/t 


t - (t/l)  /p7o , fj  - fA  i/p,  g*  « pg  i/u 


and  the  dilatation,  e s e^,  defined  so 
that  the  equation  can  be  written 


(I^)j|-(e)+72u*+f*=g*di+-iT(u»)  (27) 

i 3t 


The  only  term  explicitly  dependent  on 
Poisson's  ratio  is  the  dilatation  term 
(i.e.,  hydrostatic  stress  term).  The 
value  of  v for  Lexan  is  near  0.37  while 
v for  aluminum  is  near  0.30  and,  in 
this  range,  the  coefficient  l/(l-2v) 
does  change  significantly.  One  manner 
to  determine  if  this  distortion  will  in 
turn  produce  a significant  effect  on 
dynamic  response  is  that  of  the 
employment  of  a two-dimensional 
computer  simulation  code  to  predict 
response  for  a reference  shape  using 
different  values  of  Poisson's  ratio. 
Should  the  response  change  significantly, 
a prediction  factor  to  correct  this 
distortion  could  possibly  be  determined 
empirically  for  the  actual  structural 
shape.  This  would  require  the  testing 
of  several  plastic  models  with 

different  values  of  v and  plotting, 
m 

for  example,  the  strain  (or  any  of  the 
nondimensional  parameters  of  Equation 

26)  versus  v . The  ratio  of  the  non- 
ro 

dimensional  strain  at  the  correct  v and 
the  distorted  v would  be  interpolated 
from  this  graph  and  used  directly  to 
predict  prototype  response.  Although 
the  determination  of  a prediction 
factor  is  a standard  engineering  pro- 
cedure [6],  the  need  to  fabricate  and 


test  several  models,  plus  the 
difficulty  or  impossibility  of  adequate 
variation  of  Poisson's  ratio  in  these 
models,  make  the  application  of  this 
procedure  questionab)e  for  the  type  of 
t_3ts  described  in  this  report.  In  any 
event  should  the  effects  of  difference 
in  Poisson's  ratios  prove  unacceptable, 
there  still  remains  to  the  experimenter 
the  use  of  models  made  from  the  same 
materials  as  the  prototype. 

Strain-Rate  Effects 

In  the  present  study  the  loading 
conditions  are  impulsive  ir.  nature  and 
the  physical  parameters  affecting 
structural  response  must  be  re-examined. 
This  will  be  done  using  the  simple  Voigt 
viscoelastic  model  and  a more  general 
viscoelastic  model  [7]  that  satisfies 
fundamental  thermodynamic  considerations. 
The  Voigt  model  traditionally  has  been 
applied  to  describe  viscoelastic 
behavior  because  of  its  relative 
simplicity.  However,  as  shown  in 
Reference  7,  the  Voigt  model  exhibits 
implausible  thermodynamic  behavior. 

This  is  unimportant  at  low-strain  rates 
but,  for  high-strain  rates,  use  of  the 
Voigt  model  is  questionable.  The  more 
general  viscoelastic  model  has  no  such 
inherent  limitations  and  consequently 
is  valid  at  high  as  well  as  low-strain 
rates.  In  an  effort  to  be  comprehensive 
both  models  are  considered  and  it  will 
be  Shown  that  the  scale  modeling 
requirements  for  the  more  general  model 
are  quite  different  from  those  obtained 
for  the  Voigt  model. 

C « . 

Consider  first  the  one-dimensional 
Voigt  relation  for  stress  as  a function 
of  strain  and  strain  rate  (£). 


c * E t ♦ ne 


Thii  identifies  one  new  physical 
parameter,  n,  that  must  be  considered 
to  determine  the  structural  response. 
The  units  of  this  parameter  are  FL~2  T 
and  using  the  Buckingham  Pi  theorem 
again  we  obtain  the  additional  modeling 
requirement 


(~2— )m 
t /Up  m 


(_2_, 

I /uo  p 


This  requirement  is  similar  to  that 
obtained  for  body  forces  and  gravita- 
tional forces  in  that  the  rate  constant 
n must  be  changed  in  proportion  to  t. 
The  only  manner  in  which  this  could  be 
satisfied  would  be  to  determine  the 
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parameters  of  n,  u,  “and  o for  both  the 
prototype  and  model  materials,  apply 
these  values  to  Equation  29,  solve  for 
the  ratio  and  apply  this  ratio 

to  the  scaling  of  the  model  relative 
to  the  prototype.  It  is  unlikely  that 
the  ratio  would  be  of  a suitable  value. 
Furthermore,  if  the  prototype  and  model 
are  of  the  same  material,  the  ratio  is 
one  and  the  model  would  be  identical  to 
the  prototype.  In  fact  a small  model 
of  the  same  material  will  accentuate 
strain-rate  effects  according  to  the 
Voigt  model  since 


and  a is  a dummy  variable  of  integra- 
tion. For  isotropic  materials 

°ij  (t)  = *£kk(t)5ij  + 2 u £ij  (t) 

ft  i 

+ j y (t-a)-xr  da  (32) 

•f  2 J u (t-ci)— da 


(J)  > (£)  (30) 

m p 


These  differences  willbe  small  if  the 

condition  E e >>  n e holds, 
max  max 

Reference  8 indicates  this  is  true  of 
metals  and  plastics  at  structural- 
response  strain  rates  (e  - 103  in/in/ 
sec)  but  that  it  is  not  true  of 
plastics  at  shock-response  rates 
(e  ~ 10®  in/in/sec).  The  strain  rates 
associated  with  the  Lexan  models  of  the 
present  study  were  all  under  103  in/in/ 
sec.  If  higher  strain  rates  are 
necessary,  empirical  correction  curves 
obtained  with  different  model  materials 
offer  one  possible  solution.  This 
assumes  of  course  that  the  materials 
are  all  governed  by  the  Voigt  model. 

The  validity  of  a Voigt  model  is 
questionable  at  very  high  strain  rates 
for  most  engineering  materials  in  that 
these  materials  possess  an  initially 
elastic  response  not  predicted  by  a 
Voigt  model.  Valanis  [7]  demonstrates 
that  "contrary  to  axpectation  the  rate 
of  irreversible  entropy  production 
increases  with  the  square  of  the  rate 
of  strain  according  to  [the  Voigt] 
theory."  The  effect  of  strain  rate 
will  now  be  reconsidered  on  the  basis 
of  a model  exhibiting  behavior  that  is 
thermodynamically  plausible.  This 
model  is  based  on  a viscoelastic 
potential  that  includes  thermodynamic 
coordinates  and  leads  to  the  stress 
response  at  a point  as 


aij  (t)  * Cijki£kf  (t) 

(31) 

+Lc  da 

cijkl  anc*  clijkt  are  ela3t*c  and  visco- 
elastic response  functions  respectively 


This  identifies  two  new  physical  para- 
meters X* (t)  and  yl(t),  both  functions 
of  the  history  of  deformation,  that 
must  be  considered  to  determine 
structural  response.  The  units  of 
these  parameters  are  FL“2  and  using  the 
Buckingham  Pi  theorem  we  obtain 


X1  <tm) 

[ — r1-] 


u (tm) 


p 


(33) 


where  model  time  and  prototype  time  are 
related  as  in  Equation  26.  These 
requirements  indicate  that  if  the  nwdel 
and  prototype  are  of  the  same  material, 
the  nondimensional  response  will  be  the 
same  provided  the  nondimensional 
deformation  history  in  model  time  is 
the  same  as  the  nondimensional 
deformation  history  in  prototype  time. 
Equation  33,  in  conjunction  with 
Equation  26,  therefore  indicate  the 
feasibility  of  accurately  determining 
prototype  strain  rate  effects  from 
measured  strain  rate  effects  in  a model. 

Fabrication  Effects 

In  the  previous  discussion  the 
possibility  of  replica  scale  modeling 
of  all  important  dimensions  was  tacitly 
assumed.  In  actuality  the  fabrication 
of  a true  geometrical  model  could  be 
difficult  in  that  some  portions  of  the 
prototype  often  are  relatively  small 
compared  to  the  overall  dimensions  of 
the  prototype.  The  construction  of  a 
model  of  reasonable  overall  size  would 
then  require  that  these  portions  be 
extremely  small.  A serious  manifesta- 
tion of  this  problem  occurs  in  the  case 
of  models  of  vehicles  that  have  very 
large  r/t  values.  For  example,  a 
vehicle  with  an  r/t  of  500  would  require 
a wall  thickness  of  0.010  inch  in  a 10 
inch  diameter  model,  in  contrast  to  the 
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0.097  inch  wall  thickness  of  the  model 
of  the  test  program  described  in  this 
report.  The  wall  thicknesses  required 
on  such  models  may  be  too  small  for  an 
accurate  geometrical  reproduction.  One 
possible  solution  to  such  a situation, 
is  to  construct  a distorted  model, 
distorted  in  the  sense  that  the  thick- 
ness dimension  of  the  model  violates 
a true  geometrical  scaling.  The  major 
difficulty  of  using  a model  distorted 
in  the  thickness  dimension  occurs  when 
the  response  of  the  model  to  bending 
forces  and  to  in-plane  forces  are  both 
of  importance.  In  such  cases  the  ratio 
of  the  dynamic  response  of  the 
distorted  model  to  the  dynamic 
response  of  the  prototype  will  be  a 
continually  varying  quantity.  Hence 
there  will  be  no  set  multiplier  to 
convert  model  response  to  prototype 
response. 

The  ura  of  distorted  models  in 
static  testing  is  not  an  uncommon 
practice  [6]  and  has  previously  been 
outlined  in  this  report  concerning  the 
violation  of  the  Buckingham  Pi  relation- 
ship (Equation  26)  involving  Poisson's 
ratio.  In  all  probability,  however, 
the  dynamic  aspects  of  a dimensionally 
distorted  model  will  not  in  general  be 
compensatable . 

Consequently  it  appears  that  it 
will  be  necessary  to  adhere  to  strict 
geometrical  models.  The  consequence 
to  the  experimenter  of  strict  adherence 
to  true  geometrical  models  may  not  be 
as  serious  as  it  first  appears. 

Although  the  diameter  of  the  model  used 
in  this  test  program  was  just  over  10 
inches,  there  is  nothing  inherent  in 
the  technique  which  prohibits  the  use 
of  larger  models.  A diameter  of  20 
inches,  for  instance,  would  result  in 
a wall  thickness  of  0.020  inch  for  an 
r/t  of  500.  Fabrication  of  a model 

■ cylinder  of.;  this  thickness  is  within 
the  present  state-of-the-art. 

f c C ' ' I.  t c ^ 

There  are  other  problems  involved 
in  true  geometrical  modeling  that, 
although  not  as  important  as  a 
violation  of  the  r/t  ratio,  must 
nevertheless  be  considered.  Actual 
flight  hardware  often  ha3  irregular 
construction  detail  that  may  make  it 
impossible  to  achieve  truely  replica 
modeling.  This  is  particularly  true 
of  joints  and  fasteners  but  it  could 
also  include  such  things  as  residual 
stresses  caused  by  fabrication. 

Consider  for  example  a welded  part  that 
has  very  thin  gages  when  scaled.  If 
the  scale  model  is  also  welded,  the 
resulting  joint  may  have  vastly 
different  properties  because  of  thermo- 
dynamic differences  in  the  two  welding 


processes.  If  a substitute  mechanical 
joint  or  no  joint  at  all  is  used,  the 
vibration  characteristics  of  the  model 
and  prototype  may  differ  considerably. 
Perhaps  the  most  noteworthy  example  of 
the  problems  that  can  arise  from  joint 
and  fastener  differences  is  the  1/10 
scale  replica  model  of  the  Apollo/ 
Saturn  V,  described  in  Reference  9. 

This  was  a quality  model  in  which 
serious  efforts  were  made  to  replica 
model  practically  the  entire  structure. 
In  spite  of  this  there  were  obvious 
differences  in  bolted  flange  joints 
because,  as  Reference  10  describes  it, 
"the  thin-flange  ring  frames  used  in 
the  scale  model  would  not  hold  their 
planar  shape."  In  addition  to  these 
differences,  the  gravity  forces  on  the 
structure  could  not  be  scaled  and  this 
allowed  some  joints  to  open  during 
vibration  testing. 

Another  fabrication  difference 
that  can  be  important  in  scale  model 
construction  is  caused  by  tolerances. 

In  most  instances  these  differences 
are  unimportant  but,  if  the  response 
is  sensitive  to  imperfections,  then 
these  differences  can  be  significant. 
Buckling  of  thin  walled  shells  is  an 
example  of  a structural  response 
sensitive  to  imperfections. 

CONCLUSIONS 

The  tests  of  this  program  showed 
that  photoelastic  cylindrical  models 
may  be  successfully  fabricated  and 
loaded  with  short  duration,  uniform 
loads  in  a stress-wave  generator.  Both 
photoelastic  and  strain  gage  techniques 
can  be  used  to  determine  the  response 
of  such  models  to  the  resulting  stress 
wave  as  this  wave  propagates  through 
the  model.  The  photoelastic  data  give 
quantitative  information  on  stress  and 
strain  concentrations  at  free  edges  of 
the  model  and  qualitative  information 
in  the  remaining  areas  of  the  model.. 
Strain  histories  from  the  strain  gage 
data  can  be  readily  reduced  to  accurate 
acceleration  histories.  Accelerometers 
may  also  be  used  to  get  accelerations 
that  occur  in  the  model  and  the 
accelerations  indicated  the  excellent 
accuracy  with  which  accelerations  may 
be  obtained  by  reduction  of  the  strain 
gage  data.  The  experimental  portion  of 
this  program  also  showed  that  shock 
spectra  for  the  model  response  may  be 
obtained  by  reduction  of  the  accelera- 
tion histories. 

The  modeling  requirements  for 
general  isotropic  structures  given  by 
Equation  26  indicates  the  feasibility 
of  model  testing  for  dynamic  response 
if  body  forces  and  gravitational  forces 
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can  be  neglected.  The  use  of  substitute 
isotropic  materials  with  different 
Poisson’s  ratios  may  cause  response 
differences.  In  this  event  it  will 
probably  be  necessary  to  restrict  model 
materials  to  ".he  same  materials  as  used 
in  the  prototype,  although  there  does 
exist  the  possibility  of  determining 
empirical  correction  curves  based  on 
tests  with  different  plastic  materials. 

The  most  efficient  use  of  plastic 
scale  models  is  in  design  trade  studies 
where  a number  of  concepts  can  be 
evaluated  using  inexpensive  models. 

The  feasibility  of  such  testing  was 
established  provided  (a)  that  body 
forces  can  be  neglected  and  (b)  that 
response  differences  that  result  from 
differences  in  Poisson's  ratio  between 
the  prototype  and  model  materials  are 
insignificant  or  that  correction  factors 
can  be  obtained  to  compensate  for  these 
differences.  The  feasibility  of 
prototype  prediction  by  model  testing 
was  also  established  subiect  to  certain 
fabrication  limitations.  As  a practical 
matter,  structures  with  complex  joints 
and  fasteners  or  imperfection 
sensitivities  will  be  difficult  to 
simulate  in  a scale  model.  An  awareness 
of  this  situation  is  important  but  it 
does  not  limit  the  basic  capability  of 
scale  model  tasting.  Furthermore,  it 
may  be  necessary  to  construct  relatively 
large  models  in  order  to  conform  to 
strict  geometrical  scaling  in  the  case 
of  models  that  model  vehicles  having 
large  r/t  ratios. 

It  is  well  to  note  that  the 
unresolved  problems  associated  with 
dynamic  model  testing,  which  are 
discussed  in  this  report  (body  forces, 
Poisson'3  ratio,  and  exact  scaling), 
are  not  unique  to  dynamic  modeling  but 
rather  are  general  problems  associated 
with  all  model  testing.  c 
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INTRODUCTION  , , ; , . J * x 

Vibrations  and  impact  due  to  pyrotechnic 
shock  are  an  important  part  of  the  environment 
which  must  be  considered  for  equipment  on 
spacecraft.  On  some  missions,  over  one  hundred 
pyrotechnic  devices  are  detonated.  Including 
such  items  as  nuts,  bolts  and  pin-pullers.  One 
of  the  most  severe  loading  conditions  appears 
to  be  that  due  to  the  tearlnq  of  a circumferen- 
tial V-band  joint,  using  prlmacord,  to  separate 
, tv*o  stages  of  a rccket.  Many  acceleration 
spectra  have  beer,  measured,  usually  up  to 
20,000  Hz,  with  some  to  50,000  Hz,  but  It  Is 
not  clear  how  one  would  use  these  spectra  In  a 
design  analysis.  Tl.n-efore,  much  prooftesting 
has  been  dune;  the  best  such  device  appears  to 
be  a fn’l -scale  barrel  tc'ter  where  actual 
■ pjTOtechrlcs  are  used.  For  analysis  end  im- 
provement ol  basic  understanding,  ft  was  felt 
that  a useful  approach  would  be  to  measure  the 
force-time  output  of  some  typical  pyrotechnics 
and  this  force-time  loadlno  could  then  be  used 
as  a design  loading. 

The  loading  was  measured  with  a Hnpkinson 
bar  arrangement,  which  Is  a long,  thin  elastic 
bar,  traditional ly  used  to  measure  axial  loads 
applied  at  one  end  [1],  If  the  wave  lengths  of 


the  components  of  the  applied  transient  load 
are  long  compared  to  the  diameter  of  the  bar, 
say  by' at  least  a factor  of  ten,  the  resulting 
stress'wave  travels  along  the  lenqth  of  the  bar 
without  changing  shape.  Longitudinal  strain 
could  then  be  measured  at  any  point  along  the 
bar  and  the  end  loading  deduced.  As  the  ratio 
of  wave  length  to  bar  diameter  becomes  small, 
dispersion  of  the  stress  wave  occurs  and  the 
wave  changes  shape  as  It  travels  £;ong  the  bar.'. 

c - C • C 

Two  types  of  pyrotechnics  were  tested. 

The  present  report  shows  and  discusses  primar- 
ily the  output  from  explosive  bolts.  Some  pre- 
liminary work  was  also  begun  to  determine  re- 
sultant forces  generated  during  the  tearing  of 
metal  using  primallne,  which  Is  a mildei 
string-Hke  explosive  than  prlnacord. 

Experiments  and  the  associated  analysis 
show  that  because  the  pulse  Is  only  ten  to 
twelve  microseconds  long,  frequencies  at  least 
to  80,000  Hz  should  be  considered.  The  associ- 
ated wave  length  in  steel  would  be  2-1/2 
Inches,  wnlch  Is  not  long  compared  to  the  one 
inch  diameter  of  the  Hopkinson  bar  used  for 
measurements,  and  dispersion  of  the  stress  wave 
occurred.  Therefore,  the  simple  one-dimension- 
al wave  equation  and  the  more  exact  Love  egua- 
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tion,  which  accounts  for  radial  .inertia  effects 
in  the  Hopkinson  bar,  were  used  in  analysis. 
Also  in  the  bar,  the  particle  acceleration  is 
proportional  to  the  time  derivative  of  the 
strain-or  pressure-time  pulse.  Analysis  indi- 
cated that  the  instrumentation  available  was 
not  adequate  to  measure  acceleration,  and  no 
acceleration  measurements  were  attempted. 

Since  this  work  was  completed,  a similar 
apparatus  was  developed  at  NASA  Langley  and 
used  to  measure  the  output  of  explosive  nuts. 
The  resultant  pulses  appeared  to  be  longer  than 
those  for  the  bolts.  Strain  and  acceleration 
measurements  were  successfully  made  on  the  bar 
and  results  presented  in  Ref.  [2], 


EXPERIMENTAL  ARRANGEMENT  FOR  BOLTS 

Explosive  bolts  are  available  in  many  of 
the  standard  sizes  from  Holex,  Inc.  The 
studies  reported  here  involved  1/4  inch  and  3/8 
inch  diameter  bolts.  A typical  3/8  inch-24 
bolt  is  shown  in  Fig.  1.  The  bolts  are  design- 
ed to  fracture  circumferentially  at  a specified 
"break  line",  13/16  inch  from  the  bolt  head. 

The  total  charge,  explosive  plus  primer,  is  440 
milligrams  for  the  1/4  inch  and  450  milligrams 
for  the  3/8  inch  bolts.  The  bolts  were  deto- 
nated by  touching  extensions  of  the  two  wires 
to  the  terminals  of  a 12  volt  automobile  bat- 
tery. The  battery  was  found  superior  to  a 
blaster's  plunger  or  twist-type  detonators, 
which  produced  considerable  electrical  noise. 

In  Fig.  1,  the  details  of  the  attachment 
of  the  bolt  to  the  end  of  the  Hopkinson  bar  are 
e shown.  The  Hopkinson  bar  was  100  inches  long 
and  one  inch  in  diameter.  'It  was  supported  at 
the  quarter-points  by  piano  wires  in  a pendulum 
arrangement.  The  end  of  the  bar  was  drilled 
and  tapped  so  the  break  line  of  the  installed 
bolt  would  be  flush  with  the  end  of  the  bar. 

The  hole  was  countersunk  1/8  inch  deep  to  a 
specified  diameter  to  allow  for  expansion  and 
tearing  of  the  bolt  at  the  break  line.  The 
boVt  was  inserted  through  a washer  and  chamber. 
The  outer  diameter  of  the  chamber  was  one  inch, 
but  one  of  the  first  chambers  fractured  radial  - 
ly,  so  on  subsequent  tests  the  chamber  used  had 
a 1-1/2  inch  outside  diameter.  The  end  of  the 
chamber  was  also  countersunk  at  the  bolt  expan- 
sion line.  Typically,  after  the  test,  the  bolt 
head  and  shank  would  remain  stuck  in  the  cham- 
ber and  fly  free  from  the  bar.  For  safety,  a 
five-sided  box  of  2 inch  pine  was  slid  over  the 
end  of  the  bar  to  catch  the  flying  pieces.  The 
threaded  end  would  remain  stuck  in  the  bar. 

The  three ded  end  was  easily  removed  using  a 
pliers  and  an  easy-out  tool  so  the  same  bar 
could  be  used  for  more  than  one  test.  All  the 
tests  of  3/8  inch  diameter  bolts  were  performed 
using  this  arrangement.  Several  tests  were 
made  with  1/4  inch  diameter  bolts  with  corre- 
sponding changes  in  dimensions  of  holes  in  the 
chamber  and  bar. 
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Fig.  1 Experimental  Arrangement  for  Explosive 
Bolts 


EXPERIMENTS  WITH  PRIMALINE 

Another  form  of  pyrotechnic,  primaline, 
was  studied  briefly,  and  the  preliminary  re- 
sults are  presented  here.  Primaline  is  a min- 
iaturized detonating  fuse  with  approximately 
four  grains/foot  of  explosive  and  a diameter  of 
about  0.010  inch.  It  was  furnished  by  the 
Ensign-Bickford  Company.  It  is  detonated  with 
a standard  electrical  blasting  cap.  The  deto- 
nation travels  about  21,000  feet  per  second 
along  the  primaline. 

At  first  it  was  not  known  what  thickness 
of  metal  could  be  torn  by  primaline.  In  Fig. 

2,  an  arrangement  is  shown  by  which  four  thick- 
nesses of  brass  shim  stock  were  tried  at  one 
time,  each  piece  3 Inches  by  1-7/8  inches.  A 
heavy  steel  back-up  plate  1/2  inch  x 1-7/8  inch 
x 12  inches  had  a 1 /8  inch  x 1/8  inch  groove 
machined  along  its  length  to  receive  the  prima- 
.line  and  the  thin  brass  plates .were  clamped  to 
this  plate.  It  was  found  that  the  primaline 
was  capable  of  tearing  all  four  thicknesses. 

Ho  timewise  measurements  were  made  during  this 
test.  It  appeared  that  the  tearing  action  oc- 
curred in  two  steps  — first  a neat,  1/8  inch 
wide  cut  was  made  in  the  shim  stock,  then  the 
gas  pressure  bent  the  remaining  shim  stock  up 
against  the  face  of  the  clamp.  Since  the  prim- 
aline successfully  cut  brass  plate  as  thick  as 
0.010  inches,  this  thickness  was  used  on  later 
tests  with  primaline. 

The  purpose  of  the  third  experimental  ar- 
rangement was  to  measure  the  output  of  a 5/8 
inch  diameter  ring  of  primaline  during  the 
tearing  of  brass  material  0.010  inch  thick,  see 
Fig.  3.  A brass  end  cap  of  1-1/2  inch  outer 
diameter  was  made  to  be  screwed  onto  the  end  of 
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a TOO  Inch  long,  one  Inch  diameter  bar.  A .cir- 
cular groove  1/8  inch  wide  x 1/8  Inch  deep  and 
5/8  Inch  diameter  was  machined  on  the  Inside  of 
the  cap  to  hold  the  primal (ne.  The  thickness 
of  material  left  to  be  cut  was  0.010  inches. 

The  primallne  was  fed  in  through  a hole  in  the 
cap.  The  other  end  of  the  string  of  primallne 
was  detonated  using  a standard  electric  cap 
which  was  exploded  Inside  a box,  made  of  two 
Inch  thick  wood,  to  catch  the  pieces  of  the 
cap.  After  the  test,  a neat  circular  hole  of 
3/4  Inch  diameter  was  left  in  the  end  cap.  The 
circumferential  length  of  contained  primallne 
was  nearly  two  inches,  so  the  total  pressure 
rise  time  should  have  been  at  least  9 microsec- 
onds, the  time  for  the  detonation  to  travel  2 
inches  along  the  cord. 

The  purpose  of  the  fourth  experimental  ar- 
rangement was  to  excite  beam  bending  vibra- 
tions. Again,  a 100  Inch  long,  one-inch  dia- 
meter steel  rod  was  used,  supported  at  the 
quarter-points,  but  free  to  swinq  in  the  later- 
al direction.  A brass  Jacket  was  made  of  0.010 


fig.  2 Test  Device  for  Tearing  Various  Plate 
Thicknesses  with  Primallne 


inch  thick  shim  stock  2-1/2  inches  long,  see 
Fig.  4.  The  jacket  was  cylindrical  except  for 
a lengthwise  bulge  to  receive  theo.01  inch  dia- 
meter primallne.  By  using  2-1/2  inches  of 
primallne.  It  was  felt  that  the  minimum  rise 
time  for  the  loading  would  be  at  least  11 
microseconds.  Again,  the  primallne  cut  the 
material  neatly.  Apparently  an  Instant  later, 
the  diametrically  opposite  soldered  joint  fail- 
ed, and  two  separate  pieces  of  brass  shim  stock 
were  found  In  the  “collecting"  box  which  Is  al- 
ways placed  over  the  bar  end  for  safety  pur- 
poses to  catch  debris. 


Fig.  3 Experimental  Arrangement  for  Axial 
Excitation  of  Bar  Using  Primallne 


ELECTRONIC  EQUIPMENT 

The  pick-ups  used  were  Micro-Measurement 
foil,  resistance-type,  strain  gauges  1/8  inch 
long.  Each  of  these  was  connected  to  one  arm 
of  an  Ellis  BAM-1  bridge  amplifier.  Five 
bridge  amplifiers  were  used.  Two  of  these  have 
DC  to  100,000  Hz  capability  while  tne  response 
of  the  other  three  begins  to  drop  off  at  25,000 
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TEST  RESULTS 


Hz.  The  signals  from  the  amplifiers  were  re- 
corded on  a Sangamo  3560 'tape  recorder,  which 
on  FM'has  a range  of  0 to  80,000  Hr  with  a rise 
time  of  5 microseconds.  Signals  were  recorded 
at  120  inches  per  second  and  played  back  at 
3-3/4  inches  per  second,  giving  a ratio  of 
record-to-playback  speed  of  32. 

Gauges  were  located  at  stations  5 inches, 
10  inches,  20  inches  and  50  inches  from  the  end 
of  the  bar.  Two  strain  gauges  were  located  at 
each  station,  on  diametrically  opposite  sides 
of  the  bar.  The  axis  of  the  strain  gauges  was 
parallel  to  the  axis  of  the  bar,  to  i„easure 
axial  strain.  By  having  two  gauges  at  each 
station,  bending  as  well  as  axial  deformation 
could  be  detected. 


The  tests  results  for  a certain  size  bolt 
were  quite  repea tables  Typical  experimental 
records  are  shown  in  Figs.  5 and  6.  The  rec-  ‘ 
ords  from  two  strain  gauges  located  20  inches 
from  the  explosion  and  on  diametrically  oppo- 
site sides  of  the  bar  are  shown  for  the  test  of 
a 1/4  inch  diameter  bolt.  Also  shown  is  a 
100,000  Hz  timing  signal.  The  strain  signals 
should  be  of  the  same  magnitude  and  phase  if 
the  pulse  is  axial,  without  bending.  If  there 
were  pure  bending  the  signals  would  be  of  the 
same  magnitude  but  180  deqrees  out  of  phase. 

The  top  set  of  records  in  Fig.  5 corresponds  to 
an  oscilloscope  playback  sweep  speed  of  5 mil- 
llseconds/major  division.  Multiplying  by  1/32 
for  the  relative  tape  speeds  gives  156  micro- 
saconds/major  division.  A primarily  compres- 
sive pulse  first  occurs  at  time  t?  which  is 

seen,  reflected  as  a tensile  pulse,  aqain  at 
time  tj  after  travelling  160  inches.  It  then 

appears  aqain  as  a compressive  pulse  at  tj  af- 
ter travelling  40  more  inches,  after  being  re- 
flected from  the  initially  loaded  end  of  the 
bar.  Relating  the  distances  travelled  to  the 
elapsed  time  betweeh  pulses  Indicates  a wave 
speed  of  about  210,000  inches  per  second,  which 
is  close  to  the  expected  elastic  wave  speed  for 
steel.  The  two  lower  playbacks  of  Fig.  5 cor- 
respond to  500  microseconds/division  divided  by 
32  1 15.6  microseconds  per  division,  which  is 
confirmed  by  the  timing  trace.  The  central  and 
lower  set  of  signals  show  the  first  compressive 
pulse  at  time  tj  on  the  expanded  time  scale. 

The  two  strain  signals  are  seen  to  be  almost 
perfectly  in  phase,  indicating  little  bending. 
The  difference  in  heiqht  is  due  to  difference 
in  amplification.  Taking  into  account  the  cal- 
, ibration,  the  peak  strain  for  the  upper  trace 
is  1140  microinches/inch  and,'  for  the  lower 
trace,  is  1190  microinches/inch..  If  the  mater- 
ial is  elastic,  with  E = 30  x 10°  psi,  the  cor- 
responding peak  stress  is  35,700  psi.  No  per- 
manent set  was  recorded  by  the  gauges,  so  it  is 
assumed  that  this  is  a reasonable  estimate  of 
peak  stress  at  a distance  of  20  inches  from  the 
.explosion. 

In  Fig.  6,  the  playbacks  were  made  with 
different  amounts  of  time  delay  to  show,  in 
more  detail  for  the  same  test  as  in  Fig.  5,  re- 
flections of  the  initial  pulse  during  its  sec- 
ond and  third  appearances.  The  central  dis- 
play shows  the  first  reflected  tensile  pulse  at 
time  t2,  which  indicates  that  an  attentuation 

of  about  45/  occurred  during  the  160  inches  of 
travel  in  the  solid  bar.  The  lower  display 
shows  again  the  tail  of  the  same  pulse  as  well 
as  the  first  reflected  compressive  pulse  at 
time  t y which  appeared  to  right  of  center  in 

the  top  display  in  Fig.  5.  The  top  display 
shows  this  same  reflected  compressive  pulse  to  a 
time  scale  expanded  by  a factor  of  two.  It  should 
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those  obtained  some  distance  from  the  explosion 
with  different  site  bolts  and  also  from  the 
primal ine  in  the  end  cap.  Closer  to  the  explo- 
sion, at  the  5 inch  and  10  inch  stations,  the 
initial  strain  signals  showed  tension  as  well 
as  compression.  The  explosion  and  tearing  pro- 
cess of  the  bolt  Is  obviously  complex.  Ini- 
tially, Inside  the  bolt,  a pressure  would  de- 
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Strain  Records  at  x » 20  Inches  Showing 
Long  Term  Response  and  Details  of  First 
Cumoressive  Pulse,  1/4"  Bolt 


be  noted  that  the  pulse  continues  to  decrease 
in  magnitude  and  lengthen  in  duration,  which 
indicates  dispersion.  Also  the  peaks  immedi- 
ately after  the  major  peak  tend  to  become  rel- 
atively larger. 

The  pulses  shown  are  typical  in  shape  to 


Strain  Records  Showinq  Details  of  First 
Reflected  Tensile  and  First  Reflective 
Compressive  Pulses,  1/4"  Bolt 
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velop.  The  bolt  cross-section  would  tend  to 
be  in  tension,  to  contain  the  explosion,  until 
it  breaks^'  Thus  the  loaded  end  of  the  bar. 
would  fee)  a compression  while  the  outer  cir- 
cumference, at  the  threads,  would  be  in  ten- 
sion, The  end  of  the  bar  is  submitted  to  a 
complex  stress  distribution,  and  the  waves  must 
travel  some  distance  before  they  can  be  consid- 
ered nearly  plane  waves.  Also,  the  length  of 
the  initial  pulse' compared  to  the  bar  diameter 
indicates  dispersion  should  be  expected. 

Although  no  precise  displacement  measure- 
ments were  made,  it  was  observed  that  the  bar, 
supported  in  a pendulum  arrangement,  swung 
about  8 to  10  inches.  From  this,  the  impulse 
delivered  to  the  end  of  the  bar  checks  well 
with  the  area  under  the  load  time  curve. 


THEORETICAL  ANALYSIS  FOR  BAR 


The  purpose  of  the  theoretical  analysis 
for  the  bar  is  primarily  to  determine  if  the 
force-time  input  over  the  cross-section  can  be 
deduced  from  measurements  at  various  stations 
along  the  bar.  Once ! the  net  force-time  output 
is  known,  presumably!  this  could  be  applied  as  a 
load  for  analysis  ofj  other  configurations. 

For  the  elastic  bar,  analysis  was  per- 
formed using  the  simple  wave  equation  in  one 
dimension  I 
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in  comparsion  with  the  Love  [3]  equation 
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where  p * ma^s  density 

E * Younq's  modulus 
v » Poisson's  ratio 

i 

k‘ * radius  of  qyration  of  the  cross-  c 
section  about  a longitudinal  axis 

The  assumed  force-time  input  to  the  end  of 
the  bar  was 
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Theoretical  pulse  lengths  of  10  and  25 
microseconds  were  used,  corresponding  to  w * 
100,000-  and  40,000r  respectively. 


A.)  One-Oimensional  Wave  Equation 

„ o Since  much  practical  structural  analysis 
is'pertormed  using  a normal  mode  approach,  the  , 
solution  for  Eq.  (1)  was  first  carried  out  by 
that  method.  It  is  well  known  that  the  pulse 
travels  the  bar  without  change  in  shape  accord- 
ing to  this  theory,  so  the  convergence  of  the 
normal  mode  solution  could  be  checked  against 
the  exact  solution. 

In  Fig.  7,  the  result  of  summing  50,  100, 
200  and  500  modes  is  shown  for  a 10  microsecond 
half-sine  pulse  with  P0  51  30,000  pounds,  which 
corresponds  to  a stress  of  38,200  psi,  or  a 
strain  of  1,270  microinches/inch.  The  curves 
show  the  predicted  strain  pulse  at  x * 20 
Inches  and  50  inches.  The  200  mode  solution 
still  involves  about  a 5 percent  error  in  pre- 
diction of  peak  strain  and  a 15  percent  error  in 
pulse  length.  Use  of  500  modes  results  in  very 
negligible  error. 

In  Fig.  8,  the  predicted  acceleration  is 
shown  at  x » 50  and  at,  x =■  100  inches,  for  the 
first  wave,  and  again  at  x « 50  Inches  for  the 
first  reflection. 


decreases  In  magnitude, cand  tends  to  develop 
the  "tall". 
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Fig.  10  Stress  Versus  Time,  Love  Theory, 
tQ  * 10  usee,  PQ  * 30,000  lb. 


THEORETICAL  ANALYSIS  FOR  A BEAM 

In  order  to  determine  If  the  P(t)  derived 
from  the  bar  tests  could  be  used  for  more  com- 
plex structures,  one  test  was  performed  to  ex- 
cite the  100  Inch  bar  In  bending  using  the  ap- 
paratus of  Fig.  4.  The  analysis  of  the  bar  as 
a free-free  Timoshenko  oeam  submitted  to  a lat- 
eral half-sine  pulse  of  a 10  microsecond  dura- 
tion was  completed  by  Parker  [4],  However,  It 
appears  that  the  tearing  of  the  sleeve  In  Fig. 

4 does  not  produce  a sharp  lateral  pulse  be- 
cause the  pressure  wave  quickly  tears,  folds 
and  blows  the  entire  Sleeve  away,  so  the  end  of 
the  bar  Is  quickly  engulfed  In  the  air  pressure 
wave.  A stiffen  sleeve  would  probably  be  bet- 
ter, but  the  added  mass  may  effect  the  beam  vi- 
brations. Further  work  Is  necessary  here. 


SU1WARY  AND  SUGGESTIONS  FOR  FURTHER  STUDY 


.Fig.  U Stresst Versus  Time  at  x 1 50",  Love 

Theory  t * 10  and  25  usee,  P„  * 

0 0 

30,000  lb. 

of  the  more  rapid  rise  time  and  the  hlqh  accel- 
eration Involved. 

2.  The  example  given  here  showed  a peak  0 
stress  of  35,700  psl  from  a 1/4  inch  bolt  at  c 
the  20  Inch  station,  with  no  permanent  set.  c ' • 
Nearer  the  explosion,  apparent  stresses  of 
55,000  psl  were  measured  In  the  mild  steel  bar 
with  no  permanent  set.  Thi « is  assumed  to  be 
due  to  Increased  yield  strength  associated  with 
the  high  rate  of  loading. 


Results  to  date  may  be  summarized  as  fol- 
lows: 

1.  The  measurement  of  strain  In  a solid  bar 
five  or  more  Inches  from  the  explosion  appears 
to  present  no  experimental  difficulty  with  the 
equipment  used.  The  rise  time  Is  about  10 
microseconds  which  is  within  the  capability  of 
the  amplifiers  and  recorders  used.  The  measure- 
ment of  acceleration  Is  more  difficult,  because 


3.  The  net  Impulse  is  compressive  even  though 
the  pressure-time  variation  over  the  cross- 
section  at  the  bolt  threads  must  be  quite  com- 
plex. Initially  the  pressure  would  Increase 
causing  compression.  The  bolt  wall  Is  In  ten- 
sion as  It  attempts  to  contain  the  explosion. 
Thus  there  might  be  first  a net  compressive 
phase  and  then  a tensile  phase,  although  the 
compressive  phase  seems  to  dominate  for  the 
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bolts.  At  the  5 inch  station,  for  the  prima- 
line  axial  loading,  a tensile  phase  appeared 
first,  followed  immediately  by  a compressive 
pulse.  This  may  be  due  to  the  fact  that  the 
threaded  portion  Is  on  the  outside  of  the  bar 
for  that  test.  At  greater  distances  from  the 
explosion,  the  compressive  pulse  dominates  for 
the  prlmaiine,  too.  Thus  It  Is  felt  that  5 or 
10  Inches  from  the  explosion,  the  strain  at  the 
surface  Is  not  representative  of  the  strain 
distribution  over  the  cross-section. 

The  fact  that  the  net  Impulse  Is  compres- 
sive was  also  shown  by  the  fact  that  the  bar, 
supported  like  a ballistic  pendulum,  swung 
away  from  the  explosion  In  every  case.  The  net 
impulse  was  checked  by  observing  the  amount  of 
the  swing  on  several  tests. 

4.  The  prediction  of  strain  or  acceleration 
due  to  pyrotechnic  shock  Is  not  at  all  hope- 
less. Elastic  wave  theory  Is  adequate  for  the 
configurations  used.  Normal  mode  solutions 
were  attempted  because  there  Is  great  Interest 
in  the  number  of  modes  excited.  This  interest 
Is  associated  with  the  use  of  finite  elements 
and  related  grid  spacing.  Summing  of  many 
modes  for  a bar  or  Bernoull  1-Euler  beam  Is  ac- 
curate and  Inexpensive.  The  Timoshenko  bean 
normal  mode  solution  for  a free-free  beam  be- 
came much  more  difficult.  More  experimental 
work  needs  to  be  done  with  beams.  After  that, 
shells  should  be  investigated,  since  analysis 
would  save  much  present  expensive  prooftesting. 
Response  of  shel 1 -mounted  eguipment  is  of  pri- 
mary Interest.  It  would  appear  that  some  tech- 
niques may  be  used  based  on  mechanical  imped- 
ance and  Fourier  transform  to  avoid  Sumlnq 
many  modes. 

5.  A principle  result  of  the  study  Is  the 
conclusion  that  signif'cant  high  frequency  ac- 
celerations exist  above  10,000  Hz  and  that  ef- 
forts should  be  made  to  measure  accelerations 
to  higher  frequencies.  As  capability  of  In- 
strumentation extends  to  higher  frequencies  so 
does  the  Interest  in  structural  and  material 

0 response.  It  Is  recognized  that  In  many  aero- 
space structures,  pyrotechnic  disturbances  lose 
chigh  frequency  content  rapidly  as  they  are 
transmitted  through  con.pl ex  structures.  This 
Is  confirmed  in  data  presented  by  Rader  and 
Bangs  [5],  who  show  shock  spectra  to  10,000  Hz. 
The  same  data  also  shows  that  there  Is  a pos- 
sibility of  amplification  by  the  structure.  A 
shock  sooctrum  is  shown  in  which  the  level  35 
inches  from  the  source  is  almost  twice  as  great 
as  the  level  3 inches  from  the  source,  at  1600 
Hz.  In  a separate  report  [6],  data  for  re- 
sponse of  a stiffened  shell,  shows  very  little 
attenuation  with  distance  along  a longeron,  but 
there  is  attenuation  around  the  circumference 
of  the  shell.  In  reference  [6],  some  shock 
spectra  are  presented  to  30,000  Hz, 

6.  Careful  design  and  prooftesting  has  appar- 
ently minimized  tne  problem  of  Structural  and 
electronic  equipment  damage  due  to  pyrotechnic 


shock.  However,  the  Improvement  of  design 
analysis  procedures  still  represents  consider- 
able challenge.  Shock  spectra  are  of  timited 
usefulness,  in  part  because  of  the  well-known 
weakness  that  associated  phase  Information  is 
lost.  It  is  felt  that  the  study  of  effective 
force-time  outputs  Is  more  basic  and  useful  for 
design  purposes  and  should  be  pursued  further. 
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« e . 0 0 : ' DISCUSSION  ' c \ i - * 

Mr.  Chaoman  (Jet  Propulsion  Laboratory) : We  have 

long  speculated  about  the  frequencies  generated 
from  pyrotechnic  devices  and  your  paper  is  very 
enlightening  in  that  respect.  Your  concern  over 
the  high  frequency  would  depend  upon  your  mode 
of  business.  If  you  were  a semiconductor 
manufacturer  you  would  be  interested  in  the 
frequency  range  that  you  talk  about  based  upon 
your  12  microsecond  primary  pulse.  I was  very 
surprised  to  see  that  the  duration  of  time  was 
that  small.  On  the  other  hand  if  you  are 
designing  spacecraft  and  if  you  are  interested 
in  primary  members  you  are  worried  about  the 
lower  frequencies,  but  in  any  case  it  seems  as 
if  the  biggest  problem  is  in  measuring  these 
events  accurately.  In  you  case  you  used  an 
oscilloscope  so  the  data  are  realistic;  when  you 
just  put  it  into  a comercial  charger  amplifier 
and  then  into  a tape  recorder  that  has  a band- 
width of  80,000  Hz,  and  is  running  at  120  Inches 
per  second  you  may  not  be  getting  the  results 
that  you  think  you  are  getting.  It  is  my  opinion 
that  in  many  cases,  depending  on  how  close  your 
transducer  was  to  the  actual  event,  you  may  be 
seeing  the  impulse  response  of  the  electronics 
rather  than  what  actually  physically  occurred 
in  the  detonation  of  the  device. 

Mr.  Parker;  I think  the  fact  that  we  have  fed 
in  100,000  timing  signals,  and  it  came  out 
is  some  indication  that  we  were  seeing  what  we 
think  we  were  seeing. 

Mr,  Prescott  (Jet  Propulsion  Laboratory) : In 

these  tests,  both  of  the  Holex  Bolt  and  of  the 
Primaline  you  are  dealing  with  an  impulse  input 
c from  a high  explosive  with  a detonation  velocity 
of  maybe  6,000  meters  per  second.  This  is  a 
differe.it  class  than  an  explosive  device  that 
would  use  a power  cartridge  that  would  be 
essentially  a pressure  generation  device,  where 
the  pressure  would  build  up  in  perhaps  a quarter 
to  a half  millisecond.  It  might  he  that  the 
frequencies  involved  in  something  like  that 
0 might  be  considerably  lower. 

Mr.  Workhoven  (Sandla  Laboratories) : Could 

elaborate  on  the  mounting  techniques  of  the 
strain  gages  that  you  used,  and  perhaps  the 
problems  that  you  had? 

Mr.  Parker:  We  didn't  use  Eastman  910  cement  on 

that  job;  as  I recall  it  we  used  a heat  cureable 
epoxy  that  was  manufactured  by  Baldwln-Llma- 
Hamilton.  We  used  the  same  bar  for  several 
tests  since  they  were  not  destructive,  and  there 
was  no  evidence  that  the  gages  were  coming  loose 
after  eight  or  ten  tests. 


PYROTECHNIC  SHOCK  REDUCTION* 


S.  N.  Prescott 
Jet  Propulsion  Laboratory 
Pasadena,  California 


The  pyrotechnic  shock  output  from  electro-explosive  release  devices 
has  been  reduced  by  changes  in  the  separation  mechanism  designs. 
State-of-the-art  hard  point  release  devices  were  tested  on  ar.  instru- 
mented simulated  spacecraft  structure.  The  accelerometer  data  were 
reduced  by  computer  analyses  to  shock  spectra.  Comparisons  were 
made  between  shock  spectra  and  actual  degradation  or  damage  to 
spacecraft  equipment.  Theories  of  shock  generation  mechanisms  were 
propounded.  Devices  were  designed  and  fabricated  to  incorporate 
shock  mitigation  features  suggested  by  theory.  These  devices  were 
fired  on  the  instrumented  structure  and  the  shock  spectra  obtained 
were  compared  with  those  taken  from  the  previous  devices.  Significant 
reduction  In  shock  output  was  noted. 


INTRODUCTION 

Pyrotechnic  shock  can  be  defined  as  the 
complex  vibration  and  shock  transient  generated 
by  the  actuation  of  an  explosive  or  pyrotechnic 
device.  Pyrotechnic  shock  differs  from  other 
mechanical  shocks  by  the  predominance  of  high 
frequency  excitation  with  intermediate  peak 
accelerations.  These  peaks  may  occur  at  the 
local  resonant  frequencies  of  the  structure. 

The  actual  amount  of  mechanical  shock 
Introduced  into  the  structure  by  a space  vehicle 
type  pyrotechnic  device  1s  very  small  when 
compared  with  the  kind  of  shocks  which  you 
find  in  military  applications  both  in  the  opera- 
tion of  weapons  and  the  effect  of  someone 
operating  weapons  against  you.  But  these 
relatively  small  shocks  are  important  to  people 
in  the  spacecraft  design  business  because 
spacecraft  are  relatively  small  and  therefore 
the  pyrotechnic  devices  are  necessarily  close  to 
all  the  mechanisms  and  equipment  aboard. 
Spacecraft  contain  delicate  components  which 
have  been  found  to  be  sensitive  to  shock.  New 
spacecraft  designs  have  Intensified  the  effects 


of  the  mechanical  shock  output  from  pyrotech- 
nic devices.  Miniaturized  electronics  and 
sophisticated  experiment  devices  are  more 
sensitive  to  damage  from  high  frequency  trputs 
of  relatively  low  total  energy.  Hard  point 
structural  separation  joints  provide  direct 
pyrotechnic  shock  paths.  The  rigid  structure 
transmits  high  frequencies  of  shock.  The 
requirements  for  pyrotechnic  redundancy  call 
for  the  use  of  dual  squibs.  This  doubles  the 
explosive  energy  input.  Heavier  spacecraft 
require  higher  preload  on  attachment  devices 
with  a resultant  Increase  in  stored  energy. 
These  Increases  in  pyrotechnic  shock  cause 
Increased  cost  in  design  constraints,  shock 
mounting,  testing  of  components  and  systems, 
and  failure  analysis.  <■  ' t 

If  we  do  have  failures,  they  are  not  usually 
of  a predictable  type.  They  Include  migration 
of  particles  within  integrated  circuits  causing 
random  shorts,  or  brittle  failures  of  small 
components  which  have  the  appearance  of 
fatigue  failures.  Gyro  drift  has  been  induced 
up  to  one  half  of  the  total  allowable  drift  from 
spacecraft  separation  device  initiation. 


♦This  paper  presents  the  results  of  one  phase  of  research  carried  out  at  the  Jet  Propulsion 
Laboratory,  California  Institute  of  Technology,  under  Contract  No.  NAS7-100,  sponsored  by  the 
National  Aeronautics  and  Space  Administration. 


ill 


% - - 


Changes  in  frequency  of  radio  crystals  has 
been  seen  after  pyro  shocks. 

The  conventional  method  of  assessing  the 
effects  of  pyrotechnic  device  shock  on  a partic- 
ular spacecraft  is  to  assemble  all  subsystems 
on  a "developmental  test"  or  "pyrototype  test 
model"  spacecraft  and  fire  all  pyrotechnic 
devices.  The  electronic  subsystems  are 
monitored  during  the  test  for  transient  effects 
or  examined  after  the  test  for  evidence  of  per- 
manent damage.  Obviously,  this  test  can  be 
performed  only  after  the  design  and  fabrication 
of  the  initial  spacecraft  is  complete.  Attention 
to  the  reduction  of  shock  generating  mecha- 
nisms in  the  design  of  pyrotechnic  devices 
would  contribute  much  to  the  successful  out- 
come of  spacecraft  pyro  shock  tests. 

In  general,  there  are  three  approaches  to 
the  problem  of  pyrotechnic  shock:  shock  isola- 
tion of  components;  shock  attenuation  in  struc- 
tures; and  the  reduction  of  the  shock  produced 
at  the  source.  This  last  approach  was  used  in 
the  research  described  here. 

This  investigation  of  pyrotechnic  shock 
mitigation  was  initiated  as  a part  of  the  Outer 
Planets  Grand  Tour  spacecraft  Technical 
Development  Continuation  program.  After  can- 
cellation of  this  project,  the  information  which 
had  been  obtained  was  collected  in  this  report. 

These  data  are  presented  for  information 
only  and  do  not  constitute  endorsements  or 
evaluation  of  the  specific  devices  tested  or  of 
their  manufacturers.  = = • ■«  < . « 

RATIONALE 

The  shock  output  of  conventional  pyrotech- 
nic devices  of  a variety  of  types  and  from 
various  manufacturers  were  to  be  characterized 
by  tests  on  a typical  spacecraft  structure.  This 
characterization  was  to  be  correlated  with 
damage  indications  on  actual  spacecraft  compo- 
nents. A model  of  the  shock  production  mecha- 
nism was  to  be  developed.  Pyrotechnic  devices 
which  eliminated  or  greatly  reduced  pyro  shock 
effects  were  to  be  demonstrated.  Design  cri- 
teria were  to  be  established  for  reliable,  low 
shock  devices. 

INITIAL  DEVICES  TESTED 

To  keep  the  investigation  within  manageable 
limits,  it  was  restricted  to  hard  point  release 
devices  installed  with  an  axial  preload  of 
10,000  pounds.  The  mounting  provisions  were 
kept  as  similar  as  possible.  The  stored  energy 


in  the  structure  external  to  the  release  device 
itself  thus  remained  constant. 

e ° C - e c c c c 

The  purpose  of  these  initial  tests  of  off-  e 
the-shelf  devices  was  to  provide  a baseline 
against  which  to  compare  the  effects  of  design 
changes.  Pyro  shock  data  were  obtained  on 
the  devices  described  as  follows: 

Type  A - Pyrotechnic  release  nut 

Type  B - Explosively  actuated  bolt 

Type  C - Explosive  nut 

Type  D - Dual  piston  separation  bolt 

Type  E - Explosive  nut 

The  Type  A release  device  consists  of  a 
segmented  nut  retained  by  a locking  piston 
encased  in  an  external  housing.  The  firing  of 
an  explosive  squib  displaces  the  piston  and 
releases  the  nut  segments.  An  inner  piston 
expels  the  attaching  bolt.  (Figure  1.) 

The  Type  B/C  explosively  actuated  bolt/ 
nut  assembly  has  two  different  modes  of  sepa- 
ration. The  bolt  is  separated  in  the  shank  area 
on  firing  by  actuation  of  a piston  against 
elastomer  pads.  The  nut  contains  a special 
threaded  collet  which  opens  on  firing  releasing 
the  grip  of  the  bolt.  The  device  was  tested  in 
each  mode  and  in  simultaneous  release  but 
instrumentation  difficulties  prevented  the 
recording  of  usable  data  in  all  but  the  nut 
release  mode  (Figure  2). 

~ : C e o r 

The  Type  D dual  piston  separation  bolt  has 
one  separation  plane  and  is  separated  by  the,- 
pyrotechnic  actuation  of  cne  or  both  of  two 
Internal  pistons  (Figure  3).  Data  were  obtained 


Fig.  1 - Segmented  nut 
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ACTUATION 


Fig.  2 - Bolt/nut  assembly 


on  actuation  o(  both  pistons  in  Individual  and 
simultaneous  firings. 

The  Type  E explosive  nut  assembly  con- 
tains a threaded  and  slotted  nut  which  is 
deformed  by  a piston  to  release  a bolt  similarly 
to  the  Type  C device. 

A number  of  other  devices  were  scheduled 
to  be  tested.  A reduction  of  scope  required  by 
funding  constraints  prevented  further  state-of- 
the-art  tests. 

Test  Structure  and  Instrumentation 

The  test  structure  consisted  of  half  of  an 
actual  Mariner  spacecraft.  It  was  attached 
rigidly  to  a metal  floor  plate  (Figure  4).  The 
spacecraft  structure  was  of  semlmonocoque 
construction  with  longerons  and  shear  web 
skin.  There  were  simulated  electronic  chassis 
"black  boxes"  attached  in  the  same  manner  that 
would  be  used  on  the  actual  space  vehicle. 
Relays  and  other  circuit  components  mounted 
in  these  boxes  were  electrically  monitored  for 
shock  effects.  High  frequency  crystal  shock 
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Fig.  4 - Test  structure 


accelerometers  were  mounted  at  twelve  points 
on  the  structure  and  chassis  (Figure  5). 
Therefore,  data  were  obtained,  both  on  nearby 
shock  effects  and  on  the  shock  transmitted 
through  realistic  structural  paths  [l]. 

Each  release  device  was  mounted  on  an 
aluminum  plate  (Figure  6)  and  attached  to  a 
similar  plate  which  was  mounted  on  the  space- 
craft structure  by  three  one-quarter  Inch  cap- 
screws. Thereby  the  structural  preload 
external  to  the  device  consisted  of  a ten  thou- 
sand pound  load  between  two  one-half  inch 
aluminum  plates.  c > 

Data  Conversion 

c ' - ' 

The  data  were  recorded  on  12  channel, 

20  kilohertz,  FM  tape  at  60  inches  per  second. 
To  allow  direct  comparison  i f shock  damage 
potential,  the  acceleration  data  were  converted 
to  shock  spectra  [2]. 


Fig.  5 - Accelerometer  locations 


Mechanism  of  Shock  Production 


An'examination  was  made  of  the  apparent 
shock  generation  mechanism  of  each  device. 
The  predominant  causes  of  high  shocks  were 
estimated  to  be: 

- Impact  of  moving  parts  which  had  been 
accelerated  by  pyrotechnics 

- energy  released  by  the  fracturing  of 
separation  device  parts 


Fig,  6 - Device  mounting 


The  conversion  of  analog  data  from  the 
accelerometers  to  shock  spectra  was  accom- 
plished by  digitizing  the  data  in  the  selected 
time  interval,  and  transforming  the  data  from 
the  acceleration-vs-time  domain  to  the  acceler- 
ation-vs-frequency  domain  by  a Fortran  pro- 
gram [3]  adapted  for  the  Univac  1108  computer. 
The  transformation  was  assigned  a Q value 
representative  of  the  structure.  The  shock 
spectrum  of  a transient  at  a point  on  the  struct- 
ure was  taken  to  be  the  maximum  response  of 
a massless  oscillator  placed  at  that  point  where 
, the  transient  was  applied  to  the  transducer. 

Both  ’primary"  and  "residual'’  shock  spectra 
were  obtained  and  printed  by  a Stromberg- 
Carlson  4200  plotter  (Figure  7). 


The  primary  shock  spectra  In  the  region 
between  20  Hertz  and  20,000  Hertz  were  plotted 
on  a log-log  scale  of  acceleration  values  from 
10  ”g”s  to  100,000  "g'*s.  All  spectral  data  were 
obtained  with  a Q of  20.  As  a check  on  the  con-  c 
version  effect  of  an  assigned  Q value,  the  data 
from  one  accelerometer  was  converted  Into 
shock  spectra  with  Q values  of  5,  10,  and  20. 

As  would  be  expected,  the  magnitude  of  the 
digitally  generated  shock  spectral  ”g"  levels 
was  a direct  function  of  Q.  The  relative  inten- 
sity versus  frequency  remained  the  same. 


For  budgetary  reasons,  all  data  were  not 
converted  to  shock  spectra.  Representative 
accelerometer  locations  were  chosen  and  com- 
parative shock  spectra  were  generated  for  the 
various  types  of  devices. 


Fig.  7 - Plotter  output 
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- sudden  release  of  the  preload  energy  In 
the  device  and  In  the  attached  structures. 

° As  all  of  the  devices  mentioned  In  this 
report  were  actuated  by  deflagrating  squibs 
(metal-oxydant  mixes)  no  high  explosive  detona- 
tion phenomena  were  considered. 

The  reasoning  behind  this  selection  of 
pyrotechnic  shock  mechanisms  started  with  the 
observation  of  device  squib  tests.  Pressure 
versus  time  measurements  were  made  at  the 
Jet  Propulsion  Laboratory  on  production  lots  of 
the  explosive  squibs  which  are  used  to  actuate 
pyrotechnic  devices.  These  squibs  were  fired 
in  constant  volume  test  bombs  and  the  pressures 
generated  were  recorded  with  pressure  trans- 
ducers. An  accelerometer  was  attached  to  the 
test  bomb  in  an  attempt  to  get  a time  indication 
of  squib  initiation.  Examination  of  the  "g"s  out- 
put of  the  accelerometer  revealed  that  a much 
lower  output  was  recorded  than  was  recorded 
on  pyrotechnic  device  shock  tests.  This  indi- 
cated that  "pyrotechnic  shock”  was  not  primar- 
ily caused  by  squib  firing.  Obviously,  energy 
transfer  mechanisms  other  than  the  simple 
pressurization  of  the  device  body,  were  respon- 
sible. Relating  the  textbook  treatment  of 
impact  to  an  actual  design  problem  can  be  dif- 
ficult. But  exact  answers  are  not  always  neces- 
sary [4l  Examination  of  the  function  of  each 
type  of  device  provided  insight  into  the  major 
causes  oi  shock  generation  <r  i) 

The  Type  A dev1  .as  a locking  piston 
which  was  ac"*''*  .1:4  by  the  squib  pressure. 

When  this  pi*  .■  reached  the  point  in  its  travel 
where  the  corners  of  the  nut  segments  no  longer 
were  restrained,  the  pre-load  on  the  bolt  was 
released.  This  produced  a sudden  relaxation  of 
the  deflected  components,  modified  by  the  sixty 
degree  ramp  provided  by  the  mating  screw 
threads.  The  piston  continued  to  move  until  It 
Impacted  the  housing  which  was  in  contact  with 
the  structure.  The  primary  shoe*  generation 
mechanism  was  estimated  to  be  impact  of 
moving  parts.  The  stored  energy  released  was 
a secondary  shock  source  as  the  internal  deflec- 
tlons  In  the  device  due  to  loading  were  small. 

The  Type  B explosively  actuated  bolt  shown 
In  Figure  2 la  broken  in  tension  when  an  inter- 
nal piston  accelerated  by  an  explosive  squib 
strikes  an  elastomer  pad.  The  kinetic  energy 
of  the  piston,  augmented  by  the  residual  pres- 
sure against  it  is  partially  transferred  into 
hydrostatic  shock  in  the  elastomer.  The  high 
transient  stress  breaks  the  bolt  at  the  minimum 
cross-section  plane.  The  remainder  of  the 


piston  energy  is  expended  in  Impact  with  a 
conical  retaining  surface.  Pyrotechnic  shock 
energy  was  generated  by  fracturing  separation 
device  parts,  and  impact  of  moving  parts. 
Stored  preload  energy  was  estimated  to  be 
small  from  visual  examination  of  the  bolt. 

The  Type  C explosively  actuated  nut  shown 
in  Figure  2 releases  the  bolt  when  an  explos- 
ively accelerated  piston  strikes  a slotted  nut 
and  deforms  it  to  disengage  the  threaded  collet. 
The  primary  shock  generation  mechanism  is 
estimated  to  be  the  Impact  of  moving  parts  with 
sudden  release  of  preload  energy  as  a second- 
ary effect.  The  Type  D dual  piston  separation 
bolt  shown  in  Figure  3 presents  the  same 
apparent  shock  generation  mechanism  as  the 
Typo  B bolt. 

The  Type  E nut  assembly  was  similar  to 
the  Type  C nut  In  function  and  shock  generation 
mechanisms. 

Principles  of  Lew  Shock  Device  Pest,,  1 

Pyrotechnic  shock  is  characterized  by 
sudden  transfer  of  energy  to  structure.  The 
same  energy  released  over  a longer  period  of 
time  can  be  absorbed  without  the  generation  of 
high  frequency  shocks.  Momentum  exchange 
between  the  pyrotechnic  device  and  the  struc- 
ture is  caused  by  the  center  of  gravity  shift 
during  actuation.  Shocks  induced  in  the  same 
direction  that  structural  loads  are  carried  are 
transmitted  into  surrounding  structure  more 
efficiently.  Shock  puises  are  generated  by  the 
fracturing  or  Impact  of  pyrotechnic  device 
parts.  Based  on  these  rather  obvious  points, 
the  following  preliminary  principles  of  low- 
shock  device  des'gn  were-  proposed: 

- gradual  release  of  stcr*d  energy 

- cancellation  of  external  momentum 

exchange  ■* ' ‘ , ' c <c 

- management  of  primary  shock  direction 

- eliminating  impact  of  moving  Internal 
parts 

Revised  Pyro  Devices  Tested 

Modified  ana  redesigned  devices  were 
made  in-house  or  were  submitted  for  test  by 
outside  manufacturers.  These  designs  incor- 
porated provisions  for  reducing  the  internally 
stored  mechanical  energy,  eliminating  the 
Impact  of  moving  internal  parts,  and  reducing 
the  rate  of  release  of  stored  preload  energy. 
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Each  device  was  mounted  on  the  test  structure 
with  the  same  plates  and  preload  as  that  used  in 
the  first  series  of  tests.  The  instrumentation 
was  unchanged.  Pyro  shock  data  were  obtained 
on  the  devices  described  as  follows: 

The  Type  F release  device  was  modified 
from  a v-band  release  mechanism  to  provide 
solid  mounting  of  the  housing.  The  stud  is 
released  when  a pyrotechnically-actuated  piston 
moves  up  to  free  captive  rollers  which  allow  a 
collet  to  spread.  The  end  of  the  stud  is  released 
as  a gradual  release  of  stored  energy  (Fig- 
ure 8). 

The  Type  G release  device  consists  of  a 
segmented  nut  with  a shallow  acme-type  thread. 
It  is  retained  by  a collar  which  is  displaced  by 
the  firing  of  an  explosive  squib.  The  collar 
incorporates  pins  which  act  in  tapered  grooves 
to  separate  the  nut  segments  and  provide  a 
gradual  release  of  stored  energy  (Figure  9). 

This  design  also  reduces  the  radial  loads  and 
thus  the  actuation  energy  required  for  release 
should  be  lessened. 

The  Type  H release  device  contains  a 
spool-shaped  threaded  segmented  nut  which  is 
held  in  place  by  two  grooved  pistons  in  a com- 
mon housing.  Pressure  from  an  explosive 
squib  is  ducted  to  the  opposite  ends  of  the  two 
pistons,  forcing  them  together.  The  spool  ends 
of  the  nut  segments  fall  into  the  grooves  in  the 
pistons  and  release  the  bolt.  All  internal  impact 
is  between  opposed  pistons  not  directly  coupled 
to  structure  (Figure  10).  This  eliminates  the 
external  momentum  exchange. 

The  Type  I release  device  consists  of  a 
clevis  with  a pin  passing  through  a hole  in  the 
loaded  stud.  The  pin  has  an  integral  piston 
which  travels  in  an  enclosed  housing.  Upon  the 
firing  of  a squib,  the  piston  withdraws  the  pin 
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Fig.  8 - Collet  release 


Fig.  9 - Acme-type  nut 


and  releases  the  stud.  The  piston  moves  at 
right  angles  to  the  load  axis  and  provides 
management  of  the  primary  shock  direction 
(Figure  11). 

The  Type  J release  device  consists  of  a 
segmented  nut  and  locking  piston  similar  to 
the  Type  A device.  The  piston,  however,  is 
displaced  in  the  opposite  direction  and  impacts 
the  free  end  of  the  housing,  thus  loading  it  in 
tensile  rather  than  compressive  shock.  This 
is  another  example  of  the  management  of 
primary  shock  direction. 

The  Type  K release  device  is  similar  to 
the  Type  J except  that  there  are  two  pistons 
which  move  in  opposite  directions  until  the 
pressure  between  them  is  equalized  by  internal 
venting.  The  pistons  do  not  contact  each  other. 
This  eliminates  the  Impact  of  moving  internal 
parts.  (Figure  12) 

TEST  RESULTS 

O 

The  shock  spectra  for  the  baseline  tests 
are  shown  for  selected  accelerometer  locations 
on  Figures  13  through  20.  Device  Type  A was 
of  most  Interest  on  the  spacecraft  program  and 
was  used  as  the  baseline  standard  against  which 
to  compare  candidate  low-shock  devices.  <= 

& e 

o o - 

The  transducer  locations  chosen  for  com- 
parison provide  a selection  of  structural 
conditions. 

Location  1 is  on  the  device  mounting  plate 
and  in  the  axis  of  preload  and  separation. 

Location  2B  is  on  the  nearest  electronics 
sub-chassts  and  in  the  separation  axis. 

Location  9A  is  on  a more  remote  sub- 
chassis and  is  oriented  at  right  angles  to 
the  separation  axis. 


I 


Fig.  12  - Floating  piston  release  device  Fig.  14  - Baseline  spectra 
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Fig.  15  - Baseline  spectra 
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Fig.  1?  - Baseline  spectra 
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Fig.  16  - Baseline  spectra 


Fig.  18  - Baseline  spectra 
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Fig.  19  - Baseline  spectra 


Location  11  is  In  the  middle  of  a shear 
plate  over  the  central  chassis  rail  of  the 
central  bay  of  the  simulated  spacecraft.  It 
Is  oriented  at  right  angles  to  both  the 
separation  axis  and  to  transducer  num- 
ber 9A. 

The  shock  spectra  for  the  low -shock  design 
device  tests  are  shown  on  Figures  21  through 
32.  The  shock  spectra  are  shown  for  the  same 
transducer  locations  as  presented  for  the  base- 
line devices.  Device  Type  A is  shown  for 
comparison  purposes  on  ali  spectral  plots. 

The  residual  shock  spectra  (shown  as 
squares  on  Figure  7)  were  in  general,  lower  in 
"g"  level  than  the  primary  spectra  and  are  not 
shown  on  these  combined  spectral  plots. 


were  made  on  the  basis  of  shock  spectra 
induced  in  the  test  structure  at  the  same 
accelerometer  positions. 

A broad  study  of  aerospace  pyrotechnic 
shock  test  results  has  concluded  that  failure 
data  has  not  been  sufficient  to  relate  the  shock 
environment  to  damage  potential  [s]. 

Present  functional  design  requirements  for 
spacecraft  pyrotechnic  shock  environments 
are,  however,  specified  in  terms  of  shock 
spectra  [e].  With  a frequency  description  of  a 
shock  that  is  likely  to  occur  in  service,  an 
equipment  designer  knows  what  his  natural 
frequencies  should  be,  in  order  to  avoid 
damage.  The  shock  spectrum  at  a point  on  a 
structure  describes  what  a particular  shock 
pulse  does  to  an  idealized  mechanical 
system  [?]. 

The  reduced  scope  of  the  test  program 
did  not  allow  rigorous  experimental  proof 
that  pyrotechnic  shock  spectra  envelopes  have 
more  than  a general  positive  correlation  with 
component  malfunction  or  damage.  However, 
there  appears  to  be  enough  precedent  in  print 
to  use  a reduced  shock  spectrum  level  as  an 
indication  of  a reduced  potential  of  shock  dam- 
age to  equipment  at  a particular  point. 

Shock  spectral  envelopes  of  devices  were 
generated  for  mounting  plate  (transducer  1) 
(Figure  33)  and  chassis  (transducer  2B)  (Fig- 
ure 34)  locations.  The  shock  spectra  of  the 
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The  indications  of  relay  chatter  (from 
components  mounted  on  the  electronics  sub- 
chassis) correlated  with  the  peak  "g"  readings 
taken  at  the  same  points  on  the  structure.  Of 
thirty -eight  relay  contacts  which  were  moni- 
tored during  pyrotechnic  device  firings,  four- 
teen sets  of  contacts  transferred  or  chattered 
during  a Type  A device  test.  Five  sets  of 
contacts  transferred  or  chattered  during  the 
firing  of  the  "low-shock"  collet  release  device 
Type  F.  Only  one  set  of  contacts  chattered 
during  the  pinpuller  Type  I test. 

The  comparisons  between  conventional 
pyrotechnic  devices  and  low-shock  devices 


JO  100  ?00  IX  Jx  'OX  JOX 
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Fig.  20  - Baseline  spectra 
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Fig.  33  - Mounting  plate  spectra 

conventional  devices  were,  in  general,  from 
two  to  five  times  as  severe  as  the  spectra  from 
the  modified  or  redesigned  devices.  An  excep- 
tion was  found  in  the  modified  V-band  release 
device  (Type  F)  which,  although  it  produced  less 
shock  than  the  standard  (Type  A!  device,  fell 
into  the  conventional  device  envelope. 

CONCLUSION 

The  preliminary  results  have  been 
encouraging.  Further  analysis  of  the  test  data 
and  comparisons  with  prospective  tests  of 
actual  spacecraft  equipment  should  be  per- 
formed. Theories  of  shock  generation  should 
be  refined.  Improved  explosive  release  devices 
should  be  designed  and  fabricated  to  test  these 
theories. 

< c , 0 

C c < c t 

The  shock  output  from  conventional  pyro- 
technic devices  can  be  characterized  by  pyro 
shock  spectra.  c 

Correlation  of  shock  spectra  with  damage 
to  or  degradation  of  spacecraft  components  is  a 
major  task  which  should  be  pursued  on  a more 
general  level. 

The  shock  production  mechanisms  were 
estimated  to  be: 

- impact  of  moving  parts 

- fracturing  of  device  parts 


- sudden  release  of  preload  energy. 

Other  factors  were  the  amount  of  stored  energy 
, in  the  device  and  in  the  structure  (deflections 
for  a given  preload),  the  direction  of  energy 
release  (into  the  structural  load  paths),  and 
momentum  transfer  from  the  device  to  the 
structure. 

The  examination  of  pyrotechnic  shock 
causes  led  to  the  establishment  of  preliminary 
principles  of  low  shock  device  design: 

- gradual  release  of  stored  energy 

- cancellation  of  external  momentum 
exchange 

- management  of  primary  shock  direction 

- elimination  of  impact  of  moving  parts 

Devices  which  incorporated  one  or  more  of 
these  principles  generated  less  shock  as 
Indicated  by  shock  spectral  plots. 

Pyrotechnic  shork  is  designed  into  pyro- 
technlcally  actuated  devices  and  can  be  reduced 
by  design  changes.  A systematic  approach  to 
these  changes  would  be  applicable  to  many 
types  of  devices.  Based  on  the  information 
generated  by  these  experiments,  the  phenome- 
non or  pyrotechnic  shock  is  amenable  to 
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mitigation  by  mechanical  design  changes  in  the 
devices. 
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Figure  1.  Free-Fllght  Inpact  Teat 
Technique 

Prerelease  Environment* 

Prior  to  release  Press  the  cent ri Pure , 
the  test  item  experiences  the  follow- 
acceleration  environr.ents  : 
ference  Figure  2) 

1.  Tangential  Acceleration 

The' test  Item  must  be  accelerated 
to  Its  specified  impact  velocity. 
In  the  case  of  the  35.5~‘1  '* 
centrifuge,  a small  vf  u*i 

driving  torque  and  no t 
Inertia  results  In  a nt 
angular  acceleration  lea-  ...an 

0.21.  For  example,  270  seconds 
Is  the  minimum  tine  required  to 
accelerate  frorf  0 to  14$  rpn  ' • ° 

WY)  ft /qec  1 35.5  feet). 

2.  i'.aUal  Acceleration 

0 » » 3.41  x 10-IlHu2  (2) 

c The  maximum  radial  acceleration  ' 
corresponding  to  35.5-fo‘ot-  c ° 
'radius  and  145  rprr.  Is  2 5 A.  1 . 

f ost release  Hi ivlronnent 

luring  free  fllgnt,  the  test  Iter, 
will  rotate  at  out  its  eg  at  u rpn. 

I:.e  angular  velocity,  u , I.;  equal  to 
tout  of  t.ne  centrifuge  art.  at  the 
1 1 re  of  re  1 e as e . 


Figure  2 depicts  sequential  positions 
of  the  test  item  up  to  the  time  of 
impact. 

° Fixture  Requirements*  '*>’  * ‘ p '« 

The  fixture  required  to  adapt  the 
test  item  to  the  centrifuge  Is  simple 
and  inexpensive.  The  basic  require- 
ments Include  the  following: 

1.  The  test  Item  must  be  restrained 
at  a static  load  of  WG,  where  W 
is  the  weight  of  the  test  Item 
and  G is  the  radial  acceleration 
on  the  test  Item  prior  to  release 

2.  The  fixture  cannot  Interfere  with 
the  test  item  after  release  from 
the  rotating  arm. 

3.  The  fixture  should  allow  adjust- 
able radius  of  the  test  Item. 

4.  The  fixture  must  allow  adjustable 
release  angle  for  the  test  item 
in  order  to  compensate  for  test 
Item  rotation  luring  free  flight. 
Tills  angle  offset  Is  a function 

e of  impact  angle,  centrifuge  speed 
and  free-flight  distance  to  im- 
pact. 

A t>  ileal  fixture  Is  shown  In  Figure 

3.  basically,  a support  cradle  and 
steel  cable  are  mounted  on  a fixture 
plate  which  bolts  to  the  centrifuge 
arm.  The  radius  and  the  release 
angle  are  adjustable  by  manipulation 
of  this  plate. 


He  Idas  el  tfecifanl  sm  . ° 

Timely  release  of  the  test  item  Is 
accomplish*  l by  cutting  the  support 

cable  (Figure  3).  Required  accuracy 
has  been  obtained  with  a Holex 
guillotine  1/2-tnch-dtameter  cable 
cutter  where  firing  time  13  control- 
c ° lakle  to  less  than  1 millisecond. 

c o " e c c 


(fee  next  pome  for  FI  mures  ? and  3) 


l:.e  p release  and  post  release?  envir- 
onments prior  to  Impact  may  I e 
detrimental  to  the  te.it  Item  and/or 
t:.e  test  ob  Je  :t  Ivf.i . 
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Figure  2.  Free-Flight  Envlronr.ent  of  "eat  Iter 
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Figure  3.  Typical  K t x n i 


A achenatlc  of  the  Holex  firing 
circuit  la  shewn  In  Figure  9.  A 
nlcroswltch  la  r.ounted  to  the  cent- 
rifuge baae  ( nonrot  at lng) . The 
position  or  the  nlcroswltch  la  a 1- 
Jua table  to  allow  for  aeleotlve 
firing  location.  A contact  plate 
(runner)  la  r.ounted  to  the  rotating 
arc.  an  i , therfore,  cloaea  the  nlcro- 
owltch  -luring  revolution  of  the  urn 
(aee  Figure  0).  A r.lnlrrin  of  ') 

::ili  iisecsr,  la  la  ro-julrol  to  Inaure 
cloaure  of  t.ue  trigger  relay.  Tala 
tl.te  la  oLtalne  1 through  the  length 
of  the  runner  which  cloaea  the  r.lero- 
swltch.  Once  tae  required  centrifuge 
rpr,  la  reached,  the  cutter  la  acti- 
vated by  a carnally  controlled  .safety 
switch.  After  the  aafety  .switch  la 


fir  T:\paet  Teat'.ng 


aet  r.anuaily , the  cutter  ta  acti- 
vated by  a 29-', 1 DC,  f-ar.pere  source 
the  next  tine  the  r.l crcnwltch 
eloael,  ' The.  tlr.e  delay  totwe.-n  m ’ — , g 

croawltch  eloavte  and  Holex  'Irlnt 
la  3,’  t 1 is|un-ee  nla.'  The  ,,  = . 

racy  of  this  releaae  svchunlar., 
couple!  with  bullt-ln  adjustment  of 
mlcroawltch  port*  1 -an,  allows  nearly 
precis-*  aeif.-t  Ion  of  tr.pact  1 '-cation 
and  teat  Iter,  angle  f Ir.pa-*.  Al’", 
thla  release  *.echntl'>"  has  pr  v>'  1 to 
be  reliable  through  l.’E  Ir.pae*.  t-'.-ta  ^ 

conducted  to  date  (no  releaae  fall-  y 

urea).  / 

/ 
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complete*. 

Figure  Schematic  of  Hblex  Cable  Cutter  Firing  Circuit 
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Figure  5.  Switch  Closure  Technique 

c ' « o c 0 f0  0° 

c £ C c 
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Target 

The  na.'or  re  ;trl  ctlons  on  target  lo- 
cation a 1*0  i.;  follows: 

1.  The  orbital  path  of  the  rotating 
arm,  with  tost.  Item,  cannot 
Intersect  the  target. 

2.  The  target  cannot  be  allow.")  to 
Interfere  with  the  rotating  arm 
a a a result  of  the  Impact . 


OOM 


Figure  6.  Fliy leal'  Layout  of  35-Foot 
Centrifuge  Facility 


The  weli-lit,  ! :*e  , and  e implex tt.v 
(:;teel,  cm cretc  , water,  etc)  of  the 
st  at  tonary  tarwt  are  iv.t'nt  til  ly 
unrestricted.  At  present,  the  phys- 
ical a 1 ze  of  tiie  centrlfure  pit  area 
(tee  Figure  6)  must  be  considered. 
However,  a side  room,  as  shown  In 
Ft, -lire  f.  or  an  erentrn*  In  •‘tie  pit.  wall 
would  lie  entirely  fei.-.lhlo  for 
future  testiiu.'. 


;c° 


/ 

/ 


128 


Control  of  Impact  Angle 


The  teat  iten/target  Impact  angle  can 
be  controlled  through  one  or  more  of 
the  following:  - » 

1.  Teat  iter,  releaae  angle 

2.  Free- flight  distance 

3.  Target  angle 

The  angular  velocity,  w ( HP".)  tan- 
gential velocity  V (ft/aec)  and  re- 
leaae paint  are  accurately  known. 
Therefore,  Impact  angle  la  a very 
simple  calculation.  For  a free- 
flight  distance  L (ft),  the  teat  item, 
rotates  u L revolutions. 

So  7 

Data  Acquisition 

Impact  data  from  transducers  mounted 
on  the  test  Item  are  transmitted  by 
trailing  cables  between  the  test  Item 
and  centrifuge  arm.*  Signal  conlltl- 
oners  and  amplifiers  are  located  at 
ti.e  center  of  t:.e  arm,  intermediate 
to  the  slip  rings,  thr'  umh  which  data 
are  transmitted  to  FM  tape  recorders 
located  in  trie  control  room.  Th.e 
slip  rings  available  for  data  or 
miscellaneous  requirements  are  out- 
lined below. 

Clip  King  hating.!  on  35'  l*-nt rl  fume 


Figure  7 depicts  the  distance,  d,  as 
well  as  target/test  Item,  miss  distance 
before  release.  As  ar.  example,  a 6’ 
long  trailing  cable  has  been  adequate 
for  past  tests  where  .free- flight  dis- 
tance was  approximately  IV  feet. 


quantity  'Inara uteri. 'M  as 

12  250  V x 100  amp 

2A  250  V x 5 amp 

150  32  V x 0.25  amp 

Fortunately,  lung  lengths  of  trailing 
cat.  le  are  not  require  I hocus*;  the 

relative  distance  i •.•tween  the  test 

Item  and  centrifuge  arm  will  r.  .rrally 
be  3 Rail.  This  distance  can  be  app- 
roximated by 

d • X-  (esc  0 - cot  8),  (3) 

C - c ' r 

' , 1 C . < C 

c wnere  d ■ relative  dlstahdo  between  c 
5 U'.phct  point  ari  l,  crntrl  fuge 

arm  tip 

XT  ■ free- plight  distance  of 
* test  It**;;; 

0 * angle  t etween  re  lease  an  1 
impact  points. 


hn-b  ,.arl  re  • . r lo rs.  or  telemetry 
te chnl  lues  were  n ,t  available  f . 
ecus  I lerat  1 -n  . 


Figure  7.  "race  Helatlonshlp  retween 
Target  an-'  s..t  Item 

A ivan-  a.-es 

1.  Ac  ej-at.e  and  r*',  eatal  le  I-js't 
velocity  ( tit). 

2.  Velocity  control  In  the  range  of 
n ts  r>3)  ft/s.e;. 

3>  Accurate  and  repeatable  Impact 
location  on  iatvet.  • ■ ■ 5 

. Ae  >urat<*  aril  r.qeatal  le  1 "p  a ' t 
.angle  with  target. 

5.  negligible  tangential  acceleration 
(<0.2  g)  prior  to  Impact. 

6.  High  confidence  In  obtaining  lata 

c as  a,  result  of  a minimum  of  trall- 
1 ng.  wire.  c . ( 

7.  ‘ Inexpensive  fciPijn.*  iue  tm'sh  rt. 

trailing  wire. 

8.  Inexpensive  rixturlng. 

0.  Fast  setup  and  * umar  uni  • • rw> . 

10.  "1  nlr.ll  teg.t  p e t‘S  inned  ;'e  ; o . 

(twi  peep  I*;). 

11.  "oquent  l.al  ■ r slm.u’t  anenus  firing 
of  multitest  item  arrays. 


/ 


Disadvantage 
1. 


Test1  item  undergoes’ high  radial 
acceleration. 


2.  Test  Item  undergoes  rotation  w 
during  free-flight  and  impact. 

3'.'  Rebo'und  of  . test  item  must  be 
treated  with’  caution . - «° 


c Free-Flight  Impact  Test  Capabilities 


Impact  Velocity 

Weight  (Test  item  plus  fixture) 

Force  In  Centrifuge  Arm  (weight  x g) 
Target 

Impact  Angle 
Free-Flight  Distance 
Test  Temperature 


Application 

A long-term  program  Is  currently 
underway  to  determine  the  absorption 
capability  of  various  materials  being 
considered  for  accident  resistant 
containers.  Figure  8 details  the 
basic  test  configuration  used  in  the 
initial  material  evaluation.  The 
free-flight  technique  was  used  to 
Impact  the  test  item  (*500  into  a 
steel  target  weighing  14,000  pounds. 
The  Impact  velocity  and  impact  angle 
were  normally  275  ft/sec  and  0°  re- 
spectively . 


10  to ‘539  ft/sec  (ill) 

10.000  pounds  maximum 

450.000  g-pounds 
Optional 
Optional 
Optional 

-65  to  300°  F 


Instrumentation  consisted  of  2 each 
Endevco  2264  accelerometers  mounted 
side  by  side  on  the  Impacting  mass. 
As  mentioned  previously,  these  were 
hardwired  between  the  flying  mass 
and  the  rotating  ce-'trifuge  arm. 
Typical  Impact  data  are  shown  in 
Figure  9.  To  dat»,  more  than  125 
tests  have  been  conducted  at  a very 
high  success  rate. 


S PACERS 


Figure  8,  ARC  Test  Item  Layout  (axial  impact) 
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Fi.-ure  9.  Axial  ■-pact  I;  at  a - ARC  Teat  Series 
Alternate  Centrifuge  Ir.pact  Techniques  Conclusions 


1.  Tnrow  target  Into  stationary  test 
Item. 

2.  Move  teot  Iter.  Into  orbital  path 

of  target  . 

3.  Move  tart'tt  Into  orbital  path  of 
teot  Item 

4 Accelerate^  te3t  Iter,  radially  "out- 
ward along*  centrifuge  arm  to  lr.p'act 
..  target  mounted,  on  the  on  i of  tip- 

arm . '■  ‘ - 


An  Impact  teot  technique  v/hor-t  v th" 
tangential  velocity  of  the  ll-foc.t 
cent  rl  fare  Is  use!  to  create  the 
repaired  Impact  environment  has  been 
described.  The  options  include  im- 
pacting a test  lten  Into  stationary 
targets  and  the  reverse,  roving  a 
target  Into  a stationary  test  Item. 
c°  1 

The  accuracy,  flexibility.,  low -coat, 
anli  efficiency  offered  by  tills  tech- 
nique make  1'  highly  competitive  for 
future  Impact  test  series. 


1J1 


5 


DISCUSSION 


Mr.  SC 


and 

shock 


orey  (Army  Missile  Command) ; Have  you 


ever  Considered  building  an  impact  carriage 


tting  pads  on  the  anvil: to  shape  the 
pulse  or  not  to  allow  the  specimen  to 


break!  up  during  testing? 


Mr.  Otts:  We  have  the  technique  and  if  the 

type  of  requirement  were  to  come  along  it  would 
certainly  be  worth  considering.  To  this  point, 
we  are  just  developing  it  as  the  need  arises 
and  we  have  not  tried  to  expand  it;  we  have  a 
number  of  impact  test  techniques  and  I am  not 
trying  to  out  do  one  another.  Also  you  might 
realize  that  you  have  other  options  that  are 
available;  you  can  move,  push,  or  drop  the  item 
into  the  path  of  the  target  which  would  be  on 
the  centrifuge,  or  vise  versa,  you  could  flip 
these  around. 


Mr.  Otts:  RPM,  This  takes  care  of  the  factor. 

You  saw  a distance  per  time"  and  it  works  out 
that  I use  this.l  when  I use  RPM  as  RPM  and 
c .*  feet  for=  the  radius,  it  works  out  quite  well.  * 

Mr.  McWhlrter:  What  are  you  going  to  use  for 

a vertical  water  base  for  water  impact? 

Mr.  Otts:  We  are  going  to  use  a very  cheap 

100  plus  dollar  culvert,  pot  a diaphragm  over 
the  front,  fill  it  full  of  water,  and  it  will 
be  sitting  in  vertical  position, 

Mr.  McWhlrter:  You  are  saying  that  the 

diaphragm  be  the  water  interface. 

Mr.  Otts:  Yes. 


Dr,  Mains  (Washington  University):  You  had  a 

velocity  noted  at  1/10  R W.  Do  you  mean  this? 

Mr.  Otts:  It  is  approximately  .1  something 

and  it  works  out  that  way. 

Dr.  Mains:  Then  you  have  some  kind  of  units 

in  there?  You  have  a radiu9  in  feet  and  omega 
in  radians  per  second? 


FRAGMENT  VELOCITIES  FROM  EXPLODING 
LIQUID  PROPELLANT  TANKS 


R.  L.  Bessey 

Southwest  Research  Institute 
San  Antonio,  Texas 


An  extension  of  analytical  techniques  used  to  describe  bursting 
gas  reservoirs  is  applied  to  a geometrically  simplified  model 
of  the  exploding  liquid  propellant  tank  problem.  The  model  is 
capable  of  predicting  fragment  velocities  produced  by  the  inter- 
nal pressure  of  the  explosion  when  a mixture  of  fuel  and  oxidizer 
is  detonated  in  the  confined-by-mla sile  configuration  and  no 
drag  effects  are  considered  on  the  resulting  fragments  of  the 
tankage.  Fragment  velocities  near  liquid  propellant  tank  explo- 
sions have  been  obtained  by  analysis  of  high-speed  films  from 
Project  PYRO.  These  results  are  compared  to  those  predicted 
by  the  model. 


INTRODUCTION 

Hazards  produced  by  exploding  liquid  pro- 
pellant tanks  include  those  associated  with  the 
blast  wave,  those  associated  with  thermal  ef- 
fects, and  those  associated  with  the  missile 
produced  by  fragmentation  of  the  tank.  In  a re- 
cent study  for  the  Aerospace  Safety  and  Data 
Research  Institute  (ASRDI).  Nasa  Lewis  Re- 
search Center  fl],  the  author  has  had  the 
opportunity  to  investigate  some  of  the  phenom- 
ena associated  with  the  fragmentation  hazard. 

In  order  to  assess  the  range  and  degree  of 
hazard  of  fragments  emanating  from  a propel- 
lant tank  explosion,  ballistic  equations  and 
energy  equations  depend  on  a knowledge  of  the 
initial  velocity  of  the  fragments.  Obviously, 
c determination  of  these  fragment  velocities  is  a 
complex  problem  both  empirically  and  analyti- 
cally. Thid  is  especially  so  when  an  analytic 
model  is  developed  capable  of  predicting  frag- 
ment velocities  for  quite  general  conditions, 
i.e.  . a variety  of  tank  geometries,  propellants, 
etc. 

An  analytical  model  is  developed  in  this 
paper  which  attempts  to  predict  initial  frag- 
ment velocities  from  exploding  liquid  propel- 
lant tanks  based  on  a gross  simplification  of 
the  geometric  factors  and  assumptions  about 
the  thermodynamic  state  of  a hypothetical 
sphere  of  "gaseous  explosion  products"  which 
represents  the  conditions  within  the  tank  at  the 


instant  the  explosion  occurs.  Mathematically, 
the  initial  fragment  velocities  are  obtained  by 
an  extension  of  the  techniques  described  by 
D,  E.  Taylor  and  C,  F.  Price  [2],  and  G,  L. 
Grodzonskl  and  F.  A.  Kukanov  [3j  in  their 
papers  on  bursting  gas  reservoirs. 

Additionally,  empirical  data  on  fragment 
velocities  were  obtained  from  high-speed 
films  taken  of  the  events  of  Project  PYRO. 
Project  PYRO  was  a series  of  tests  consisting 
of  detections  of  liquid  propellant  tanks  with  a 
considerable  amount  of  documentation  on  each 
test.  From  these  films,  data  on  fragment 
• docity  versus  yield  were  obtained.  The  ana- 
lytical model  attempts  to  predict  these  same 
values  for  the  test  conditions  described. 

c 

ANALYTICAL  MODEL  . 

The  geometry  of  the  model  chosen  to  sim- 
ulate the  missile  within  which  a propellant  ex- 
plosion Is  occurring  is  shown  in  Figure  l.  The 
salient  features  of  this  model  arc  that  the  ex- 
plosion Is  initially  contained  by  the  missile 
tankage  (CBM  case);  the  reacting  fuel  and  oxi- 
dizers are  perfectly  mixed  in  the  stoichio- 
meti  ic  ratio  and  react  completely  to  form 
gaeeous  explosion  products  (contained  in  a 
spherical  volume  initially  of  radius  R01;  and 
the  missile  tankage  and  non-reacting  propel- 
lants are  approximated  by  an  Incompressible 
concentric  spherical  outer  shell  about  the 


M3 
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r—  MISSILE  TANKAGE  AND  NONREACTING 
\ fUa  AND  OXIDIZER 


FRAGMENT  I CIRCULAR 
SECTION  Of  SPHERE ) 


-GASEOUS  EXPLOSION 
PROOUCTS 


Fig.  !.  Schematic  of  Idealized  CBM 
Liquid  Propellant  Explof  ion 


sphere  of  gaseous  explosion  products.  The 
shell  is  assumed  to  fragment  into  n fragments 
of  equal  surface  area.  Aj,  all  of  which  are 
circular  sections  of  the  shell.  The  fragments 
move  radially  and  are  at  a distance  r}(t)  at  any 
time  T from  the  center  of  the  original  sphere. 
The  solid  angle  formed  by  a fragment  at  t z 0 
at  the  sphere's  center  is  5.  Each  fragment  is 
characterized  by  a mass  Mj  and  a circular 
periphery  Cj.  The  total  shell  mass  is  M{. 

The  sphere  of  gaseous  explosion  products 
is  characterized  by  a pressure.  P0(T).  sound 
speed,  a0(-).  temperature.  T0(t).  volume, 
V„(t).  mass,  M(t),  and  density,  0o(T)af»ny 
time  T , as  well  as  a ratio  of  specific  heats,  , 
The  initial  conditions  are 

r(o)  r R*.  e 0.  P0(0)  z P00, 

0 

c a0(o)  = a0o.c  Polo)  z B00,  c To(0)  f T0,. 

M(o)  = M0<J,  V0(o)  = V00  • (1)  « 


It  is  assumed  that  the  entire  shell  could  be 
divided  into  the  n fragments:  thus, 


Aj  r 4u  R2/n 


(2a) 


and 


n = Mj/Mt  (2b) 

The  equation  of  motion  for  a fragment  is 


M. 


d2rj  (t) 

dT2 


= FP4(t) 


(3) 


where  F„  is  the  fragment's  projected  area, 
which  from  ESq.  (2)  is 


F = 4tt  R‘ 


"l  _ J_' 
n n2 


(4) 


The  equation  of  state  for  the  gaseous  ex- 
plosion products  is  taken  as 


P0<T)  Vq(t)  z RM|t)  Tq(t) 


(5) 


A crack  of  width,  w,  appears  around  the 
periphery  of  each  fragment  at  time,  T . 
through  which  the  gaseous  explosion  products 
escape  until  P0(T)  approaches  ambient  pres- 
sure. From  one-dimensional  flow  equations  [2]: 


H 

irrr 


P^T)  z P0(T) 

dM  It) 
dT 

P, 


';-{m  (“)’]  ’,6’ 


z -k  p,:  a(.  nw 

1 


(?) 


/ 2 \ 

X4l 

= <=o(T)  (tty) 

(8) 

1/2 

“ (*7l) 

(9) 

where  k is  a discharge  coefficient  and  the 
other  variables  have  been  defined, 

cC  ^ c c 

r"c  Ss  C ° C , 

The  volume  of  the  sphere  of  gaseous  pro-  5 
ducts  of  explosion  at  any  time  * , Is 

V0(T)  z (4/3)tt  rJ(T)  (10) 

, and  the  adiabatic  case  is  assumed  where 

The  equations  will  be  non-dimensionallzed  by 
setting 


po<T>=-poop, 


.(*),  t = 9R,  r(T)  = Xg(R)  (12) 


where  g is  the  dimensionless  distance  coordi- 
nate, ?.  Is  the  dimensionless  time  coordinate, 
and  P is  the  dimensionless  pressure.  From 
Eqs.  (61  and  (3)  and  non-dimensionalizing  with 
Eq.  (12),  we  obtain 
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X 

where  prime*  denote  derivatives  with  respect 
to  ».  Using  Eqs.  (3).  (11).  and  (12)  in  (13). 
we  obtain 

f'=  nP,  1 - (Ml 

(P*>  * 

where  we  have  chosen  the  non-dimenslonalia- 
ing  parameters  X,  92. 


C,  . R 2 f-L)  *2  Ehssl 

2 0 i*-‘)  Vaoo4 


Mt*oo2 


(A) 

(A)' 


From  Eq.  (5)  and  its  derivatives  with  respect 
to  t.  we  obtain 

dPp<T>  _ Pq(t)  d M(t) 

dT  ' CJT>  V„(T)  dT 

Pq(t)  d Tq(t)  Pq(t  ) d V0f  * ) 

T„(t)  dr  Vq(t)  dT  (17) 

The  area  of  a crack  around  a fragment  is 

<fiw)t  * r,2  (t)  . A,)  (18) 

and  the  total  crack  area  for  n fragments  1s 

nw  s 4”  R02  - l)  (17) 

From  Eqs.c  (7)  through  (12)  ar.H  (19),  we  may 
write  Eq.  (17)  %g  t 

r,  C ■ t 

C ' c * 

,1  3 k » 9 »oo  (vTt)  Z,*-U 

* p = 


28  /V 


,2  * * 


2)  -3  8, 


If  we  define 


or  using  Ec  ?41. 
C2(n)=;  , 


' . \~2  Pqo2  fi  _Ll  ‘ 
\ •»/  M|2 *oo4  U * "2. 


Then.  . (13).  (18).  (21).  and  (22). 

Eq.  (20)  become* 


p # - a 2a 

t3p^=  [*Cig2>  C,C2J  Pt  -3ag2g'  (23) 

This  equation  can  be  solved  simultaneous- 
)y  with  Eq.  (14)  for  the  initial  conditions  of 
Eq.  (1).  which  for  Eq.  (12)  are  given  in  dimen- 
sionless form  as 

Ro 

K <0)  = . „',o)  . 0.  p (o)  . | ,24, 


NUMERICAL  SOLUTIONS 

The  solution  of  Eqs.  (14)  and  (23)  was  ob- 
tained numerically  for  the  initial  conditions, 
Eq.(24),  using  the  Runge-Kutta  method. 

Table  2 is  an  example  solution  for  the  condi- 
tions of  Table  t.  The  maximum  velocity  of  a 

TABLE  1. 

Condition  for  Solution  of  Table  2 


p - c 

1.4-  ■ - ■«  ■«* 

»oo 

* 

1.  332  * 104  I 'sec 

r 

8 * 103  pel 

n 

r 

100 

Ro 

= 

27  in. 

M, 

s' 

.'4^5  lb- Sec2 /in.  c 

k'  1 

. = 

1.0  - 5 - , , r ' 

- C 

fragment  is  obtained  as  g*  approaches  rero, 
l.  e.  . no  drag  effect*  are  considered.  Figure 
2 show*  how  the  maximum  fragment  velocity 
varies  with  n for  two  example  rases  of  par- 
ticular Rq,  a.  p00.  and  a00  and  Mt.  POQ 
and  » are  the  same,  for  both  cases,  and 
a„0.  R0,  and  Mj  differ  widely  between  the 
two  cases.  The  figure  indicates  that,  for 
sufficiently  large  n.  the  maximum  fragment 
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TABLE  2. 
Example  Solution 


[■flTtAL  cow  orr  ions 

c S c 

7% 

| xni>,wH>ti  biit.MtMi  cm# 

NMl.ll  R-NORM  . . flMC.lt  1 

1 OMMCrcnmcs  or  MonoM  or  rucMCwr«  iNORMALucm 

T-KMM 

a 

a* 

0* 

.Mt-a 

.4*1(11 

. mim 

. 443K.I1 

.min 

.tlTK-RI 

.141E-M 

. 144 C. 01 

. IMI-II 

.ttlllt 

,4441.04 

. 411  E.01 

.win 

• IHIlt 

.4131.91 

.IK  Cell 

.men 

.MM! 

-411C.M 

.lilt. II 

.mm 

• INl.44 

. 44*  £.14 

.mm 

■ UH.J4 

. I14E.W 

.mt.li 

.nic-u 

.4141,01 

.|T*K-«I 

.«MMI 

.THE.lt 

. 4111.0* 

.tA3E.lt 

.min 

.Nft-H 

. 4MC.II 

,|44tM 

Nami  (NORMA  Ll  2 1 DS 

T-KMM 

r.  NORM 

.NKU 

.WILD* 

■ mm 

. tStl.N 

. mitt 

.Ml-H 

. MTEsM 

.mm 

.1MI-N 

. MC-H 

. IIIC.M 

TTMC. 

4tT»  « «e 

.Min 

DC5TANC*. 

. I4IC-I2  C 41 

.Mill 

.*TMI 

TtLOOTT. 

. wit.**  r w C 

.WCII 

4*1  K- II 

ACC ILI RATION.  1HC.0I  r*  Kh  UC  | 

.Mt-n 

.IT4K.lt 

mint. 

. H4KAI  m | 

Fig.  2.  Maximum  Fragment  Velocity  ae  a 
Function  of  Number  of  Fragment* 

t . ° c"1*'  = c.  % L.  Cs  C . c 

velocity  is  constant,  independent  of  n.  For 
low  n,  Eq.  (2)  is  a poor  approximation.  Fig- 
ure 3 shows  the  dependence  of  maximum  frag- 
ment velocity  on  ».  and  the  initial  gaseous  ex- 
plosion products  mass  to  shell  mass  ratio. 
M0/Mt,  for  a particular  R.  n.  P00  and  a00. 

C 0 c C ■ ° ce 

Results  obtained  from  this  model  may,  he 
compared  tb  those  obtained  from  other  analyt- 
ical and  experimental  work  on  fragmenting 
spherical  results  as  a result  of  high  internal 
pressure. 


The  results  of  this  method  are  compared 
to  the  cases  described  by  Taylor  and  Price 
[2]  in  which: 


PooVoo 
Mt  »oo2 


r 2. 55,  0.  1436 


(25) 


in  Figure  4.  Generally  it  can  be  seen  that  our 
results  predict  somewhat  lower  fragment 


Fig.  3.  Maximum  Fragment  Velocity 
Versus  Mass  Ratio 


Solutions  for  Adiabatic  Case 

velocities  than  Ihey  do.  Some  discrepancy  is 
to  be  expected  because  our  assumptions  on 
geometry  were  not  as  precise  as  theirs.  This 
is  especially  true  where  we  assumed  that  the 
surface  area  of  a spherical  volume  could  be 
divided  into  n equal  circular  areas:  they 
assumed  only  two  hemispherical  fragments 
whose  projected  areas  were  well  defined. 
Nonetheless,  the  agreement  is  relatively  good, 
especially  for  the  greater  a. 
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Table  3 give*  a comparison  between  frag- 
ment velocities  measured  in  experimental 
work  relating  to  hazards  from  bursting  high- 
pressure  tanks  and  predicted  velocities  using 
our  model.  The  experimental  values  of  Pitt- 
man [4]  were  obtained  by  pressurizing  spher- 
ical metal  tanks  with  N2  until  they  burst. 
Fragment  velocities  were  measured  by  use  of 
a breakwire.  Where  the  experimental  values 
were  not  precisely  determined  in  tests  D and 
E.  limits  were  assigned  to  the  fragment  ve- 
locity on  the  basis  of  the  data  obtained.  Input 
data  to  our  program  were  based  on  the  tank 
geometry  and  burst  pressure,  described  in 
Reference  [4]  and  the  properties  of  N2. 

TABLE  3.  Comparison  of  Predicted  Fragment 
Velocities  with  Pittman's  Data  [4] 


*• 

1^.1 
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CORRELATION  OF  PREDICTED  FRAGMENT 
VELOCITIES  WITH  PROJECT  PYRO  DATA 

High-speed  films  were  taken  of  explosions 
of  liquid  rocket  propellant  tanks  in  project 
PYRO  f S - 7 7.  Films  from  94  of  these  teats 
were  analyzed  (to  provide  data  on  Initial  frag- 
ment velocities)  fl].  Fragment  positions  were 
recorded  frame  by  frame,  and  the  same  frag- 
ment was  identified  between  films  of  a given 
event  taken  by  cameras  located  radially  about 
the  explosion  center  at  different  azimuth 
angles.  Although  it  was  impossible  to  deter- 
mine a true  Initial  fragment  velocity  because 
of  the  obstruction  of  fragment  motion  by  the 
fireball,  average  fragment  velocity  values 
were  obtained  close  to  the  explosion  center  for 
many  of  these  testa.  • S ' 0 c c 

Since  our  fragment  velocity  prediction 
method  Is  based  on  a spherically  symmetric 
containment  vessel,  it  Is  reasonable  to  take 
the  cylindrical  test  geometry  of  the  PYRO 
tests  which  most  closely  approximated  spher- 
ical symmetry  for  purposes  of  comparison 
with  data  from  the  analytical  model,  1.  e. , 
only  tests  wit!  L/D  - l.H  (the  smallest  L/D 
ratio)  are  considered.  Furthermore,  only 
confined-by-the-nilsslle  trBM)  cases  are  con- 
sidered. (Confinement  - by- the  - ground  - surface 
(CBGS1  rases  do  not  represent  Internal  explo- 
sions.) To  simplify  the  assumptions  made 
about  the  gaseous  explosion  products,  only 


tests  where  LH2/LO2  was  the  propellant  are 
considered. 

The  data  for  these  PYRO  tests  appear  In 
Table  4,  and  the  mean  fragment  velocities  are 
plotted  versus  measured  yield  in  Figures  5 
and  6 for  tests  involving  a total  propellant 
weight,  Wt,  of  200  and  1000  lb.  respectively. 
The  weight  of  reactants,  Wr,  involved  in  the 
sxplosion  is  given  by 

HtnT 

Wr  : Y'W.  — ~ (26) 

Hr 

where  HfNT  and  **r  *re  the  heats  of  explo- 
sion per  unit  mass  of  TNT  and  LO2/LH2,  and 
Y are  a percentage  yield  for  a given  test  ob- 
tained from  blast  line  peak  overpressure  mea- 
surements. Using  the  ratio  for  the  heats  of 
explosion,  Ym  Is 

Ym  s 0.  27  Y (27) 

Our  method  of  fragment  velocity  predic- 
tion is  relatively  insensitive  to  the  value  of 
n and  x as  we  have  seen;  accordingly,  we 
picked  reasonable  values  (n  - 100,  x - 1,2) 
for  these  parameters  to  describe  the  number 
of  fragments  and  the  gaseous  explosion  pro- 
ducts of  the  PYRO  tests.  The  energy  produced 
in  the  explosion  of  the  reacting  propellant  ob- 
tained from  these  teats  is 


E r Wr  • Hr  (28) 

Based  on  the  calculated  density  of  a mixture  of 
LH2/LO2  (mixed  in  the  stoichiometric  ratio), 

, we  obtained  a volume  for  the  sphere  of  gaseous 
explosion  products  related  to  Wr  for  each 
test  from 


W. 


where  e = 


VH  °H  * VOX  cOX 
VH*  vOX 


(29) 


and 


8 % CH  vOX  °OX 


(30) 


0 and  V are  density  and  volume,  and  the  sub* 
script*  if  and  OX  refer  to  Llf^  and  LO^, 
The  energy  can  be  expressed  in  terms  of  the 
initial  pressure  within  the  sphere  of  gaseous 
explosion  products  as 

v,  r s.  1 i/,i 

E r 77T  I Poo  - <>4'7>  ~ <»’oo>  J 

This  was  solved  for  PQO  by  the  Newton- 
Itaphson  iteration  technique,  using  Eqs.  (2 H 1 
through  M0),  to  give  lJQO  ~ 14**  psi. 


1.37 
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TABLE  4.  PYRO  Test  Dat ft 


Test 

No. 

Total 
Prop.  Wt.< 
Wt 
(lbs) 

Measu*ed 
Yield 
ym  / 
<%) 

Reactants 

Weight 

Wr 

(lbs) 

Reactants 
Energy 
" E 

(ft -lb  x 
IQ*5) 

Mass  of 
Non-Reac- 
tants M0  = 
Mv+  MfMr 

(lb-sec^An) 

Radius  of 
Reactants 
Sphere 

«o  “ ; * 

(in.) 

Calc.  Max. 
Fragment 
Velocity 
Uf'< 

(ft/sec) 

Measured 
Mean 
Velocity 
Uf  ' 

(ft/ sec) 

053 

200 

1.08 

2.08 

3.35 

.633 

8.0 

358 

362 

091 

200 

7.83 

T5.63 

15.63 

.564 

15.5 

975 

1500 

118 

200 

5.41 

10.  827 

17.4  ' 

.589 

13.7 

790 

710 

199 

200 

2.  16 

4.32 

6.95 

.623 

10.2 

543 

660 

200 

200 

4.59 

9.  18 

14.8 

.597 

13.0 

786 

880 

210 

1000 

1.89 

18.9 

30.4 

2.49 

16.  12 

540 

650 

212 

1000 

7.29 

72.9 

117.0 

2.21 

25.  35 

1020 

790 

213 

1000 

9.46 

94.60 

150.  a 

2.11 

27.  15 

1110 

990 

265 

1000 

2.70 

27,0 

• 

43.5 

2.45 

17.  85 

636 

690 

Fig.  5.  Fragment  Velocity:  Correlation  of 
Data  from  PYRO  LHj/LOj  Tests  with 
Theoretical  Values.  Wj  s 200  Lbs 


Fig.  6.  Fragment  Velocity:  Correlation  of 
Data  from  PYRO  Llij/LOj  Tests  with 
Theoretiral  Values,  W(  s 1000  Lbs 


Figure  7 is  a plot  of  fragment  velocity, 

Vj,  as  a function  of  aQO  and  RQ,  as  obtained 
from  our  analytical  method.  From  this  figure, 
it  can  be  seen  that  Vf  is  relatively  insensi- 
tive to  aOQ  but  very  sensitive  to  RQ.  We 
chose  a00  * 14*  in. /sec  as  a reasonable  value 
for  the  initial  sound  speed  for  the  gaseous  ex- 
plosion products  of  the  PYRO  tests  since  in- 
formation such  as  this  on  the  thermodynamic 
state  of  the  explosion  at  t = 0 was  not  avail- 
able for  these  tests.  Values  for  R,,  were  ob- 
tained by  taking  a lower  limit  based  on  Eqs. 
(10),  (20),  and  (30)  and  an  upper  limit  based  on 
the  radius  of  a sphere  with  the  same  volume  as 
the  particular  confinement  vessel  tank  for 
each  test. 


Fig,  7,  Fragment  Velocity  as  a Function  of 
Sound  Speed  in  the  Explosive  Products 
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Within  these  limits,  an  R0  was  chosen  to 
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Designing  fluid-filled  piping  systems  in  pmtective  structures  requires 
determining  the  severity  of  the  transient  pressuico  pr-'1  •"rf  In  piping 
by  strong  motions  resulting  from  a nuclear  detonation.  When  the  tran- 
sient pressure  exceeds  the  allowable  pressure;,  nf  the  pipe,  or  equip- 
ment in  the  piping  system,  attenuators  will  be  requucJ.  The  same 
problem  is  involved  in  designing  piping  systems  in  nuclear  power  plants 
to  withstand  earthquakes.  A new  computer  code,  HYTRAN,  has  been  devel- 
oped to  assist  engineers  in  solving  these  types  of  problems. 

This  paper  Introduces  the  HYTRAN  code  with  a description  of  its  bound- 
ary conditions  and  numerical  solution  techniques.  Modeling  techniques 
are  discussed  and  a typical  example  of  HYTRAN  application  to  analyzing 
a large  three-dimensional  piping  system  is  presented  to  demonstrate 
the  utility  of  the  code.  A comparison  of  test  data  and  HYTRAN  com- 
puted results  is  also  included  to  demonstrate  the  reliability  of  the 
code. 


INTRODUCTION 

When  protective  structures  are  subjected 
to  the  violent  shaking  motions  produced  by  the 
detonation  of  nuclear  weapons,  transient  pres- 
sures are  generated  in  the  fluid  filled  piping 
systems  contained  in  the  strictures.  Designers 
of  these  structures  are  faced  with  determining 
these  transient  pressures  and  providing  neces- 
sary attenuation  devices  if  the  transient  pres- 
sures exceed  the  allowable  pressures  of  the 
piping  system.  In  1969,  the  U.S.  Army  Corps 
of  Engineers  Initiated  a RAD  program  to  develop 
and  verify  a computer  code,  HYTRAN,  which  pro- 
vides a means  to  calculate  these  pressures  and 
todesign  attenuators.  Since  that  time,  HYTRAN 
has  been  used  in  designing  all  the  critical 
piping  systems  in  the  protective  structures  of 
the  SAFEGUARD  Ballistic  Missile  Defense  System. 
The  comparison  of  laboratory  te.-t  data  and  cal- 
culated data,  which  are  presented  in  this  paper, 
indicates  that  HYTRAN  predicts  the  transients 
pressures  quite  accurately. 

The  purpose  of  this  paper  is  to  present 
HYTRAN  to  engineers  responsible  for  designing 
piping  systems  subjecteo  to  strong  shaking 
motions  which  are  produced  by  either  detonation 


of  weapons  or  earthquakes.  The  basic  formula- 
tion, numerical  solution,  column  separation, 
attenuators,  modeling  techniques,  and  compari- 
son of  test  and  computed  data  are  presented. 

=■  BASIC  EQUATIONS  c < . . • t <US 

In  this  section  the  basic  partial  differ- 
ential equations  for  hydraulic  transient  phe- 
nomena in  a piping  system  are  discussed.  The 
physical  problem  is  depicted  in  Figure  1.  To 
formulate  the  governing  equations  which  are 
mathematically  solvable  the  following  ideali- 
zations arec1ntroduced:  . , ‘ . t 

C C e ° 

C e 

* One-dimensional  flow  tV, 

* Small  density  change 

* Nonviscous  fluid  except  at  the  pipe 
boundary 

* Friction  force  on  pipe  calculated  by 
Darcy  equation 

* Wave  velocity  calculated  by  considera- 
tions of  the  elastic  properties  of  the 
fluid  and  pipe 


Preceding  page  blank 
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Figure  1.  Forces  Acting  on  an  Element  of  Liquid  dx  In  Length 


* Rigid  pipe  segment 

* Velocity  head  neglected. 
W5MENTUM  EQUATION 


53T  ■ • S-!5t  C»  - - «|.  (!) 

Expanding  the  total  derivative  Into  partial 
derivatives,  Equation  (2)  becomes 


The  condition  of  dynamic  equilibrium  can 
be  set  up  for  an  element  dx  along  the  pipe.  By 
considering  friction  force  to  bo  related  to  the 
relative  flow  velocity  between  the  fluid  and 
the  moving  pipe  wall  (V-u)  the  balance  of  momen- 
tum yields  Equation  (1). 

.‘f  &•«•((»-!>- 

[(«:.!) . (f.2i)  „j| 

* Ig5  <V  * “)  | V - u ! ♦ *ndx  slrv.  (1) 


1 ♦ y—\  • . lit 

g 'ot  ax'  »x  , 

- Jiff  (V  - u)  | V - u|.  (3) 

Equation  (3)  Is  the  momentum  equation  of  one- 
dimensional  wave  propagation. 


CONTINUITY  EQUATION 

c 1 

c C « C t c 

r A second  equation  relating  H and  V Is 
determined  from  the  condition  of  continuity  {4]. 


3H  . . C2  JV 

3?  V57  F 


(4) 


dV 

where  j-L  Is  the  acceleration  of  the  liquid  ele- 
ment. To  preserve  the  direction  of  the  pressure 
head  drop,  the  absolute  value  of  the  relative 
velocity  is  used  In  Equation  (1).  Since  slnu  * 

- 'jL,  Equation  (1)  may  be  expressed  as: 

3X 


Where  C is  the  wave  velocity  and  Is  expressed  by 


e. 

9 


1 


(5) 
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NUMERICAL  SOLUTION  BY  THE  METHOD  OF 
- CHARACTERISTICS  : - : ' *-  • " •,  _ ..  r 

There  are  several  numerical  methods  to 
solve  partial  differential  equations,  however, 
the  method  of  characteristics  is  most  applicable 
for  hyperbolic  partial  differential  equations 
with  two  independent  and  two  dependent  vari- 
ables. ; Lister  [5]  shows  the  general  mathemat- 
ical development  of  the  method  and  the  compu-  „ 
tational  procedures  for  digital  computer 
solution.  The  application  of  the  method  to 
hydraulic  transient  analysis  was  first  adopted 
by  Streeter  and  Lai  [1].  Yang  [6]  used  the 
same  approach  as  Streeter,  out  treated  the  more 
complicated  boundary  conditions. 

Four  characteristic  equations;  Equations 
(6),  (7),  (8)  and  (9)  are  obtained  by  combining 
Equations  (3)  and  (4). 


C+ 

Curve 


C- 

Curve 


dt  - 


dx 

V + C 


(6) 


dv  + c dH  + Zff  (V  ■ u)  V - U dt  = ° (7) 


(8) 


dV  - 3.  dH  + L_  (Y  . u)  V - ujdt  * 0 


(9) 


Equations  (6)  through  (9)  are  of  a simple  . 
form  and  are  satisfied,  by  every' solution  of 
Equations  (3)  and  (4)’. 

The  characteristic  equations  may  be  solved 
by  using  the  grid  of  characteristics  or  speci- 
fied time  intervals.  A specified  time  interval 
in  the  t-directton crelates  the  values  of  V and 
H at  the  beginning  of  the  Interval  to  those  at 
the  end  by  the  characteristic  equation.  This 
method  has  several  advantages  over  the  grid  of 
characteristics , which  is  used  in  solving  super- 
sonic compressible  flow  problems.  The  process 
of  solving  Equations  (6)  through  (9)  is  illus- 
trated in  Figure  2,  when  tfcand  ti+i  are  the 
beginning  and  the  end  of  the  time  Interval  it. 
Points  A,  C,  and  B are  three  adjacent  points  on 
the  line  t = tj,  each  a distance  Ax  apart.  Let 
point  P fall  on  the  Intersection  of  t = t-j+i 
and  x * x-.  Two  characteristic  lines,  C+  and 
C- , pass  through  P and  intersect  the  line  t * tj 
at  R and  S.  The  values  of  V and  H at  t - tf 
are  assuned  to  be  known,  and  their  values  at 
point  P are  to  be  determined. 

Applying  the  linear  approximation  for  small 
intervals  to  Equations  (7)  and  (9),  the  follow- 
ing equations  are  obtained. 

<Vp  - VR)  + £r  (Hp  - Hr) 

+ Id  (v  ‘ U,R  |v  ' u|Rftt  * 0 (10) 

and 


Figure  2.  Positions  of  the  Characteristic  Lines  in  a Specified  Time  Interval 


(Vp  - Vs)  (Hp  - Hs) 

♦ |g  (v  - u)s|v  - u|sit  • 0.  (11) 

Equations  (10)  and  (11)  contain  four  terms 
representing  the  value  V and  H at  points  R and 
$,  which  may  be  evaluated  by  considering  the 
slopes  of  the  characteristic  lines  given  by 
Equations  (6)  and  (8). 

For  the  first  approximation,  the  slopes 
of  the  characteristics  lines  at  points  R and 
S may  be  assumed  to  be  the  average  slopes  be- 
tween the  points  A and  C and  C and  8,  respec- 
tively. Then,  Equation  (6)  and  (8)  may  be 
approximated  by 

C+  : i*  • VA  + VC  ♦ C (12) 

d.  r 


and 

c-  : . VC  * VB  - c.  (13) 

dt  2 

Physically,  Equations  (12)  and  (13)  repre- 
sent the  wave  front  velocities.  Therefore, 
the  location  of  the  points  R and  $ may  be 
determined  as 

xfi  « xc  - (VA  * 7C  + C)  at  (14) 


and 

- »S  * \ * (VB  * VC  - C)  At.  (15) 

2 

If  the  velocities  from  A to  C and  C to  B 
are  assured  to  be  linearly  distributed,  then 
the  velocities  at  points  R and  S can  be  approx- 
imated as 

yR  *'  VC  * ' Xr  (VC  * VA)  c (16) 

AX 

and 

VS  * VC  ♦ (Vc  - »B).  (17) 

AX  ' 

r C 

Similarly,  the  value  of  H at  points  R and 
t S can  be  evaluated  as  c 

c c c ^ f 

hr  • Hc  - XC  * XR  (HC  - HA)  c (18) 
Ax 

and 

H$  - Hc  ♦ *C  ~ *S  (HC  - HB).  (19) 


Once  the  values  of  Vo,  Vs,  Hr,  and  H$  are 
determined.  Equations  (10)  and  (11)  can  be 
solved  simultaneously  to  obtain  Vp  and  H0  as 
follows:  ¥ 

Vp  - 1 (*R  * V$)  + 3_  (Hr  - Hs)  _ 

^ (VC  - u)  |VC  - uj  (20) 

and 

Hp  ■ C (vr  - VS)  + I (hR  + HS).  (21) 
2g  2 

The  method  can  now  be  applied  to  a pipe. 
Consider,  for  example,  a pipe  which  Is  divided 
In.to  n sections,  each  of  tx  length.  First,  the 
values  of  V and  H at  Aq,  A^...An  In  Figure  3 
are  given  for  t * t0.  Then,  by  using  Fqeatinns 
(16)  through  (21),  the  values  of  V and  H at  P], 
Bg. • -Bn-1  can  1*  evaluated.  In  similar  manner, 
Cj,  Cj...Cn_2  can  be  evaluated.  The  computa- 
tion can  proceed  to  a point  determined  by  the 
nunber  of  sections  in  the  pipe.  However,  if 
sufficient  boundary  conditions  on  Xfl  and  Xn  are 
given  as  a function  of  time,  V and  if  at  those 
points  marked  In  Figure  3 by  a black  circle  can 
be  computed.  It  Is  evident  that,  once  suitable 
boundary  conditions  are  given  at  both  ends  of 
the  pipe,  the  computation  can  be  performed. 

In  order  to  proceed  with  t'w*  computation, 
the  boundary  conditions  at  the  ends  of  the  pipe 
must  be  established  and  the  solution  must  sat- 
isfy such  conditions.  As  shown  In  Figure  4, 
there  Is  only  one  characteristic  line  Involved 
at  each  boundary.  Therefore,  Equations  (10) 
and  (11)  cannot  be  solved  simultaneously  to 
obtain  Vp  and  Hp.  At  the  boundary,  the  values 
Of  Vp  and  Hp  must  be  given  as  a function  of  time 
or  Vp  and  Hp  must  be  related  by  a known  func- 
tion. Then,  Equations  (10)  and  (11)  may  be 
solved  separately  for  the  remaining  unknown 
variables.  In  the  case  of  a boundary  where 
more  than  one  pipe  Is  involved,  the  condition 
of  continuity  and  pressure  drop  at  the  bound- 
ary must  also  be  satisfied.  For  convenience, 
the  positive  direction  Is  defined  as  from  the 
left-end  boundary  to  the  right-end  boundary, 
and  the  same  convention  Is  also  applied  to  the 
pipe  motion  and  flow  direction  In  the  pipe. 

A three-pipe  joint  such  as  'the  T-joint 
Shown  In  Figure  5,  will  be  used  as  an  example 
to  Illustrate  the  treatment  of  the  boundary 
condition.  The  joint  consists  of  three  bound- 
aries. The  absolute  flow  velocities  at  the 
boundaries  are  defined  as  Vpj,  Vp?,  and  Vp3. 

If  there  is  external  excitation  at  the  joint 
with  excitation  velocities  uj,  u?,  and  U3,  then 
the  relative  flow  velocities  are  given  by 
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BOUNDARY  1 


-BOUNDARY  2 


'*£5% 


Figure  5.  Boundary  Conditions  at  a T-Joint 


ff,  « VP1  ‘ U1 

u2  * VP2  - u2  (22) 

Q-3  * VP3  * U3 

To  sat1s:y  the  equilibrium  condition,  there 

can  be  only  one  pressure  H at  the  joint,  and  It 
Is  related  to  the  pressures  at  the  boundaries  of 
the  three  pipes  as 

H - Hpi  + iHj 

H * Hp2  ♦ £,H2  (23) 

H » Hp3  ♦ AH3. 

Where  AH  Is  the  pressure  drop  across  the 
boundary  and  follows  the  sign  convention  that 
plus  Indicates  a left  boundary  and  minus  a right 
boundary.  Substituting  Equations  (10)  and  (11) 
into  Equation  (23)  for  the  values  of  Hp,  the 
following  six  characteristic  equations  are  ob- 
tained for  a three-pipe  Joint: 

Pipe  1 

Right  boundary  - R: 

H ■ HR1  - | <VP1  - VRl)  * 


m I «,  ' AH>' 


Left  boundary  - L: 

H - H$1  > | (Vp,  - VS1)  ♦ 

| u,  | u,  At  + iHl- 


Right  boundary  - R: 

« * HR2  - | <VP2  * *«)  * 

I 02 1 =z  At  ‘ 4H2- 

Left  boundary  - L: 

" * hS2  ♦ \ (»p2  * VS2)  ♦ 

2g5J  | «2 1 «z  4t  * = 

e 3 

Right  boundary  - R: 

H * HR3  - | <VP3  - W - 

| u3  | u3  At  - ftH3* 


/ 


Left  boundary  - L: 

r.  C 

Li  ’ U A ^ t \l 


(VP3  * VS3^ 


77  I — At  + AH,. 


Depending  on  the  physical  orientation  of 
the  pipes  at  the  joint,  there  are  eight  possi- 
ble combinations  of  the  boundaries  for  a three- 
pipe  joint.  The  combinations  are: 

1.  R,  R,  R 

2.  R,  R,  L 

, C 

3.  R,  L,  R ‘ 

4.  R,  L,  L 

5.  L,  R,  R 

6.  L,  R,  L 

7.  L,  L,  R 

8.  L,  L,  L. 

The  coordinate  system  and  a sample  combina- 
tion of  the  boundaries  are  shown  in  Figure  6 
and  7 respectively.  For  a given  combination, 
there  are  three  equations  which  can  be  selected 
from  Equations  (24a)  through  (26b).  Four  vari- 
ables, H,  Vp},  Vpj,  and  Vpj,  are  involved  in 
three  equations,  therefore,  a fourth  equation 
is  required.  The  fourth  equation  is  derived 
from  the  condition  of  continuity  at  the  joint. 

If  the  three  pipes  have  flow  area  of  Ai,  Ap, 
and  A3,  then  the  continuity  equations  for  the 
eight  boundary  combinations  can  be  expressed  as 
follows: 


R,  R,  R: 

A3  u")  + A2U2  + A3U3  * 0 

(27a) 

R,  R,  L: 

A]U|  + A2U2  - A3U3  5 0 

(27b) 

C 5 

R,  L,  R: 

A]iJ]  - A2U2  + A3S3  * 0 

(27c) 

R,  t,  L: 

A]Uj  - A2U2  - A3U3  « 0 

(27d) 

L.  R,  9: 

-A3 U|  ♦ A2U2  ♦ A3U3  * 0 

(27e) 

L.  R,  L: 

-A3U3  ♦ A2U2  - A3U3  » 0 

(27  f) 

: c L.  L,  R: 

•M3U3  - A2U2  + A3U3  ■ 0 

(27g) 

l,  L,  L: 

-A3U3  - A2U2  - A3U3  * 0 

(27h) 

8ased  on  the  given  boundary  combination, 
one  of  the  above  equations  is  selected  with  the 
other  three  equations  selected  from  Equations 
(24a)  through  (26b)  to  solve  for  the  values  of 
H*  Vpj , Vp^,  and  Vp3» 


Figure  6.  The  Coordinate  System  Used 
in  the  HYTRAN 


Figure  7.  Sample  Combination  of 
Boundaries  (R.  L.  R.) 


ccOneefH  is  determined,  Hp'i , Hpj,  and  Hp3 
are  calculated  from  Equation  (23).  The  pres- 
sure drop  terms  In  Equation  (23)  are  calculated 
using  the  usual  pressure  drop; coefficient,  Ki , 
and  K3.  i 

f.H,  » KI  I — I — i (28a) 

1 2ghh 


*fhh 

(28b) 

(28c) 

The  boundary  conditions  for  a two-pipe 
joint  or  a one-pipe  joint  can  be  similarly 
formal at»d.  c 

COLUMN  SEPARATION  AND  PRESSURE  ATTENUATOR 

Although  there  are  methods  [7]  of  calcu- 
lating the  pressure  generated  at  a boundary  due 
to  the  reattachment  of  the  separated  fluid 
column,  it  is  difficult  to  describe  the  de- 
tailed behavior  of  a two-phase  system  represent- 
ing the  cavitation  and  column  separation  phe- 
nomena. For  engineering  applications,  It  may 
be  sufficient  to  predict  an  average  pressure 
developed  near  a joint  due  to  coliann  separa- 
tion. In  predicting  column  separation  effects 
In  a complicated  piping  circuit,  a practical 
engineering  approach  is  used  to  simplify  the 
formulation.  The  following  assimption  Is  em- 
ployed In  this  analysis  to  Indicate  the  occur- 
rence of  colunn  separation. 

Colunn  separation  occurs  when  the  liquid 

pressure  drops  below  Its  vapor  pressure 

<”•  <H  ' Z>  IW 

The  HYTRAN  computer  program  has  an  Inher- 
ent assumption  that  the  hydraulic  transient 
equations  and  the  continuity  relationship  at 
a joint  remain  valid  even  when  column  separa- 
tion occurs.  When  column  separation  at  some 
joint  Is  predicted  in  the  solution,  a constant 
pressure  equal  to  the  vapor  pressure  of  the 


liquid  Is  Imposed  on  the  location  until  It  Is 
changed  to  a higher  value  by  a reflected  pres- 
sure wave.  Employing  this  approach  the  loca- 
tion of  column  separation  effects  are  Identi- 
fied In  the  piping  circuit  and  estimates  of 
their  severity  are  made  to  provide  a basis  for 
the  sizing  of  pressure  attenuation  devices  to 
avoid  the  occurrence  of  this  phenomenon.  In 
view  of  this,  It  Is  reconmended  that  pressure 
attenuation  devices  be  used  to  suppress  column 
separation  at  the  locations  where  column  sepa- 
ration may  occur. 

A variety  of  attenuator  types  such  as 
quick  opening  valves,  rupture  diaphragms,  and 
energy  storage  accumulators  have  been  consid- 
ered for  application  In  protective  facilities. 
Owing  to  the  requirements  for  fast  response  and 
multiple  exposures,  only  the  energy  storage 
type  of  unit  Is  considered  to  be  of  interest 
here.  This  type  of  accumulator  as  shown  In 
Figure  8 consists  of  either  a piston  or  a blad- 
der type  of  diaphragm  which  separates  the  fluid 
from  a precharged  gas  container  and  operates  on 
the  principle  that  the  energy  of  the  pressure 
waves  is  stored  by  compression  of  gas  In  the 
unit  and  then  released  later  at  a slower  rate. 
To  establish  the  Initial  conditions  of  an  accum 
ulator,  the  precharge  gas  Is  assumed  to  be  In 
thermal  equilibrium  with  the  liquid.  Consider 
an  accumulator  tlicl  has  a gas  volume  of  V0  at 
a precharge  pressure  of  H0.  Then,  at  the 
steady-state  operating  pressure  of  Hs , the 
accunulator  gas  volume  Is  Vs  » Vp(H0/Hs).  Usu- 
ally the  precharge  gas  pressure  Is  set  at  80 
percent  of  the  steady-state  operating  pressure 
or  Vs  * 0.8  Vn.  During  hydraulic  transient 
variations,  liquid  volume  Is  either  added  to 
or  removed  from  the  accumulator.  The  pressure 
at  the  Joint  Is  determined  by  the  reversible 


Figure  8.  In-Line  Accumulator  With  a Perforated  Flow  Tube  (Von  Manufacturing  Co.) 
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polytropic  process  of  the  precharge  gas,  or 


where  v is  a constant  of  the  gas  which  depends 
K on  the  physical  property  and  process.  tM  is 
£he  change  of- flow  volume  of  the  accumulators 

HYDRAULIC  TRANSIENT  COMPUTER  PROGRAM  (HYTRAN) 

Based  on  the  mathematical  formulations 
presented  In  the  previous  section,  an  integrated 
computer  program  HYTRAN  was  developed.  It  con- 
sists of  three  subprograms  for  calculating 
initial  steady-state  flow  conditions,  hydraulic 
transient  pressures,  and  for  plotting  the  com- 
puted data.  The  three  subprograms  are: 

* HYTRAN-I.  Calculates  initial  equilib- 
rium flow  conditions  for  piping  circuits 
in  which  the  circuit  parameters  are 
estimated. 

* HYTRAN-A.  Calculates  pressure  tran- 
sients in  piping  circuits  due  to  sup- 
port motions.  Locations  of  column 
separation  are  Indicated,  but  the 
phenomena  are  not  treated  rigorously. 

* HYPLOT.  Prints  and  plots  variations  of 
flow  velocities  and  pressure  heads  as  a 
function  of  time  at  the  left  or  right 

. end  of  selected  pipes.  The  result  will 
facilitate  the  proper  selection  of 
accumulators. 

HYTRAN-A  is  tie  basic  fluid  transient 
program  and  has  the  following  features  and 
capabilities: 

a.  Calculates  transient  pressures  in 
three-dimensional  piping  networks,  with  various 
combination  of  boundaries  as  shown  in  Table  1. 

b.  Accepts  velocity  excitations  at  pipes; 
each  pipe  having  different  excitations. 

c.  Accepts  pressure  excitations  at  one- 
pipe  joints. 

d.  Accounts  for  the  effects  of  a variety 

of  pipe  fittings  considering  tee  Joints  as 
three-pipe  joints,  valves  and  elbows  as  two- 
pipe  'joints,  and  reservoirs  and  pumps. as  one- 
pipe  joints . 0 ' o " 

e.  Accounts  for  pipe  friction  and  pressure 
drop  at  joints. 

f.  Accepts  both  in-line  and  appendage-type 
pressure  attenuators. 

g.  Calculates  wave  velocities  based  on 
fluid  and  pipe  elastic  properties. 


h.  Calculates  the  flow  velocities  and 
fluid  pressures  as  functions  of  time. 

1.  Summarizes  the  maximum  flow  velocities 
and  maximum  and  minimum  pressure  heads  in  each 
pipe  and  identifies  the  time  at  which  they 
occur. 

.5  HYTRAN-I  ‘calculates  the  steady-state=f low. 
The  computation  for  the  piping  circuit  is  com- 
pleted when  the  flow  velocities  at  both  ends 
of  each  pipe  in  the  circuit  are  equal  to  or 
less  than  a prescribed  tolerance. 

The  HYTRAN-A  program  also  detects  the 
occurrences  of  column  separation  phenomena  in 
a piping  circuit  by  monitoring  the  liquid  pres- 
sures and  identifying  when  they  drop  below  the 
vapor  pressure. 

HYPLOT  utilizes  data  from  HYTRAN-A  and 
allows  the  user  to  specify  pipe  numbers  and 
location  (left  and/or  right  end  of  pipe)  where 
transient  velocities  and  pressures  are  to  be 
plotted  as  function  of  time.  HYPLOT  offers  two 
options  of  plotting,  CALCOMP  pen  plotter  or 
line  printer,  to  display  information 
graphically. 

Table  2 presents  the  capabilities  and  lim- 
itations Of  the  HYTRAN  Program. 

These  limits  can  be  increased  to  larger 
nunbers  by  changing  the  dimension  statements 
of  the  programs  as  long  as  they  do  not  exceed 
the  core  size  of  the  computer  system. 

The  present  version  of  the  HYTRAN  program 
(HYTRAN-I,  HYTRAN-A,  and  HYPLOT)  regui.es 
32,000]g  words . 

A detail  description  and  listing  of  the 
HYTRAN  programs  are  contained  in  Reference  8. 

COMPARISON  OP  HYTRAN  COMPUTER  RESULTS  WITH 
EXPERIMENTAL  DATA 

To  verify  the  HYTRAN  program,  a comparison 
was  made  between  the  computed  transient  pressure 
in  a complex  fluid  system  and  the  recorded  test 
data.  Figure  9 shows  the  configuration  of  the 
fluid  system.  The  fluid  circuits  which  are  an 
integral  wart  of  the  equipment,  tarry  rhtllpd 
fluid  through  each  component  to  keep  the  tem- 
perature within  tolerance.  The  chilled  fluid 
Is  supplied  by  and  returns  to  an  outside  source. 
All  the  pipeSwere  solidly  mounted  to  the  main 
frame  of  the  cabinet.  • „ 

The  electronic  equipment  was  mounted  on 
a hydraulic  shaker  table  capable  of  subjecting 
the  equipment  to  a specified  acceleration  time 
history.  A piping  circuit  locate!  off  the 
shaker  table  supplied  the  chilled  fluid  to  the 
fluid  circuits  of  the  equipment  at  design  pres- 
sure and  flow.  Pressure  transducers  and  accel- 
erometers were  positioned  in  the  fluid  circuit 
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Table  1.  Sutrotary  of  Boundary  Conditions 


Boundary  Condition 
(NBOND) 

Joint  Boundary  Condition 

s 

B 

Numeric 

Symbolic 

Pip*  1 
(BP1) 

Pip*  2 
<N?2) 

Pip*  1 
(NP3) 

Ml 

B 

B 

B 

ML 

B 

B 

L 

ILB 

B 

L 

B 

ILL 

B 

L 

L 

LM 

L 

B 

B 

UtL 

L 

B 

L 

ILB 

L 

L 

B 

LLL 

L 

L 

L 

U 

B 

B 

10 

IL 

B 

L 

11 

LB 

L 

B 

12 

LL 

L 

L 

13 

BHB 

B 

CIVM 

1* 

RVB 

B 

CIVEN 

15* 

RHV* 

B 

Kill 

GIVEN 

16 

LHI 

L 

17 

LVB 

L 

GIVEN 

18* 

LHW* 

L 

civnt 

CIVEN 

19* 

B * 

20* 

L* 

L 

21* 

BRB* 

B 

B 

GIVEN 

GIVEN 

22* 

U.3* 

a 

L 

GIVEN 

GIVEN 

23* 

LU* 

L 

B 

GIVEN 

CIVEN 

M« 

LL8* 

L 

L 

GIVEN 

CIVEN 

23 

MP  ‘ 

c £ 

B 

• C 

t c 

26 

K.P  " • 

c * 

L 

27 

LU 

B 

c 

28 

LLP 

1 

L 

*Th«aa  boundary  condition*  ara  not  uaad  tn  KVTRAN-I. 

Symbol *:  , , , , 

11V  lb  a dead  ■•ml  attenuator.  R Indicates  ' l-ud  o£  u pip*- 

B U a In- ll>'«  attenuator.  »B  indicates  constant  Pietro. 

P l*  a pump,  VB  Indicates  constant  velocity. 

1.  Indicates  left  end  of  a plj»e. 


ir>o 
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Table  2.  Capabilities  and  Limitations  of  HYTRAN  Program 


Item 

Improved 
•°  HYTRAN 

(Sperry  Rand) 

Mo.  of  pipes  o c 

c CO  C cOO  ° c „ t.  c c c 

.800  (HYTRAN- 1,  UNIVAC) 
750  (HYTRAN- I , CDC) 

600  (HYTRAN-A,  UNIVAC) 
500  (HYTRAN-A,  CDC) 

Mo.  of  Joints 

Same  as  No.  of  pipes 

No.  of  section  In  each  pipe 

A function  of  No.  of  pipes 
in  s particular  problem 

- 3000/NP1PE  (UNIVAC) 

- 2500/NPIPE  (CDC) 

NOTE:  The  remaining  items  are  for  HYTRAN-A  only. 

No.  of  Velocity  Excitation  functions 

12 

No.  of  Pressure  Excitation  functions 

1 

No.  of  data  points 

Velocity  Excitation 

650  (UNIVAC) 
800  (CDC) 

Pressure  Excitation 

650  (UNIVAC) 
800  (CDC) 

Mo.  of  time  increments  for 
calculations 

13,200  (UNIVAC) 
16,000  (CDC) 

No.  of  data  points  on  each  plot 

1000 

at  several  locations.  Then  with  the  electronic 
equipment  operating,  it  was  subjected  to  several 
shock  tests  in  each  of  the  three  orthogonal  axes 
[3].  Test  data  for  comparison  with  computed 
data  was  recorded  on  a tape  recorder  and  an 
oscillograph  recorder.  • • •-  ♦. 

n list  of  the  material  and  Inside  diameter 
of  each  piping  segment  is  tabulated  in  Table  3. 
Figure  10  is  the  mathematical  model  of  the  test 
unit  which  was  constructed  using  the  circuitry 
of  the  system  and  the  coordinate  system  defined 
in  Figures  6 and  7.  Examination  of  the  accel- 
■ erometer'readlngs  from  the  test  results  showed  c 
that  each  of  the  three  main  piping  levels'  exper-  c 
ience  about  the  same.accelerations  as  the  base 
of  the  cabinet.  Hence,  the  excitation  input 
at  the  base  of  the  cabinet  was  used  to  excite 
all  the  pipes  in  the  model. 

The  flexible  plastic  tube  runs  are  local- 
ized by  three  straight  segments.  Since  the 
HYTRAN  formulation  assumes  one  dimensional  flow, 
the  traveling  wave  water  jackets  of  the  electron 
tube  are  simulated  with  equivalent  cross  sec- 
tional area  pipes.  Further,  the  program  accepts 


only  one  modulus  of  elasticity  so  it  was  neces- 
sary to  modify  the  wall  thickness  of  the  plastic 
oipe  so  that  the  calculation  for  the  wave  veloc- 
ity would  equal  the  predicted  value. 

The  model  of  the  equipment  shown  in  Figure 
10  contained  several  pipes  with  a length  of  1.4 
feet.  The  maximum  ax  (Figure  2)  for  a 1.4  foot 
length  of  pipe  is  0.7  feet.  To  satisfy  ‘he 
stability  criteria  of  HYTRAN  a 1. 1 (Figure  2)  of 
0.00015  seconds  was  selected. 

Sample  plots  at  four  ’ocations  in  the  test 
system  are  presented  in  Figures  11  through  15. 
The  upper  part  of  Figure  11  shows  the  recorded  ° 
Accelerometer  Tading.  This  time  history  wgs 
numerically  integrated  to  form  the  velocity 
excitation  table  which  defined  the  motion  of 
the  pipes.  The  HYTRAN  computation  was  per- 
formed using  the  mathematical  model  of  Figure 
1C  -nd  u',rj  “ - him  «».ita- 

tion  to  excite  the  pipes.  Computed  results  are 
shown  in  Figures  11  through  15  superimposed  on 
the  measured  pressure  time  histories.  A compar- 
ison of  the  results  Indicates  good  correlation 
between  the  test  data  and  computed  results. 
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Figure  9.  Actual  Fluid  Loop 


Table  3.  Tube  Dimensions  and  Material  List  of  AM  Unit  202 


TUBE  NUMBERS 

MATERIAL 

TUBE  INSIDE  DIAMETER 

1,49 

Copper 

1.25" 

2,3,4,5,9,10,14,15,19,20,24,25,26, 

27,28,29,33,34,38,39,43,44 

Copper 

1.062” 

6,8,11,13,16,18,21,23,30,32,35,37, 

40,42,45,47 

Plastic 

0.487" 

7,12,17,22,31,36,41,46  (Simulated 
Traveling  Wave  Waterjackets  of  Electron 
Tube) 

Steel 

Simulated  with  0.866"  Pipe 

Note:  Steady  State  Flow  Rate  32  gpo 
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Where  the  minor  differences  between  test  and 
computed  data  exist,  they  could  be  due  to  the 
following  reasons: 

* Accuracy  of  the  test  instrumentation. 

* Negligence  Gf  the  viscous  effects  of 
the  fluid  in  the  basic  HYTRAN  formula- 
tion. As  discussed  by  OeArmond  and 
Rouleau  [9],  viscous  effects  may  be 
significant,  especially  If  frequencies 
are  high  or  pulse  lengths  short,  lead- 
ing to  attenuation  and  dispersion  of 
the  propagating  wave. 

* Negligence  of  the  elastic  effects  of 
the  pipes  (except  wave  velocity  calcu- 
lation) in  the  basic  HYTRAN  formulation. 

CONCLUSIONS 

Based  on  this  study.  It  can  be  concluded 
that  HYTRAN  provides  good  qualitative  results 
and  that  it  Is  a usable  engineering  tool  for 
hydraulic  transient  analyses  of  piping  systems 
subjected  to  external  excitation  (base  motion). 

LIST  OF  SYMBOLS 

A Cross  sectional  area  of  a pipe 
B Bulk  modulus  of  elasticity  of  the 
liquid 

C Wave  velocity  as  defined  by 

Equation  5 
C]  Constant 

0 Diameter  of  pipe 

E Modulus  of  elasticity  of  the  pipe 

wall  material 
e Plpewall  thickness 

f Friction  factor 

g Gravitational  acceleration 

x Distance  along  pipe  axis 

0 Density  of  liquid 

1 Subscript  referring  to  pipe  1 

2 Subscript  referring  to  pipe  2 

3 t ' Subscript  referring  to  pipe  3 
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DISCUSSION 


Mr.  Welch  (Westlnghouse  Electric  Corporation): 
How  can  private  companies  get  a copy  of  this 
HYTRAN  program? 

Hr;  Ten:  Anybody  who  la  Interested  In  this 

program  can  write  me  In  Sperry  or  call  the 

U. S.  Army  Corps  of  Engineers  In  Huntsville, 

AL.  Presently  this  program  Is  waiting  for 
the  CDC  and  Unlvac  Machines. 


Mr.  Welch:  I think  that  anyone  who  Is  dealing 

with  control  problems,  hydraulic  control 
problems,  or  hydraulic  power  problems  might 
find  this  program  of  some  use  to  them. 
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POPPING  MOTOR  ROME  SHOCK  DURING  FIRST  STAGE  SEPARATION 
Oft  POSETDON  MISSILE  FLIGHTS  0 


Lane  R.  Pendleton,  Research  Specialist 
and  Ralph  L.  Henrikson,  Sr.  Research  Engineer 
' Lockheed  Missiles  & Space  Company,  Inc. 
Sunnyvale,  California 


INTRODUCTION 

Shocks  as  large  as  34  g’s  peak-to-pcak  were 
measured  in  the  re-entry  bodies  during  first  stage 
separation  on  Poseidon  development  flights.  These 
shocks  occurred  between  fin  and  120  milliseconds 
after  second  stage  ignition,  and  excited  the  funda- 
mental longitudinal  modes  of  the  missile.  The 
significant  longitudinal  frequencies  were  In  a bawl 
between  35  and  12n  Ilz  with  little  response  above 
150  Hz.  The  problems  resulting  from  this  shock 
were  large  loads  on  the  re-entry  body  support  struc- 
ture and  severe  shock  environments  for  electronic 
and  hydraulic  packages  attached  to  the  aft  dome  of 
the  second  stage  motor.  The  analysis  effort  devoted 
to  this  anomaly  was  considered  successful  in  isolat- 
ing the  source  and  effecting  a suitable  design  change 
to  reduce  its  magnitude. 

FLIGHT  DATA 

During  the  C3X-fi  (sixth  Poseidon  development 
flight)  first  separation  event,  the  accelerometers  and 
vibration  transducers  located  In  the  three  Instru- 
mented re-entry  bodies  Indicated  a shock  response 
(hereafter  referred  to  as  "mystery  shock")  much 
higher  than  observed  on  previous  flights.  This 
shock  began  approximately  so  milliseconds  after, 
.second  ignitfort.  Since  all  missile  body  telemetry 
links  arc  normally  In  "blackout"  at  this  time,  the 
re-entry  body  data  was  the  onlv  data  initially  avail- 
able for  evaluation.  The  data  showed  the  mystery 
shock  magnitude  was  considerably  higher  than  any 
shock  predicted  for  first  separation/second  Ignition 
In  pre-flight  analytical  studies.  Subsequent  flights 
have  shown  that  this  shock  was  not  unique  to  C3.K-fi 
and.  in  fact  IJ  has  boon  observed  with  widely  varying  c 
amplitude  on  all  Poseidon  flights. 

c ° c = c cf 

An  extensive0 effort  was  Initiated  to  determine 
the  cause  of  this  shock.  The  first  and  most  impor- 
tant evidence  was  the  measured  flight  data.  The 
longitudinal,  lateral,  and  normal  acceleration-time 
histories  measured  near  the  re-entry  body  e.  g. 
during  a typical  development  flight  (C'lX-fi)  are 
shown  In  Fig.  1.  The  Initial  rcs|>onsc  (zero  seconds 
In  this  figure)  Is  caused  by  detonation  of  the  circum- 
ferential pyrotechnic  cord  around  the  Interstage 
which  severs  the  structural  connection  liotwccn  the 
first  and  second  stages.  During  the  next  50  milli- 
seconds the  two  stages  are  held  together  by  the 


thrust  tailoff  of  the  first  stage.  Then,  Increasing 
pressure  In  the  interstage,  due  to  gas  from  the  burn- 
ing second  stage,  pushes  the  two  stages  apart.  The 
resulting  rigid  body  acceleration  of  the  missile  can 
be  seen  In  Fig.  1.  It  reaches  a peak  of  5 g's  at 
approximately  fiO  milliseconds  after  second  stage 
Ignition.  The  mystery  shock  begins  at  30  milli- 
seconds. The  peak-to-peak  amplitude  on  this  flight 
In  the  longitudinal  direction  was  2fi  g's.  The  pre- 
dominant longitudinal  frequencies  are  35  ami  100  Hz. 
These  frequencies  agree  with  calculated  modal  fre- 
quencies at  this  flight  time.  The  measured  trans- 
verse frequencies  are  10  and  37  Hz  which  are  re- 
entry body  cantilever  modes. 


Fig.  1 - Re-entry  Ixslv  acceleration  data 
measured  during  the  C3v.fi  flight 

A larger  mystery  shock  occurred  on  C3X-3.  The 
re-entry  hotly  data  is  shown  In  Fig.  2.  The  peak-to- 
cpe.ok  amplitude  was  34  g's. c The  same  conclusions  as 
above  can  1)0  drawn.  Looking  at  Figs.  1 and  2.  the 
longitudinal  aeeeleraflon  response  Is  much  larger 
than  transverse,  leading  to  'he  conclusion  that  the 
force  which  causes  the  mystery  shock  arts  primarily 
In  the  longitudinal  direction. 

A drawing  of  the  Poseidon  missile  showing  loca- 
tions of  the  segments  discussed  In  this  report  is 
given  In  Fig.  3.  More  detail  of  the  Interstage  area 
during  the  second  Ignition  /first  separation  event  Is 
shown  In  Fig.  4. 

A statistical  comparison  of  the  mystery  shock 
magnitude  at  the  re-entrv  body  e.  g.  for  all 
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development  flights  where  data  was  obtained  is 
shown  In  Fig.  5.  The  maximum  peak-to-peak  long'- 
tudlnal  acceleration  measured  at  the  re-entry  body 
c.g.  was  chosen  as  the  statistical  variable  to  com- 
pare the  shock  magnitude  from  flight  to  flight.  Log- 
normal probability  paper  was  chosen  since  it  pro- 
duced the  least  curvature  in  the  array  of  data  points. 
It  is  evident  from  this  figure  that  there  is  a large 
variation  In  the  amplitude  from  flight  to  flight.  The 
peak-to-peak  amplitude  varied  from  2g’s  to  34  g's. 
The  projected  structural  load  resulting  from  this 
anomaly  based  on  100  flights  was  unacceptable.  The 
following  additional  evidence  was  exhibited  by  the 
flight  data: 

1.  No  correlation  was  found  between  the  shock 
magnitude  and  the  re-entry  body  position  or  the 
number  of  bodies  carried  on  a particular  flight. 

2.  No  correlation  was  found  between  the  amplitude 
of  this  shock  and  the  total  velocity  change  of  the 
missile  during  first  separation.  Therefore, 
the  anomalous  force-time  history  has  little  or 
no  net  Impulse. 


UttVIUl 


Instrumented  re-entry  body.  The  missile  body 
telemetry  links  had  a temporary  (approximately 
0. 14  second)  blackout  at  this  time  caused  by  ionized 
gases  from  the  second  stage  motor.  This  blackout 
completely  masked  the  mystery  shock  event.  During 
subsequent  flights  some  missile  data  was  obtained  by 
transmitting  through  a redundant  antenna  located 
within  the  re-entry  system  area  of  the  missile. 
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Fig.  4 - Gas  flow  during  first  separation 
after  eleven  Inches  of  travel 
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FI*.  2 - Re-entry  body  acceleration  data 
measured  during  the  C3X-S  flight 
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Fig.  3 - The  Poseidon  missile 

A logical  suspect  for  the  source  of  this  shock  is 
the  second  stage  motor  since  the  shock  occurs  during 
thrust  buildup.  Consequently  the  data  from  twentv- 
four  ground  test  firings  of  the  second  stage  motor 
were  carefully  examined  for  evidence  of  a mystery 
shock.  However,  no  Indication  of  a mystery  shock 
was  found  In  the  ground  test  data. 

On  the  first  six  flights  the  only  myr.larv  shock 
data  obtained  was  from  re-entrv  body  measurements. 
This  data  was  transmitted  Independently  from  each 
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Fig.  3 - Distribution  of  re-entry  body 
longitudinal  acceleration 

There  Is  a lesson  to  be  learned  from  this  experi- 
ence. Vnprcdteted  events  or  malfunctions  can  I* 
hi.!den  In  a very  brief  telemetry  blackout,  Delay  re- 
corders or  other  means  must  lie  used  to  fill  the  voids 
caused  bv  T/M  blackouts. 


ANALYTICAL  INVESTIGATION 


1.  Slippage  of  the  Gas  Generator 


In  order  to  help  isolate  the  source  of  this 
anomaly,  a mathematical  model  of  the  Poseidon  mis- 
sile was  used  In  an  attempt  to  duplicate  flight  data. 
The  mathematical  model  had  a total  of  123  degrees 
of  freedom  representing  the  missile  hodv  and  re- 
entry system  as  lumped  masses.  Forces  due  to  a 
^normal  separation  plus  forces  which  simulate  abnor- 
mal events  were  applied  to  the  model.  The  responses 
at  locations  of  interest  such  as  the  re-entry  bodies, 
equipment  section,  forward  and  aft  domes,  and 
nozzle  were  computed  for  each  case  considered. 

Then  the  computed  accelerations  were  compared 
with  flight  data  measured  at  the  same  location.  Not 
all  the  possible  causes  of  the  mystery  shock  consid- 
ered were  investigated  with  the  dynamic  model  since 
many  theories  could  be  eliminated  by  the  flight  data 
alone.  A sketch  of  the  structural  dynamic  model  is 
shown  in  Fig.  6.  The  boxes  represent  lumped 
masses.  Cylindrical  shell  portions  of  the  missile 
were  modeled  as  ring  shaped  elements.  The  pro- 
pellant was  represented  by  concentric  cylinders 
connected  by  shear  springs.  The  calculated  response 
at  the  re-entry  body  c.  g.  due  to  normal  ignition  and 
separation  forces  is  shown  in  Fig.  7.  The  measured 
re-entry  body  acceleration  from  a flight  with  a low 
mystery  shock  is  also  shown  for  comparison.  The 
Initial  response  shown  by  the  flight  data  but  not  by 
the  simulation  results  Is  due  to  forces  from  detona- 
tion of  the  pyrotechnic  separation  Joint.  These 
forces  were  not  included  in  the  input  to  the  dynamic 
model. 
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Fig.  0 - Mathematical  model  of  Poseidon  at 
second  ignition 
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Fig.  7 Computer  simulation  of  second  lgnltion/c° 
first  separation,  no  anomalies 

POSSIBLE  CAfSES  OF  THE  MYSTERY  SHOCK 

Many  theories  were  offered  In  an  attempt  to  ex- 
plain the  cause  of  the  mvstorv  shock.  The  following 
paragraphs  give  a brief  description  of  each  of  these 
theories  and  outline  the  analysis  which  leads  to  ac- 
cepting or  rejecting  each  hypothesis.  ' 
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A 3000  pound; T>  millisecond  terminal  sawtooth 
pulse  was  applied  to  the  base  frame  element  of  the 
dynamic  model  to  simulate  a loose  gas  generator 
Impacting  on  the  base  frame  (see  Fig.  3 for  gas 
generator  and  base  frame  locations).  The  calculated 
re-entry  body  response  Is  shown  In  Fig.  S.  The 
measured  re-entry  body  acceleration  data  from  the 
C3X-G  flight  js  also  shown;  It  Is  evident  that  the  % 
re-entry  body  responses  due  to  this  event  would  have 
been  considerably  below  those  measured  on  C3X-G. 
Therefore,  it  was  concluded  that  this  event  could  not 
have  caused  the  mystery  shock. 


Fig.  8 - Comparison  of  measured  data  and 
computer  simulation,  gas  generator 
slippage 

2.  Partial  Nozzle  Blockage 

To  determine  the  effect  of  a piece  of  propellant 
passing  through  the  second  singe  nozzle,  gas  dynamic 
simulations  were  represented  by  step  functions  of 
various  amplitudes  and  a duration  of  10  milliseconds. 
Blockages  of  GO,  3(1,  and  20  square  inches  were  con- 
sidered. The  momentary  blockage  results  in  a re- 
duction in  interstage  pressure  and  an  inerease  In 
chamber  pressure.  Thus,  the  resulting  second 
stage  acceleration  decreased  during  the  blockage  ami 
sharply  rose  once  the  throat  area  cleared,  loads  on 
the  second  stage  structure  resulting  from  this  phe- 
nomenon were  Input  to  the  structural  dynamic  model. 
The  rc-entrv  body  acceleratlor.-time  history  for  the 
3G  square  Inch  case  Is  showai  In  Fig.  !).  This  block- 
cage' size  produced  good  agreement  with  the  C3X-B 
flight  data.  Note  that  the  computed  response  com- 
pares well  with  the  data  both  in  magnitude  and  fre- 
quency distribution.  Other  information  however 
tends  to  discount  this  as  a possible  candidate:  (1)  no 
evidence  of  nozzle  blockage  has  been  recorded  during 
second  stage  static  firings,  and  (2)  there  would  have 
bepn  perturbations  in  the  chamber  pressure  If  this 
chad  occurred  during  flight;  Chamber  pressure  c 
measurements  did  not  Indicate  any  "perturbations'. 
Therefore,  thin  theory  was  also  eliminated.  e 

3,  First  Stage  Destruet  Charge  Detonation 

The  possibility  of  dislodging  the  first  stage  rle- 
struet  charge  and  its  subsequent  auto  detonation 
during  first  separation  was  examined.  The  destruet 
charge  consists  of  a detonator  block  and  a flexible 
linear  shaped  charge  (FI. SC)  which  are  attached  to 
the  first  stage  forward  dome  (see  Fig.  3), 
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Conservative  force-time  histories  acting  on  the 
second  stage  nozzle  and  aft  dome  due  to  this  event 
were  input  to  the  structural  dynamic  model.  The 
calculated  re-entry  body  responses  are  shown  In 
Fig.  10  along  with  the  C3X-fi  flight  data.  Since  the 
simulation  results  show  considerably  lower  acceler- 
ations than  measured  during  flight.  It  Is  concluded 
that  auto  detonation  of  the  destruct  charge  is  not  the 
cause  of  the  mystery  shock.  e 
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Fig.  9 - Comparison  of  measured  data  and 
computer  simulation,  partial 
nozzle  blockage 
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Fig.  10  - Comparison  of  measured  data  and 
computer  simulation,  detonation  of 
the  first  stage  destruct  charge 

4.  Choke  Plane  Shifts  ' 

Consideration  was  given  to  a possible  shifting  of 
choke  planes  during  the  first  separation  event.  A 
sketch  of  the  gas  flow  In  the  Interstage  during  the 
second  ignition/first  separation  event  Is  nhown  In 
Fig.  4.  Initially,  the  flow  chokes  between  the  nozzle 
exit  and  the  first  stage  forward  dome.  Choking  also 
occurs  at  the  separation  gap  in  the  Interstage  skin 
until  the  nozzle  clears  the  Interstage.  At  approxi- 
mately 4'  milliseconds  after  second  stage  ignition 
signal,  the  flow  between  the  nozzle  exit  and  first 
stage  dome  unchokes.  At  approximately  HO  milli- 
seconds. when  the  nozzle  has  just  cleared  the  Inter- 
stage, the  separation  gap  choke  plane  shifts  to  a 
plane  Ix'tween  the  nozzle  and  the  Interstage  skin.  It 
was  concluded  that  no  flow  disturbance  arose  from 
these  shifts  and  no  shift  was  occurring  at  the  time 
the  disturbance  was  recorded  in  flight.  Therefore, 
choke  plane  shifting  Is  not  considered  the  sourer  of 
the  perturbation  that  rrsults  in  the  mystery  shock. 


5.  Nozzle  Flow  Separation 

Flow  separation  occurs  In  the  second  stage 
nozzle  during  the  entire  first  separation  event.  The 
separation  point  moves  up  and  down  the  nozzle  In  a 
continuous  motion  during  the  event.  However  no 
mechanism  has  been  defined  that  would  result  In  a 
rapid  separation-point  shift  which  Is  necessary  to 
cause  a flow  disturbance  of  significant  magnitude. 
The  mystery  shock,  therefore,  cannot  be  attributed 
to  this  event. 

fi.  Rase  Frame  "Oil  Can" 

An  Investigation  was  conducted  to  determine 
whether  the  base  frame  (see  Fig.  3)  which  supports 
the  re-entry  bodies  could  "o‘l  can"  when  subjected 
to  first  separation  loads,  thus  producing  the  shock 
observed.  This  analysis  revealed  that  a 25  g static 
load  at  the  base  frame  Is  required  to  produce  this 
phenomenon.  Acceleration  measurements  do  not 
Indicate  more  than  7 g’s  prior  to  the  beginning  of 
the  mystery  shack,  thus  this  event  is  not  possible. 
The  lack  of  correlation  between  shock  magnitude  and 
re-entry  body  position  or  number  of  bodies  men- 
tioned earlier  also  discounts  this  theory. 

7.  Slippage  In  the  Missile  Field  Joints 

Impart  between  the  two  sides  of  a loose  forward 
skirt  adapter  - equipment  section  assembly  Joint 
was  also  considered  as  a possible  cause.  Since 
analyses  showed  that  the  entire  Joint  Is  always  In 
compression  throughout  the  flight  time  of  interest, 
this  event  cannot  occur.  The  same  conclusion  also 
applies  to  the  other  field  Joints. 

4.  Combustion  In  the  Interstage 

Another  theory  hi* Id  that  secondary  combustion 
could  oreur  In  the  interstage  due  to  fuel  rich  com- 
bustion gases  mixing  w ilh  air.  To  examine  this 
theory,  pressure  measurements  were  taken  in  the 
interstage  on  subsequent  flights.  No  sudden  rise  In 
Interstage  pressure  occurred  on  these  flights.  Also, 
this  phenomenon  would  produce  a significant  velocity 
Increase  which  was  not  reflected  In  the  missile  ac- 
celeration data.  Therefore,  this  theory  was 
discarded. 

it.  Interstage  Rupture 

Some  suggested  that  the  shock  resulted  from 
Interstage  rupture.  This  theory  Is  not  credible 
because  the  Interstage  was  designed  and  tested  to 
much  higher  pressures  than  those  measured  In  the 
Interstage.  Also,  Interstage  rupture  would  have 
resulted  in  a sudden  interstage  pressure  drop  and 
velocity  decrease  w hlrh  Is  contrary  to  the  measured 
data,  thus  eliminating  this  theory. 


It*.  Popping  Motor  Dome 

The  popping  motor  dome  theory  assumes  that 
prior  to  and  during  the  Initial  phase  of  the  seeoml 
stage  motor  ignition  process  l seal  Is  formed  In  the 
unlmnded  area  lietwocn  Ihe  propellant  flap  and  the 


aft  dome  Insulator  of  the  second  stage  motor.  Then'  ' 
the  seal  suddenly  releases  during  dome  expansion, 
allowing  gas  to  fill  the  gap  between  the  flap  and  in- 
sulator, resulting  in  a sudden  redistribution  of  the 
chamber  pressure  forces.  Illustrations  depicting 
the  positions  of  the  aft  dome  and  propellant  before 
arid  after  the  "pop"  are  shown  ineFig.  11.  The  pro- 
pellant is  not  bonded  to  the  aft  dome  because  the 
large  motion  of  the  dome  (1  inch)  during  motor  pres- 
surization would  result  in  large  propellant  strain. 
However,  to  prevent  propellant  burning  along  the  aft 
dome  a flap  is  bonded  to  the  propellant.  Thus,  there 
is  a gap  between  the  flap  and  the  aft  dome  insulator 
during  normal  motor  operation.  The  "pop”  occurs 
when  this  gap  is  suddenly  opened.  The  credibility  of 
this  theory  was  also  explored  with  the  structural 
dynamic  model.  The  resultant  forces  on  the  propel- 
lant and  aft  dome  that  were  used  to  simulate  this 
event  are  shown  in  Fig.  12.  The  propellant  force 
shown  in  this  figure  is  the  difference  between  the 
forward  acting  and  aft  acting  pressure  forces  on  the 
propellant.  The  forward  dome  forces  are  not  shown, 
hi  Fig.  13  the  computed  responses  are  compared 
with  C3X-6  flight  data  at  the  re-entry  body.  The 
agreement  in  magnitude  and  frequency  distribution  is 
excellent.  It  is  therefore  concluded  that  a "popping 
motor  dome"  is  capable  of  causing  the  mystery 
shock.  Additional  evidence  supporting  this  concept 
Included  the  following; 

a.  It  provides  an  explanation  for  the  absence 
of  a mystery  shock  during  static  motor 
firings.  A "popping  motor  dome"  Is  not 
likely  to  occur  during  static  firings  since 
there  is  no  Interstage  pressurization  or 
second  stage  acceleration  which  aids  the 
formation  of  the  seal. 

b.  The  shock  magnitude  can  lx1  changed  consid- 
erably from  that  shown  in  Fig.  1!  by  varying 
the  pressure  difference  between  the  forward 
and  aft  domes  when  the  seal  breaks,  thus 
nccounMng  for  the  differences  In  shock 
levels  from  flight  to  flight. 

1 c.  The  shock  from  a popping  motor  dome  would 
bo  primarily  longitudinal,  thus  agreeing 
with  the  measured  acceleration  data. 

d.  The  transverse  motion  can  lx?  generated  by 

assuming  that  the  introduction  of  chamber 
pressure  Into  the  aft  dome-propellant  cavity 
does  not  occur  symmetrically  about  the 
missile  Jongitudlnal  axis.  . e 

° ' ' „ ° 1 ( ■ <f  <£ 

c * ' c c c 

e.  No  velocity  change  results  from  a popping  '°  = 
dome  because  it  Is  lust  a redistribution  of  c 
pressure  forces  within  the  second  stage 
motor. 

f.  No  correlation  of  the  shock  amplitude  with 
the  numlx'r  of  ro-entrv  bodies  or  instru- 
mented body  position  would  lx1  expected. 

g.  No  perturbation  would  lx?  exported  In  the 
motor  chamber  pressure  because  the  Initial 
volume  change  due  to  filling  the  gap  between 
propellant  flap  and  dome  is  small  compared 
to  the  motor  volume  - less  thanil,  3 percent. 


f h.  And  finally,  we  would  not  expect  to  see  any 
perturbation  of  the  interstage  pressure, 
again  because  the  volume  change  of  the 
interstage  due  to  second  stage  dome  motion 
would  be  very  small. 


Fig.  11  - Aft  dome  of  second  stage  motor,  before 
and  after  popping  motor  dome 


Fig.  12  - Aft  dome  ami  propellant  forces  used 
to  calculate  the  popping  dome  shock 


Fig.  13  - Comparison  of  measured  data  and 
computer  simulation,  popping  motor  dome 
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The  popping  dome  theory  was  the  only  theory 
that  matched  the  flight  data  and  satisfied  all  the  addi- 
tional clues  from  the  flight  and  ground  test  data.  The 
theory  was  considered  sufficiently  credible  to  justify 
a design  change. 

DESIGN  CHANGE 

The  chosen  design  change  was  to  tnsert  a poly- 
propylene netting  between  the  aft  propellant  stress 
relief  flap  and  the  aft  dome  insulator  In  order  to  vent 
this  area  and  prevent  the  seal  from  forming.  The 
netting  has  eight  (.04  inch  diameter)  filaments  per 
Inch  In  a rectangular  mesh.  The  netting  has  a total 
thickness  of  . OS  inch  because  the  filaments  in  one 
direction  overlay  those  In  the  other  direction.  This 
netting  was  suggested  by  Hercules,  Inc.  (Hercules 
and  Thiokol,  A Joint  Venture,  Manufacture  the 
Poseidon  motors).  The  netting  is  attached  to  the  aft 
dome  Insulator  in  the  gap  shown  in  Fig.  11.  This 
netting  was  Included  In  the  second  stage  motor  for  all 
Poseidon  missiles  beginning  with  the  twenty-first 
flight. 

A statistical  comparison  of  the  shock  magnitude 
measured  at  the  re-entry  body  c.g,  for  all  Poseidon 
flights  where  data  Is  available  is  shown  in  Fig,  14. 
This  data  was  divided  into  two  populations:  first, 
the  Initial  twenty  fliKhts  (data  was  obtained  on 
eighteen  of  these)  which  were  manufactured  before 
the  design  change  was  Insta'led;  and,  second,  all 
flights  after  the  Initial  twenty.  These  motors  all  in- 
cluded the  plastic  netting. 


R can  be  seen  from  Fig.  14  that  significantly 
lower  shock  levels  were  measured  after  the  design 
change.  Also,  the  variation  from  flight  to  flight  was 
much  smaller.  The  fact  that  the  shock  amplitude 
was  significantly  reduced  by  the  netting  demonstrates 
that  popping  dome  was  the  cause  of  the  mystery 
shock.  Thus  we  were  successful  In  determining  the 
cause  of  the  shock  and  in  making  a design  change  ,, 
that  reduced  the  amplitude.  The  loads  and  package 
environments  based  on  the  data  measured  on  flights 
after  the  design  change  are  acceptable  for  Poseidon 
missile  design. 


CONCLUDING  COMMENT 


Popping  dome  shock  Is  a potential  problem  for 
any  missile  which  uses  solid  propellant  motors. 
Motor  cases  are  frequently  made  of  fiberglass  or 
similar  materials  which  experience  large  growth 
during  motor  Ignition  and  pressurization.  Motor 
dome  growths  of  an  Inch  or  more  are  common.  If 
the  propellant  Is  bonded  to  the  dome,  large  bond 
stresses  and  large  propellant  strain  results.  The 
design  solution  most  often  used  Is  to  not  bond  the 
propellant  to  the  dome  which  allows  a gap  between 
the  dome  and  propellant  when  the  motor  Is  operating. 
This  design  solution  can  result  In  a "popping  dome” 
shock.  This  paper  described  one  approach  which 
was  successful  In  reducing  the  shock  amplitude. 


1 At  O*  Ac  Mnti  r»  »,  M »<  » *T 


Fig.  14  - Distribution  of  re-entry  laxly  longitudinal 
acceleration 
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DISCUSSION 


,Mr.  McWhlrter  (Sandla  Laboratories) : I noticed 

that  you  still  had  several  shocks  that  were  of 
quite  an  amplitude,  did  the  netting  fail  to  com- 
pletely prevent  bonding  between  the  two  surfaces 
or  ia  there  some  other  reason  that  it  popped? 

Mr.  Pendleton:  We  feel  it  could  be  further  re- 

duced by  putting  in  a thicker  netting.  We  used  0 
roughly  a 1/10  inch  netting  and  we  think  that 
during  the  long  time  period  between  when  the 
missile  is  built  and  when  it  is  flown,  the  flap 
and  the  Insulator  can  press  down  and  form  a 
partial  seal  so  that  we  think  a thicker  netting 
would  reduce  it  even  further. 

Mr.  Sanders  (Rockwell  International) : Where 

were  your  measurements  made  in  the  missile? 

Mr.  Pendleton:  The  measurement^  were  made  at 

the  reentry  body  c.g  in  the  missile,  and  we 
used  that  as  our  primary  comparison  because 
It  was  the  only  location  that  was  available 
on  all  flights.  We  compared  that  location  even 
though  we  had  data  at  other  points  in  the  mis- 
ile.  We  had  a particular  troublesome  problem 
too  in  that  a telemetry  blackout  during  second 
ignition  just  coincided  with  the  time  of  the 
shock,  so  had  It  not  been  for  the  reentry  data, 
that  did  not  get  blacked  out  in  this  time 
Interval,  we  would  never  have  discovered  it. 

Mr.  Sanders:  How  did  you  conclude  that  you  had 

not  changed  the  transfer  function  by  this 
technique,  that  is  pressurization  of  the  aft 
dome,  and  hence  affecting  your  data,  rather  than 
changing  the  source  of  the  energy? 

Mr.  Pendleton:  I presume  that  you  are  suggesting 

that  the  force  comes  through  the  aft  dome  somehow 
to  the  propellant  In  this  area. 

Mr.  Sanders:  Possibly  yes. 

Mr.  Pendleton:  If  this  area  were  actually  open 

as  it  is  supposed  to  be  during  this  Interval, 
there  wouldn't  be  any  way  for  the  force  to  get 
carried  across  that  Interface  so  that,  in  either 
case,  If  shock  got  across  the  Interface,  it 
would  mean  that  the  gap  was  not  opening  as  it 
was  supposed  to. 

Mr.  Cles  (RCA) ! Did  the  time  histories  change 
with  the  netting,  or  did  the  peak  to  peak 
amplitude  juat  reduce  in  that  time  area? 

■ C f ° O * 3 C " <-■  ‘ ‘ ' ■ C • ' ' c ' 

Hr.  Pendleton:  Did  you-say  the  time  interval?  c 

c e C o C C ° 

Mr.  Cles:  Tea,  the  time  history.  You  showed 

the  peaks  for  that  0.1  second  duration;  did 
they  decrease  in  that  area  or  did  the  complete 
time  history  change? 

Mr.  Pendleton;  The  frequencies  stayed  primarily 
the  same  because  they  were  the  structural 
frequencies  of  the  reentry  body  that  we  were 
exciting,  so  the  frequency  stayed  primarily  the 
same  and  the  amplitude  dropped. 
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SCALING  OF  WATER  IMPACT  DATA  FOR  SPACE 
> SHUTTLE  SOLID  ROCKET  BOOSTER 


R.  Madden  and  H.A.  Wright 
Bolt  Beranek  and  Newman  Inc. 
Cambridge,  Massachusetts  02138 

and 

D.A.  Kross 

NASA  —Marshall  Space  Flight  Center 
Huntsville,  Alabama 


A combined  analytical  and  experimental  program  13  performed  In 
order  to  analyze  the  water  Impact  environment  on  the  space  shuttle 
solid  rocket  booster  (SRB).  The  analytical  studies  are  Intended  to 
Identify  the  nondlmenslonal  parameters  that  are  principal  contributors 
to  the  loading  of  the  vehicle  and  thus  to  provide  techniques  for  extra- 
polation from  small-scale  models  to  full-size  vehicles.  The  experimental 
program  Is  then  conducted  to  verify  the  analysis  and  to  indicate  those 
parameters  which  require  more  sophisticated  scaling. 

Tests  are  conducted  on  a 6-ln. -diameter  rigid  model  and  on  12-in. - 
diameter  rigid  and  flexible  models.  The  tests  consisted  of  dropping  the 
models  at  various  impact  velocities  and  at  various  entry  angles  without 
pressure  scaling.  The  test  results  are  analyzed  to  determine  axial  and 
pitch  acceleration,  penetration  depth,  and  slapdown  pressure  as  a function 
of  Impact  velocity. 


NOMENCLATURE 
A - area 

A0  - nc/.zle  exit  area 

- extension al  .wave  speed 
D - diameter 

E - Young's  modulus 

F - force 

g - acceleration  due  to  gravity 
h - sklr.  thickness 
' h„  “ vr;‘- ‘-“r  height  c 

I - pitch  moment  of  Inertia 
k - process  exponent 
K - constant 
E(i  - nozzle  length 

- typical  1 1 r.e , n 
n - mass 

P - pressure 

P#  - ambient  air  pressure 
r - rad! al  c or  1 ! nato 


..  • !•  thr  at  l'i  1 ! us 
tio.:.:le  exit  radius 
t In.- 

Velio-  lly 

Impact  ve it  city 
'•■,r-rl  In  ite 
exp-  rent 

angular  coordinate 
kinematic  viscosity 
density  cvf  water 
frequency 


SUBSCRIPTS 

in  - Mode  1 
p - prototype 


INTRODUCTION 


This  study  1 
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\ Is  decelerated  by  parachutes  and/or 
retro-rockets,  and  finally  lbnds  in 
water.  Preliminary  Investigations  of 
these  water  Impact  loads  indicate  that 
they  contribute  substantially  to  the 
mechanical  design  of  the  booster. 

a o ? Performing  water  lrfpact  - tests  bn  a * 
full-scale  vehicle  is  impractical  be- 
cause of  the  costs  and  time  Involved 
in  constructing  and  testing  a full- 
scale  structure.  The  most  feasible 
approach  is  to  investigate  existing 
theories  for  water  entry  and  then  to 
perform  a number  of  tests  on  scale- 

■ model  SRB's,  thereby  establishing  ap- 
propriate scaling  relationships.  The 
loads  on  the  full-scale  vehicle  nay 
then  be  estimated  by  extrapolating  the 
data  fron  the  scale-model  tests. 

The  present  program  is  composed  of 
three  phases.  In  the  first  phase, 
existing  theoretical  scaling  laws  are 
investigated  for  both  rigid  body  and 
flexible  tody  dynamics.  In  the  second 
phase  of  the  program,  one  6-ln . -diameter 
model  and  two  12-in-diameter  models  are 
constructed  fron  a tentative  solid 
rocket  booster  configuration.  The  12- 
ln. -diameter  models  have  different  wall 
thicknesses  in  order  to  Illustrate 
flexibility  effects.  The  models  are 
instrumented  with  pressure  sensors  and 
accelerometers.  In  the  third  phase, 
drop  tests  lr.  the  nozzlo-f Irst  entry 
configuration  are  conducted  at  various 
impact  velocities.  High-speed  photo- 
graphs are  taken  of  the  drops. 


' Qualitatively,  the  following  phases 
of  motion  are  likely:  ~ ; c: 

1.  Initial  impaot  stage.  This  stage 
begins  with  the  time  of  initial  water 
contact  and  terminates  at  the  onset  of 
cavity  formation.  • 

c * c e *■  0 c° 

2.  Sulmergenae  stage.  This  stafce  be- 
gins with  formation  of  the  cavity  and 

terminates  at  maximum  submergence;  i.e., 
the  vertical  velocity  is  zero. 

3.  Rebound  stage.  This  stage  covers 
the  vehicle's  motion  from  the  maximum 
submergence  stage  through  resurfacing, 
slapdown,  ar.d  final  settling  in  the 
water. 

In  the  following  sections,  simpli- 
fied mathematical  models  of  the  physics 
of  water  impact  during  each  of  the  above 
phases  are  presented.  These  analyses 
give  insight  Into  those  parameters 
which  ought  to  enter  into  a dimensional 
analysis  that  will  allow  the  extrapola- 
tion of  data  from  a 3cale-model  experi- 
ment to  the  prototype  (see,  for  example. 
Refs.  1 and  2).  The  quantities  of  in- 
terest are  assumed  to  be  the  vector 
acceleration  of  the  center  of  ir.ass  of 
the  vehicle  and  the  fluid  pressure  ex- 
erted at  various  points  on  the  skin  of 
the  vehicle. 


Rigid  Body  Scaling 

Initial  impujt 


This  paper  presents  the  theoretical 
analysis,  a discussion  of  the  models 
and  the  measurement  scheme,  and  the 
results  of  the  model  tests. 


Analysis  of  scaling  parameters 

The  model  studies  of  water  impact  , 
on  the  SRb  during  reentry  are  aimed 
primarily  at  extrapolating  experimental 
observations  on  models  of  different 
3c.ale.  Since  the  physical  system  Is 
c extremely  complex,  the  analyses  pre- 
sented" Jiero  are  not  rlgorous'J  ho  we  Very 
‘they  provide  a qualltatlyecund%r- 
standinf;  of  various  phenomena  and"  serve 
to  indicate  the  primary  scaling  para- 
.-meters. In  this  section,  the  various 
phases  of  water  impact  are  reviewed, 
arid  the  dimensionless  groups  which 
appear  to  be  Important  during  each 
phase  are  presented.  Although  entries 
other  than  vertical  ones  can  be  ex- 
pected for  the  actual  DRii,  this  theo- 
retical discussion  Is  restricted  to 
vertical  entry. 


During  the  initial  impact  stage, 
the  nozzle  becomes  filled  with  water 
which  exerts  pressure  on  the  nozzle  and 
thus  decelerates  the  entire  vehicle. 

Dene  Insight  into  the  forces  on  the 
nozzle  during  this  phase  may  be  obtained 
from  ai,  extremely  simp VI fled  steady  flow 
analys 1 s . 

Assuming  a vertical  entry  condi- 
tion, the  force  on  the  nozzle  is  given 

by 
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FIG.  1.  MODELS  FOR  THE  INITIAL  PHASE 
OF  WATER  IMPACT 

The  prppsure  at  any  point  in  the 
nozzle  may  be  related  to  the  initial 
velocity  by  Bernoulli's  equation  and 
the  continuity  equation  as  follows: 

/VJ 

P(x)  - p#(-J 

and 


v-v.  fr)- 

where 

V and  A are  the  velocity  and  area , 
respectively , at  some  position  x. 
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V is  the  impact  velocity, 

A Is  the  nozzle  exit  area, 

0 

p is  the  density  of  water, 

0 

R is  the  radius  of  the  nozzle  at 
its  exit. 


If  the  force  is  transformed  to  accelera- 
tion, then  two  additional  dimensionless 
groups  appear: 


where  m is  the  mass  of  the  nozzle. 
Therefore , 
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data  analysis  section. 


Sui  me  rye  >:ce  date 

Submergence  should  be  controlled 
by  two  physical  factors:  buoyancy  and 

compression  of  the  gas  inside  the  model 
cavity.  Two  extremely  simple  mathe- 
matical models  will  be  used  to  bound  the 
behavior  of  a rigid  model  during  the 
submergence  stage.  The  first  model  as- 
sumes that  the  vehicle  is  a solid  cy- 
linder and  that  the  important  forces 
are  gravity  and  buoyancy.  The  second 
model  assumes  that  the  vehicle  is  a 
cylinder  that  is  closed  at  one  end  and 
open  at  the  other  end  which  contacts 
the  water.  In  this  model,  the  forces 
represented  are  a result  of  compression 
of  the  gas  In  the  vehicle  and  gravity. 
The  actual  vehicle  should  be  controlled 
by  some  combination  of  the  forces  uti- 
lized In  these  two  models.  These  two 
models  are  also  illustrated  in  Fig.  1. 

Buoyancy  model 

The  differential  equation  appli- 
cable to  the  solid  cylinder  (see  Fig. 
lb)  Impacting  the  water  is  given  by 

mx  = mg  - p 0 gxA  , (5) 

where 

m is  the  mass  of  the  cylinder, 
x Is  the  penetration  depth, 
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g is  the  acceleration  due  to  gravity 

o0  is  the  density  of  water 

A is  the  cylinder  are?. 

When  tills  differential  equation  is 
solved  with  the  conditions  that  the 
initial  velocity  is  V0  and  the  initial 
penetration  is  aero,  the  following  re- 
sult is  given: 

)fc* 

0 

(6) 
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Therefore,  the  Important  nondimens ional 
parameters  are 


K 


<VUo 


and  I,  Is  a typical  dimension  of  the 
vehicle.  Note  that  for  geometrically 
scaled  models  A = const  il . Therefore, 
for  the  submergence  stage,  a buoyancy 
model  may  be  represented  bj 


x 
'•  0 


PoAiO 


(7) 


juj  sompecaaion  node. 

The  gas  compression  model  is  re- 
resented  by  a cylinder  which  is  open 
t one  end  and  closed  at  the  other.  As 
shown  in  Fig.  1c,  it  is  assumed  that  the 
open  end  impacts  the  water  first.  It 
will  be  assumed  that  the  gas  in  the 
open-ended  vehicle  is  compressed  ac- 
cording to  some  arbitrary  process, 
which  is  defined  by 

h y 

1‘  - (.1  - t— 5 "p  , 


or 
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P = 1 “ * l~  » 17  <<  • 


(3) 


nidi 
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= 0, 


( x-h  ) 
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Is  the  hviglit  of  water  inside  the 
V'-nljl-  as  measured  from  the 
loft::,  of  the  vehicle, 


The  differential  equation  appli- 
cable to  the  model  is 

mx  = ( P B - P ) A + mg  . (10) 

These  equations  may  be  nondirensi on- 
alized  to  give  the  same  parameters  as 
obtained  from  Eq.  (7)  plus  the  addi- 
tional parameter. 


which  is  the  pressure-scaling  parameter. 
This  parameter  indicates  that  when 
scale-model  tests  are  performed,  the 
atmospheric  pressure  should  be  scaled 
linearly  with  model  size. 

Unbound  stage 

During  the  rebound  stage,  the  in- 
stability of  the  vertical  motion  causes 
the  craft  to  lean  over  and  eventually 
lie  flat  or.  the  surface  of  the  water. 

In  addition  to  the  parameters  listed 
previously,  I,  the  rotary  moment  of 
inertia  of  craft  about  an  axis  perpendi- 
cular to  the  axis  of  symmetry,  is  of 
importance.  [I„  ' m/2 ( £ B/C+r5 ) under 

the  assumption  that  the  craft  is  a 
cylinder.]  This  introduces  a .new  non- 
dimensional  parameter,  I„/r.A? . 

Flexible  Body  Scaling 

The  previous  analyses  rest  on  the 
assumption  of  rigid-body  motion.  The 
Justification  of  this  assumption  clearly 
depends  on  the  speed  with  which  energy 
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is  a function  of  these  two  parameters 
and  of  the  forcing  frequency,  which  is 
a dependent  variable  here. 


In  order  to  consider  flexibility 
effects,  two  more  non-dimensional  para- 
meters are  required: 


During  the  slapdcwn  and  rebound  phases, 
the  representative  bending  frequency  w 
of  the  vehicle  will  also  be  of  im- 
portance. This  adds  one  more  dimension- 
less group: 
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the  pitch  moment  of  inertia  is 


which  may  be  recognized  as  the  Strouhal 
number,  S.  The  bending  frequencies  u 
of  the  vehicle  may  be  further  reduced 
to 


to 


Under  the  assumption  of  geometric 
and  material  similarity  and  Froude 
scaling,  the  equations  of  impact  re- 
duce to 


x 


*1 


(11) 


MODEL  CONSTRUCTION  AND  INSTRUMENTATION 

Three  aluminum  models  arc  con- 
structed for  the  program.  The  models 
are  geometrically  scaled  with  respect 
to  overall  size,  weight,  center  of 
gravity,  and  pitch  moment  cf  inertia. 

The  models  have  different  wall  thick- 
nesses in  order  to  evaluate  the  effects 
of  flexibility  on  impact  loads.  How- 
ever, the  wall  thickness  and,  therefore, 
the  flexibility  parameter  are  not 
scaled.  The  following  sections  discuss 
the  construction  of  the  models  and  the 
instrumentation  used  to  measure  and  re- 
cord accelerations  and  pressures  at 
various  points  on  the  models. 


1 


P 


3b00  lb  -in . 2 . 


SRB  MODELS 


FIG.  2.  SRB  MODELS 

1 - in.  -diane  ter  models 

The  12-in . -diameter  models  are 
shown  in  Fig.  2.  Each  model  body  is 
constructed  from  two  cylindrical  shells. 


Model  Construction 

C-in. -diameter  models 

The  6-in . -diameter  model  is  shown 
in  Fig.  2.  The  body  of  the  model  is 
made  from  a single  aluminum  cylinder 
(51.5-in.  long,  6.25-in.  ID,  0.062-in. 
wall  thickness)  with  three  fitted  bulk- 
heads. The  bulkheads  provided  stiff 
platforms  on  which  the  Instruments  and 
ballast  weights  are  placed. 

The  nozzle  (0 . 080-in, -thick 
aluminum)  is  welded  to  the  bottom  bulk- 
head. The  nose  cone  (.O^O-ln.  alumi- 
num.) Is  secured  by  screws  to  the  model 
body.  All  junctions  and  screwholes  are 
sealed  with  RTV  732  sealant. 

A 1/2-in. -ID  copper  tube,  held  by 
rubber  bushings  in  the  two  upper  bulk- 
heads, is  used  to  collect  the  data 
cables  from  the  sensors.  A l^-lead 
flexible  flat  ribbon  cable  is  used  to 
transmit  the  data  from  the  model  to  the 
on-ground  recording  equipment.  With 
ballast  weights,  the  mociel's  center  of 
gravity  is  26.3  in.  below  the  nose 
cone  base,  its  weight  is  12.2  lb,  and 


Three  bulkheads,  supported  in 
stiffening  shells,  are  used  as  Instru- 
mentation and  ballast  platforms.  The 
thickness  of  the  shells  is  0.062  in. 
for  the  thick-walled  model  and  0.031 
In.  for  the  thin-walled  model. 

As  in  the  6-in. -diameter  model,  a 
1/2-in.  pipe,  held  through  rubber  bush- 
ings lii  tiie  bulkheads,  is  used  to  col- 
lect the  data  wires  from  the  different 
sensors  and  transmit  them  to  the  main 
data  cable.  All  joints  and  screwholes 
are  sealed  with  RTV. 7 32  sealant.  With 
ballast  weights,  both  models'  center 
of  gravity  is  52.6  in.  below  the  nose 
cone  base,  their  weight  is  97  lbs,  and 
the  pitch  Inertia  Is 

I = 108,800  lb  -In.2  . 
p m 


Model  Instrumentation 

Two  types  of  sensors  are  used  In 
the  tests:  the  BBN  376M  pressure  sen- 

sor and  the  BBN  501  accelerometer.  The 
pressure  sensors  measured  the  water 
pressure  on  the  side  of  the  models  and 
the  internal  pressure  Inside  the  model. 
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The  accelerometers  measured  the  axial, 
pitch,  and  roll  acceleration  at  loca- 
tions shown  in  Fig.  2. 

Figure  3 is  a block  diagram  of  the 
data  acquisition  and  playback  system. 
The  376M  pressure  sensors  are  cali- 
brated in  air  and  under  water.  The 
underwater  calibration  consisted  of 
comparing  the  376m  response  to  that  of 
a calibrated  hydrophone.  It  is  found 
that  the  376M  sensitivity  under  water 
is  approximately  the  same  as  in  air. 


MG.  3.  DATA  ACQUISITION  AND  PLAYBACK 
BLOCK  DIAGRAM 


EXPERIMENTAL  ANALYSIS 

The  majority  of  the  drop  tests  for 
this  program  are  conducted  in  a 33  ft  x 
22  ft  * l1!  ft  deep  water  tank.  All 
drops  are  for  the  tail-first  entry  con- 
figuration. 

The  testing  program  consisted  of 
fi0  drop:;  of  th«  ^-in . -diameter  model 
and  79  drops  of  tnt  12-in. -diameter 
models  for  a total  of  119  tests.  The 
12-in . -diameter  model  drops  Included 
96  drops  of  the  rigid  model  and  13 
drops  of  the  thin  skin  model.  Impact 
velocities  of  7*9,  12,  16,  and  22.7  fps 
are  tested  in  the  6-in . -diameter  model 
program;  velocities  of  11.2,  17,  and 
22. C fps  are  used  in  the  12-ln.- 


diameter  model  program. 

This  section  Includes  curves  for 
scaling  axial  acceleration  at  water 
impact,  maximum  penetration  depth,  pene- 
tration depth  as  a function  of  time, 
surface  pressure,  and  pitch  accelera- 
tions at  slapdown.  However,  the  scatter 
in  the  slapdown  data  is  so  great  that 
a large  amount  of  data  Is  required  to 
give  statistical  significance  to  a 
scaling  law.  The  curves  do,  neverthe- 
less, illustrate  the  effects  of  vary- 
ing model  flexibility  on  resultant  loads 
and  response. 

All  data  in  the  next  five  sections 
refer  to  a vertical  entry  condition. 
Typical  data  for  nonvertical  entry  are 
presented  in  the  section  entitled  "Non- 
vertical Entry."  Results  are  presented 
in  dimensional  form  or  in  dimensionless 
form  in  cases  where  this  form  appeared 
to  collapse  the  data. 

Data  are  recorded  with  a bandwidth 
of  approximately  2 kHz;  however,  these 
wideband  data  exhibited  an  extreme 
amount  of  scatter.  Therefore,  we  fil- 
tered our  data  to  50  Hz  low  pass  in 
order  to  reduce  scatter  resulting  from 
statistical  variability  and  to  eliminate 
misleading  intense  responses  resulting 
from  mechanical  resonances  of  the  in- 
strumentation or  mounting. 


Axial  Acceleration 

Figure  ha  shows  axial  acceleration 
as  a function  of  Impact  velocity  for 
the  6-  and  12-in.  models.  The  figure 
is  a composite  of  all  observed  peak 
axial  accelerations  and  includes  data 
from  both  mid-model  and  nozzle  positions. 
The  extremum  of  the  data  is  shown  by  a 
vertical  line  and  the  mean  by  either  a 
circle  or  cross.  No  discernible  dif- 
ference is  found  in  axial  acceleration 
between  mid-model  and  nozzle  stations 
nor  between  rigid  and  flexible  models. 
This  result  is  to  be  expected,  since 
even  "flexible"  models  are  very  stiff 
axially.  There  was,  however,  a pro- 
nounced difference  between  the  6-in. 
and  12-In.  model  results. 

Figure  hb  shows  the  same  data 
further  collapsed  through  the  use  of  an 
impact  parameter  which  is  composed  of 
both  the  Froude  and  ..cldc  numbers 
(VVgD)5/5  (VD/v)J//6,  where  v is  the 
kinematic  fiscoslty.  This  technique, 
which  has  been  previously  used  (Ref.  3) 
in  hydroballistic  modeling,  appears  to 
be  quite  appropriate  for  water  entry  of 
the  space  shuttle  solid  rocket  booster. 
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FIG.  5.  MAXIMUM  PENETRATION  AS  A 

FUNCTION  OF  IMPACT  VELOCITY 


FIG.  4a.  MAXIMUM  AXIAL  ACCELERATION 
DURING  WATER  IMPACT 


FIG.  4b.  MAXIMUM  AXIAL  ACCELERATION 
AT  WATER  IMPACT 


Penetration  Characteristics 

Figure  5 presents  the  maximum  pene- 
tration of  the  C-  and  12-in.  diameter 
models  as  a function  of  impact  velocity. 
The  12-in. -diameter  model  gives  a con- 
stant nondimensional  penetration  as  a 
function  of  velocity;  whereas  in  the 
6-in . -diameter  model,  nondimensional 
penetration  increases  with  velocity. 

The  results,  similar  to  those  for  axial 
acceleration,  show  that  vehicle  flexi- 
bility did  not  contribute  to  the  value 
of  maximum  penetration.  The  nondimen- 
sional penetration  is  divided  by  the 
sixth  root  of  the  Froude  number  to  col- 
lapse the  penetration  as  a function  of 
time  data.  The  one-sixth  power  is 
similar  to  that  required  to  nondimension- 
alize  the  axial  accelerations. 

Since  the  two  models  differ  by  only 
10  percent  at  the  highest  velocities 
and  since  the  trend  appears  to  be  a de- 
creasing penetration  as  a function  of 
vehicle  size,  it  is  tentatively  assumed 
that  the  12-in . -diameter  results  will 
apply  to  larger  scale  models.  Note  that 
these  curves  do  not  include  the  effects 
of  pressure  scaling,  and  that,  conse- 
quently, penetration  of  larger  models 
may  be  underestimated  by  as  much  as 
20  percent. 

The  nondimensional  model  pene- 
tration as  a function  of  time  is  pre- 
sented in  Fig.  6. Time  is  normalized 

with  respect  to  /g/D,  and  the  data  are 
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multiplied  by  the  sixth  power  of  the 
Froude  number  to  compact  them  further. 
This  figure  is  a composite  of  the  6-in.- 
diameter  and  12-in . -d.  ameter  model  test 
results  as  taken  from  nigh-speed  photo- 
graphs of  the  penetration. 


Surface  Pressure 

Figure  7 presents  surface  pressure 
as  a function  of  penetration  depth 
based  on  hydrostatic  pressure  considera- 
tions. Analysis  of  data  taken  during 
the  test  program  showed  that  this  is 
the  appropriate  relationship  for  surface 
pressures  during  near-vertical  water 
entry.  This  figure  may  be  used  in  con- 
junction with  Fig.  6 to  obtain  surface 
pressure  distributions  over  tne  model 
as  a function  of  time  during  near- 
vertical water  entry. 


FIG.  6.  NORMALIZED  PENETRATION  AS  A 
FUNCTION  OF  TIME 

Raw  data  points  are  shown  on  the 
figure  in  addition  to  a curve  which 
encompasses  all  the  data  points.  From 
the  figure,  it  can  be  noted  that  during 
the  initial  penetration  phase,  up  until 
maximum  penetration,  the  scatter  in  the 
data  when  plotted  against  the  coordin- 
ates chosen  is  minimal.  Maximum  pene- 
tration occurs  at  approximately  the 
same  nondimensional  time  for  all  tests; 
however,  there  is  a slight  tendency 
for  the  higher  velocity  models  to  reach 
maximum  penetration  at  a later  non- 
dimensional  time.  As  indicated  on  the 
figure,  the  spread  in  data  is  much 
greater  following  maximum  penetration, 
in  addition,  the  higher  velocity  models 
require  more  nondimensional  time  to 
resurface.  It  is  well  to  remember, 
however,  that  the  time  nondimensiona- 
llzation  contains  the  Froude  number, 
thus  distorting  th'e  time  scale.  If 
data  are  plotted  in  real  time,  it  would 
become  clear  that  the  higher  velocity 
models  reach  maximum  penetration  earlier 
arid.  In  addition,  resurface  earlier. 


FIG.  7.  SURFACE  PRESSURE  AS  A FUNCTION 
OF  PENETRATION 

Maximum  Pitch  Acceleration  at  Slapdown 

Figure  8a  shows  the  maximum  pitch 
acceleration  observed  at  the  top  sensor 
position  for  the  l?-in. -diameter  model. 
Median  points  and  extension  are  shown 
for  both  0.062-in.  and  0.032-in.  wall 
thickness  models.  The  top  station  shows 
the  largest  acceleration  forces  during 
slapdown  as  well  as  the  largest  scatter 
in  the  experimental  data.  It  is  found 
that  the  "rigid"  (0.062  in.)  model 
underwent  peak  slapdown  accelerations 
which  are  virtually  independent  of  im- 
pact velocity  and  which  are  of  a mag- 
nitude of  about  21  g's.  Although  the 
data  are  not  shown  in  Fig.  8a,  the  mid- 
model and  bottom  stations  were  also 
subjected  to  peak  pitch  accelerations 
that  were  virtually  independent  of  im- 
pact velocity  but  of  a much  lower  level 
(7  and  ^ g's,  respectively). 
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If  "rigid"  (0.062  in.)  and 
"flexible"  (0.032  in.)  accelerations 
are  compared,  a large  decrease  in  ac- 
celeration as  a result  of  flexibility 
is  found.  Because  of  the  wide  scatter 
bands  observed  (even  though  50-Hz 
filtering  was  used),  it  is  difficult 
to  conclude  that  flexibility  decreased 
peak  pitch  accelerations,  although  this 
is  suggested  by  the  data. 

Figure  8b  shows  peak  pitch 
acceleration  at  the  mid-station  for 
12-in. -diameter  models.  A great  amount 
of  scatter  is  found  in  the  data.  Pitch 
acceleration  measurements  at  the  mid- 
and  bottom  stations  showed  virtually 
no  statistically  significant  difference 
between  models  of  differing  flexibility 


FIG.  8a.  PEAK  PITCH  ACCELERATION 
12-IN.  MODEL  TOP 


since  the  loading  functions  differ 
considerably.  For  example,  the  loading 
function  in  Ref.  k is  nearly  constant 
over  a buckle  wavelength  during  the 
time  required  to  buckle;  whereas, 
during  slapdown,  the  pressure  pulse 
propagates  along  the  vehicle  but  is 
short  compared  to  a buckle  wavelength. 


O 3 70  IS  20  23 

IMPACT  VELOCITY,  »•/ i«c 


FIG.  8b.  PEAK  PITCH  ACCELERATION, 
12- IN . -DIAMETER  MODEL, 
MIDSTATION 


Model  Damage 

Drop  tests  of  the  6-  and  12-in. - 
diameter  models  with  0.062-in.  wall 
thickness  did  not  result  in  any  visible 
damage  to  the  models.  The  12-in. - 
diameter  model  with  0.031-in.  wall 
thickness  was,  however,  damaged  during 
the  slapdown  phase  of  the  first  test 
and  during  each  subsequent  test.  The 
damage  appeared  in  the  form  of  a buckle 
in  the  cylindrical  section  of  the  model 
between  the  centroid  arid  the  nose  cone 
as  shown  in  Fig.  9>  This  type  of 
buckling  is  characteristic  of  cylinders 
loaded  for  a duration  which  Is  long  com- 
pared to  the  shell  response  time  (quasi- 
static  pressure)  as  pointed  out  in  Ref. 

H . Although  a qualitative  comparison 
with  the  results  of  Ref.  can  be  made, 
a direct  comparison  is  not  possible. 


FIG.  9.  BUCKLE  DAMAGr  TO  12-IN. - 
DIAMETER  0 . 03 1 -I N . -TH ICK 
MODEL  RESULTING  FROM  SLAPDOWN 
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In  light  of  the  previous  state- 
ments, extrapolation  of  model  damage  to 
full-scale  structure  damage  would  be 
somewhat  questionable  and  will  not  be 
attempted  at  this  time.  Further  in- 
vestigation should,  however,  lead  to  a 
method  for  extrapolation. 


Nonvertical  Entry 

The  principal  differences  between 
vertical  and  nonvertical  water  impact 
are  that  the  penetration  decreases 
with  Increasing  deviation  from  the 
vertical  axis  and  that  for  angles 
greater  than  10°  a pressure  pulse 
travels  up  the  length  of  the  vehicle 
during  the  primary  slapdown  phase. 
Figures  10  and  11  illustrate  these 
trends.  The  data  presented  were  ob- 
tained by  MASA  on  a 12 .5-in .-diameter 
model  similar  to  the  one  previously 
discussed . 


FIG.  10.  PENETRATION  DEPTH  AS  A 

FUNCTION  OF  IMPACT  ANGLE 
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FIG.  11.  MAXIMUM  SLAPDOWN  PRESSURE  AS 
A FUNCTION  OF  IMPACT  VELOCITY 


Figure  10  presents  penetration 
depth  normalized  by  vehicle  diameter  as 
a function  of  Impact  angle  for  angles 
of  10°,  20°,  and  30°  from  the  vertical 
and  two  vertical  entry  velocities.  The 
curve  shows  a linear  decrease  in  pene- 
tration depth  with  Impact  angle.  The 
data  are  weakly  dependent  on  impact 
velocity  (i.e.,  a factor  of  2.25  in- 
crease in  Froude  number  increases 
penetration  depth  by  less  than  10  per- 
cent). The  curves  are  not  normalized 
with  respect  to  Froude  number  as  pre- 
viously done,  since  increases  in  im- 
pact angle  attenuate  the  dependence  on 
Impact  velocity,  and  normalization  with 
respect  to  Froude  number  does  not  com- 
pact the  data.  It  should  be  noted  that 
these  data  are  typical  only  for  the 
models  under  test  and  that  modifications 
to  the  model  will  result  in  appreciable 
changes  in  absolute  magnitude  of  the 
normalized  penetration.  However,  the 
decreased  penetration  with  increased 
Impact  angle  will  persist. 

Figure  11  presents  the  maximum 
pressure  recorded  along  the  '..cel  for 
the  12 .5-in. -diameter  model  as  a func- 
tion of  vertical  impact  velocity.  The 
two  curves  present  data  for  impact 
angles  of  27c  and  17°  from  the  vertical 
axis.  The  significant  features  of  the 
data  are  that  the  maximum  pressure  is 
virtually  independent  of  impact  velo- 
city and  heavily  dependent  on  impact 
angle . 


CONCLUDING  REMARKS 

The  present  study  consisted  of  a 
theoretical  analysis  of  those  para- 
meters which  should  be  important  in 
scaling  water  impact  data  and  an 
experimental  program  in  which  models 
of  6-  and  12-In. -diameter  were  con- 
structed and  tested  for  comparison 
with  the  proposed  scaling  laws.  Two 
12-in . -diameter  models  were  constructed, 
one  with  walls  twice  as  thick  as  the 
other,  in  order  to  determine  what  effect 
model  flexibility  had  on  the  resulting 
data.  The  major  conclusions  derived 
from  the  study  are  as  follows: 

1.  Although  simple  theory  pre- 
dicts that  all  parameters  should  scale 
with  the  Froude  number,  axial  accelera- 
tions appear  to  scale  better  with  a 
parameter  compose'4  of  both  the  Froude 
and  Reynolds  numbers. 

2.  Pitch  acceleration  is  virtually 
independent  of  impact  velocity  for  the 
rigid  models. 
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3.  Flexibility  effects  are  r.ot 
evident  in  the  results  for  axial  ac- 
celeration and  penetration  depths. 
However,  although  there  were  wide  scat- 
ter bands,  more  flexible  models  appear 
to  experience  significantly  less  pitch 
acceleration  during  slapdowr.  and  re- 
bound. ‘ ■ ’ ! ' . ' 

. Changes  in  Impact  angle  are 
much  more  significant  to  slapdowr. 
pressures  and  to  penetration  depth  than 
are  changes  in  impact  velocity. 
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Equation  sets  arc  described  for  the  Transient  Sweep  Algorithm,  and 
the  algorithm  performance  is  demonstrated.  The  algorithm  identifies 
optimum  parameters  of  a transient  sweep  for  generating  specified 
shock  spectra.  The  specified  spectra  are  expressed  as  logarithmic 
linear  magnitude- versus  - frequency  test  envelopes  of  arbitrary  slopes, 
and  two  such  spectra  are  required  in  order  to  control  both  the  magni- 
tude and  duration  of  the  excitation.  A general  class  of  excitations  is 
reduced  to  an  equation  set  form  incorporating  the  transient  sweep 
parameters  in  a vector.  A mathematical  representation  is  assigned 
to  the  particular  form  of  shock  spectra  used  in  this  paper,  and  an  as  yet 
unpublished  and  efficient  numerical  integration  algorithm  is  described 
for  determining  oscillator  response  via  a step  size  that  varies  only 
with  sweep  frequency.  A specific  error  criterion  function  and  gradient 
vector  are  identified  to  permit  the  application  of  a general  purpose 
optimization  technique  known  as  the  deflected  gradient  method.  Three 
demonstration  cases  are  explained  and  evaluated  to  exhibit  algorithm 
performance  and  to  show  that  the  algorithm  does  generate  optimum 
transient  sweep  parameters.  Criteria  are  presented  in  graphical 
form  for  estimating  initial  values  of  the  parameters.  A practical  and 
pertinent  conclusion  of  the  tabulated  results  is  that  the  set  of  optimum 
parameters,  in  conjunction  with  the  sweep  duration,  constitute  a com- 
plete excitation  description  for  implementation  on  a vibration  test 
machine. 


INTRODUCTION 

An  optimum  set  of  transient  sweep  excita- 
tion parameters  are  identified  in  this  paper  for 
generating  response  (shock)  spectra  that  match 
shock  spectra  specifications  [1,2].  The  param- 
eter identification  is  accomplished  by  an  algo- 
rithm that  applies  a general  purpose  optimiza- 
tion technique  known  as  the  deflected  gradient 
method.  The  algorithm  generation  of  these 
optimum  transient  sweep  parameters  is  func- 
tionally described  in  terms  of  overall  equations 
in  block  diagram  form  and  is  also  portrayed  by 
a simple  programming  flow  chart.  The  par- 
ticular equations  described  are  those  used  in 
the  algorithm  to  define  the  specified  response 
spectra,  the  transient  sweep  excitation,  and 
the  response  spectra  resulting  from  this  exci- 
tation. The  performance  of  the  algorithm  can 
be  seen  from  the  results  of  three  demonstra- 
tion cases. 


The  computer  algorithm  represents  a 
practical  nonlinear  application  of  the  deflected 
gradient  method  [3.-1]  since  the  specified  re- 
sponse spectra  arc  indicative  of  actual  vibra- 
tion test  conditions.  The  optimization  involves 
minimizing  an  error  criterion  function  that  ex- 
presses a weighted  squared  difference  between 
the  specified  response  spectra  and  those  gen- 
erated by  the  transient  sweep  excitation.  The 
specified  spectra  are  expressed  as  logarithmic 
linear  magnitudc-versus-frequency  test  enve- 
lopes of  arbitrary  slope.  Two  shock  spectra 
arc  specified  in  order  to  control  both  the  mag- 
nitude and  duration  of  the  transient  sweep  exci- 
tation. The  excitation  is  expressed  in  terms  of 
four  parameters  that  arc  iteratively  adjusted 
within  the  algorithm  until  their  optimum  values 
are  attained.  The  excitation  is  chosen  from  a 
class  of  time  domain  functions  ]g(t)  - 
A(t)  sin  0(t)}.  The  system  being  excited  is 
modeled  by  the  classical  collection  of  tuned 
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oscillators  (i.  e. . single  degree-of- freedom 
systems)  inherent  in  the  definition  of  shock 
spectra. 

Thv-  paper  is  presented  in  three  technical 
sections  following  a section  that  states  the  prob- 
lem being  addressed.  The  first  technical  sec- 
tion shows  the  approach  adopted  to  determine 
the  optimum  set  of  transient  sweep  parameters 
by  means  of  a computer  algorithm.  Various 
equation  sets  called  for  in  the  blocks  of  the  com- 
puter algorithm  are  described  in  the  next  sec- 
tion. Descriptions  and  results  of  three  demon- 
stration cases  are  provided  in  the  final  technical 
section.  A summary  of  the  findings  of  these 
three  sections  is  then  presented  to  conclude  the 
paper. 

STATEMENT  OF  THE  PROBLEM 

The  problem  addressed  by  this  paper  is  the 
determination  of  a time  domain  excitation  that 
generates  specified  response  spectra  (i.e. , 
shock  spectra).  Determining  excitation  from 
maximized  response  spectra,  when  the  system 
being  excited  is  represented  by  a collection  of 
oscillators,  is  a problem  of  considerable  inter- 
est to  environmental  experts  and  is  often  re- 
ferred to  as  the  inverse  shock  spectra  problem 
[5-101.  A general  unique  inverse  has  been 
shown  (o  be  unsolvable  [7],  but  with  application 
of  certain  constraints  the  inverse  will  be  shown 
to  be  accomplished  by  means  of  a computational 
algorithm. 

The  inverse  Shock  Spectra  Concept 

The  inverse  shock  spectra  concept  is  illus- 
trated schematically  in  Fig.  1.  which  shows  a 
collection  of  single  degree-of- freedom  (spring- 
mass-damper)  oscillators  attached  to  a plat- 
form. All  of  the  oscillators  have  the  same 
damping  factor  tj,  but  their  natural  frequencies 
Wj  increase  from  left  to  right.  The  entire  plat- 
form is  given  a single  acceleration  excitation 
g(t),  and  the  acceleration  response  time  history 
x:(t)  of  each  oscillator  is  shown.  The  maximum 
of  each  of  these  responses  is  then  selected. 

The  shock  spectrum  (SS)  generated  by  the 
application  of  the  particular  excitation  to  a bank 
of  osrillators  is  then  plotted  directly  above  the 
platform.  It  is  a plot  of  the  response  maxima 
Xj(t)  max  versus  the  oscillator  natural  frequency 
c,j.  Only  the  discrete  frequencies  are  plotted, 
but  it  is  customary  to  connect  the  points  by  a 
continuous  curve,  as  represented  by  the  dashed 
lines.  Mathematically,  the  response  may  be 
expressed  as 

SS(u,C,g)M  max  'x(t , w,  t.,  g)  | (t) 

0 < t < <o 

Figure  I shows  the  specified  or  desired 
shoe  k speitrum  superimposed  over  the  gener- 
ated shock  spectrum  as  a solid  tine.  The  prob- 
lem is  to  select  g(t)  such  that  the  generated 
spectrum  approaches  the  specified  spectrum 
within  a suitable  measure. 


ACCELERATION  RESPONSE 


Fig.  I - Shock  spectra  schematic 

The  selection  of  g(t)  may  be  accomplished 
by  identifying  key  parameters  of  a time  domain 
inverse  shock  spectrum  representation  for  a 
special  class  of  excitation  functions  and  then 
adjusting  these  parameters  until  the  spectra 
comparison  is  satisfied.  The  designated  class 
of  functions  is  {g(t)  - A(t)  sin  0(t)},  which  is  a 
rapid  sine  sweep  of  time  varying  magnitude. 
This  form  of  excitation  represents  a wide  range 
of  real  environments.  The  parameters  are 
mathematically  contained  in  a vector  designated 
5.  which  will  be  defined  later. 

The  spectra  comparison  is  refined  further 
if  a second  shock  spectrum  is  specified  for 
control  of  both  the  magnitude  and  the  duration 
of  the  excitation.  This  significance  may  be 
explained  as  follows. 

If  a different  common  damping  factor  were 
assigned  to  the  collection  of  oscillators  and  the 
platform  of  Fig.  1 were  again  excited  by  the 
same  g(t),  a different  set  of  response  maxima 
would  result.  For  example,  if  lighter  damping 
42  existed  all  maxima  would  tend  to  increase. 
The  relationship  of  the  second  generated  shock 
spectrum  to  the  first  is  pertinent  to  the  accom- 
plishment df  the  complete  inverse  shock  spec- 
tra [6.  10,  l'l]. 

Dividing  the  second  shock  spectrum  (i.  e.  . 
pertaining  to  point  by  point,  by  the  first 
yields  a shock  spectra  ratio  that  serves  as  an 
additional  constraint  as  it  provides  a measure 
of  the  filtration  of  the  transient  sweep  excita- 
tion. This  may  be  intuitively  realized  since 
under  steady-state  conditions  the  ratio  will  be 
large  and  under  impact  conditions  it  will  be 
small,  while  for  genera!  environments  the  ratio 
will  be  somewhere  between  the  two  extremes. 
The  value  of  the  second  specified  shock  speflra 
is  that,  given  the  ratio  of  the  shock  spectra^,  the 
duration  of  the  excitation  is  thereby  controlled. 
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The  approach  adopted  in  this  paper  utilizes 
this  second  shock  spectrum  (or  ratio)  thereby 
controlling  both  the  magnitude  and  duration  of 
g(t). 

Optimization  Algorithm  Implementation 

The  problem  is  extended  to  the  implemen- 
tation of  the  spectra  comparison  and  g(t)  selec- 
tion. This  implementation  is  accomplished  via 
a general  purpose  optimization  algorithm.  This 
process  emphasizes  the  deflected  gradient  [3.4) 
approach  (also  called  the  Fletcher-Powell 
method)  in  a discrete  form.  The  basic  concept 
of  tlie  discrete  deflected  gradient  method  is  to 
iteratively  adjust  parameters  of  a mathemati- 
cal function  acting  along  lines  parallel  to  a 
local  search  vector  (i.e.  , the  deflected  gra- 
dient) until  the  function  minimum  is  achieved. 
Each  search  vector  is  orthogonal  to  others 
previously  determined  during  the  iterative  pro- 
cedure. The  mathematical  function  represents 
?.  root  squared  percentage  difference  between 
given  or  specified  shock  spectra  and  computed 
or  response  spectra  from  the  excitation  g(t). 

The  application  involves  a nonlinearity  that 
arises  via  the  transcendental  nature  of  g(t)  and 
the  maximization  process  inherent  in  shock 
spectra. 

APPROACH  UTILIZING  THE  DEFLECTED 
GRADIENT  ALGORITHM 

The  application  of  the  deflected  gradient 
method  to  the  generation  of  optimum  transient 
sweep  parameters  will  be  accomplished  via  a 
computerized  algorithm.  The  algorithm  is 
portrayed  in  this  section  in  terms  of  overall 
equations  in  block  diagram  form  an  1 also  by  a 
simple  programming  flow  chart. 

General  Description  of  the  Transient 
■Sweep  Algorithm 

The  desired  general  form  of  the  algorithm 
is  shown  in  Fig.  2.  It  is  entitled  The  Transient 
Sweep  Algorithm.  All  of  the  basic  ingredients 
are  represented  in  the  figure,  e.  g.  , starting 
estimates,  various  individual  calculations,  the 
iterative  nature,  and  stopping  criteria.  In  es- 
sence, the  figure  suggests  that  a transient 
sweep  excitation  g from  a designated  class  of 
functions  is  used  to  generate  maximum  re- 
sponse spectra  SS,  which  in  turn  are  compared 
to  specified  shock  spectra  SSr.  An  error 
criterion  function  E and  gradient  vector  VE, 
resulting  from  the  comparison,  are  operated 
on  by  the  deflected  gradient  methodology  to 
drive  the  adjustable  parameters  7>  to  their  opti- 
mum values  (i.  e.  , such  that  a user  selected 
stop  criterion  is  satisfied).  Equation  sets  of 
the  upper  four  blocks  in  Fig.  2 are  summarized 
in  the  next  section.  Functions  of  each  of  the 
figure  blocks  and  symbols  are  described  in  de- 
tail in  Ref.  f t !. 


Program  Flow  Cliarl 

A simple  computer  program  flow  chart  of 
the  algorithm  is  shown  in  Fig.  3.  This  figure 
emphasizes  the  deflected  gradient  methodology 
by  elaborating  on  the  lower  right-hand  blocks 
of  Fig.  2 and  compressing  the  upper  four  blocks 
of  Fig.  c into  steps  2 or  5.  The  steps  of  Fig.  3, 
which  are  well  documented  in  the  literature  [3, 
4,  12],  may  be  summarized  as  follows. 

Figure  3 highlights  the  iterative  determi- 
nation of  a search  direction  vector  S and  step 
length  or  gain  ;i  along  that  direction.  The  gra- 
dient vector  7F.  in  Fig.  3 is  mocli fled  by  a posi- 
tive definite  ^matrix,  denoted  H,  resulting  in  S. 
The  matrix  H is  iteratively  computed  via  con- 
secutive values  of  the  parameter  and  gradient 
vectors.  The  scalar  gain  p is  determined  by  a 
procedure  that  leads  to  a minimum  value  of 
E(3]<)  along  the  k^1  search  direction  S^.  The 
procedure  is  Davidon's  [13]  cubic  interpolation 
method,  which  relics  on  interpolation  between 
ok  and  a trial  value  of  n^. 

An  essential  step  to  the  utilization  of  the 
deflected  gradient  is  the  definition  of  the  error 
criterion  function  and  associated  gradient 
vector  (for  use  in  steps  2 and  a).  This  is  ac- 
complished in  the  next  section. 

ALGORITHM  EQUATION  SETS 

Functions  to  be  performed  by  the  upper 
lour  blocks  of  Fig.  2 are  expressed  in  equation 
form  in  this  section.  These  four  blocks  are 
particularly  pertinent  because  they  represent 
the  ingredients  and  the  composite  of  the  error 
criterion  function  and  gradient  vector  required 
for  steps  2 and  5 of  Fig.  3. 


Specified  Shock  Spectra  Equations 

Shock  spectra  specifications,  which  are 
generally  presented  in  graphic  form  [ 5 1,  must 
be  translated  into  equation  form  in  order  to  be 
amenable  to  the  algorithm.  These  specifica- 
tions are  generally  presented  in  logarithmic 
scales  for  both  the  ordinate  and  abscissa.  The 
particular  specifications  of  interest  are 
restricted  to  those  corresponding  to  two 
straight-line  log-log  plots  representing  either 
two  shock  spectra  (i.e.  , one  for  each  of  two 
damping  factors)  or  a shock  spectrum  for  a 
given  damping  factor  and  its  ratio  to  a second 
shock  spectrum  for  anotho  r damping  factor. 
Further  generalization  to  include  multiple 
straight  line  segments  or  notches  in  the  speci- 
fied shock  spectra  would  involve  major  revi- 
sions to  the  algorithm:  e.g.,  greater  number 
of  adjustable  parameters,  different  expressions 
for  the  sweep  amplitude  and  argument,  or 
reinitialization  during  midsweep. 
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Fir.  2 - Transient  Sweep  Algorithm  block  diagram 


Fir.  1 - Simplified  deflected  gradient 
nroRram  flow  chart 

Figure  I illnsf rate's  a linear  logarithmic 
shock  spectrum  with  appropriate  notation.  The 
ordinate  is  the  natural  loRarithm  of  the  shock 
spectrum  maRnitnde,  expressed  In  SS(f,  ?,)  or 
shortened  to  In  SS  for  convenience.  The  SS  is 
expressed  as  a function  of  frequency  f,  rather 


than  circular  frequency  w,  as  indicated  earlier: 
this  is  easily  accounted  for  by  scalinp.  The 
abscissa  is  the  natural  logarithm  of  frequency 
In  f.  The  beginning  and  ending  points  on  the 
plot  are  indicated  as  SSD,  fQ  anti  SSm,  fm. 

The  subscripts  o and  m correspond  to  the  orig- 
inal and  maximum  frequencies  and  shock  spec- 
trum magnitudes  at  these  frequencies.  The 
subscript  m is  not  intended  to  reflect  maximum 
or  minimum  magnitudes:  line  slope  will 
nahi rally  account  for  that. 


In  SS(f,  ;i 


Fig.  d - I. inear  logarithmic  shock 
sped  rum 
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The  following  equation  provides  the  desired 
analytical  expression  of  the  specified  shock 
spectrum  shown  in  Fig.  -I: 

,,,N 

ssss“fe) 

where 

In  (SS  /SS  ) 

■ m o 

1 in  (f  / 7~) 
m o 

The  required  input  data  would  be  the  end  point 
values.  A discretized  form  is  readily  obtained 
by  setting  f = fj  where  j represents  the  jth 
frequency. 

When  the  reference  shock  spectra  ratio  p 
appears  as  a straight  line  on  a log-log  plot, 
the  procedure  to  express  this  analytically  is 
the  same  as  that  just  described.  The  result- 
ing equations  are  analogous  to  Fqs.  (2)  and  (1) 
with  p replacing  SS. 

Transient  Sweep  Excitation 

The  general  class  of  excitations  functions 
{g(tl  A(tl  sin  0 (t)}  also  needs  to  be  reduced 
to  an  equation  set  form  for  incorporation  into 
the  Transient  Sweep  Algorithm.  This  is 
accomplished  by  means  of  the  vector  o’  con- 
taining four  adjustable  elements  designated  a, 

[1,  II,  y.  The  elements  constitute  extensions 
of  classical  forms  ll*l]  of  the  time  varying 
sweep  amplitude  A(t)  and  time  varying  sweep 
argument  Oft).  Both  generalized  and 
restricted  forms  of  the  equation  set  are  pre- 
sented. The  restrictions  pertain  to  reduction 
of  the  general  form  to  the  classical  special 
case  forms . 

Generalized  Forms.  The  generalized  expres- 
sions for  Aft)  were  obtained  from  the  follosving 
equation  set: 


(2) 


(3) 


d (In  Aft)) 
d (In  f<t)) 


P,  A(0)  a,  f(OI 


(da  I 


d fft) 
dt 


R f(t)v 


(4b) 


-j-'-  2*-  fft),  0(0)  0.  (4c) 

The  development  of  these  forms  and  their  solu- 
tions (used  in  the  algorithm)  are  provided  in 
Ref.  I t I. 

A subtle  feature  of  the  transient  sweep 
excitation  used  in  this  paper  is  that  it  permits 
control  of  the  sweep  du  ration.  Often,  in  tests, 
the  sweep  duration  is  arbitrarily  selected. 

I'he  expressions  for  f and  0 are  shown  in 
Ref.  I I I to  yield  the  time  to  accomplish  the 


sweep.  For  thi*  general  case,  solving  Kq.  (4b) 
for  time  t yields  the  sweep  duration  when  an 
upper  bound  on  the  frequency  is  given,  i.e.  , 


t 


f'-V  . f'-v 


111 O 

R (1  - \) 


who  re 

t total  sweep  time 
s 


•y  z 1 (3) 


t maximum  frequency  to  be  achieved 

Restricted  Forms.  It  is  pertinent  that  the  inte- 
grated solutions  of  Fqs.  (4)  take  on  special 
forms  corresponding  to  the  values  of  p and  y. 
Three  frequency  sweep  methods  (i.  e.  , linear, 
exponential,  and  original  transient)  are  his- 
torically common  [6,  14,  15]  and  are  there- 
fore included.  Each  of  these  may  be  described 
by  adoption  of  specific  values  for  p or  y:  each 
is  subsequently  accounted  for  in  the  Transient 
Sweep  Algorithm . The  y/ method  relationships 
are  linear,  \ - 0:  exponential , y - 1;  and 
original  transient,  y ■ 2.  Also,  in  the  histori- 
cal usage  of  all  three  of  these  midhods,  the 
sweep  amplitude  was  generally  held  constant. 
This  is.  accomplished  when  p - 0. 

The  general  form  reduces  to  the  linear 
frequency  sweep  when  parameter  y = 0.  This 
reduction  pertains  to  both  Fqs.  (4)  and  sweep 
duration  in  Eq.  (5) 

Setting  y ■ 1 obtains  the  exponential 
frequency  sweep  form.  Solving  Eq . (4b)  for  t, 
after  setting  y - 1,  provides  the  sweep  dura- 
tion tor  the  exponential,  i.e.  , 


The  significance  of  the  exponential  frequency 
sweep  is  that  it  is  intended  to  spend  an  equal 
amount  of  time  passing  through  each  oscillator 
bandwidth  during  the  sweep. 


Setting  y ~ 2 yields  the  frequency  sweep 
form  originally  intended  to  simulate  near 
pulse  conditions.  Solving  Eq.  (4b)  for  t,  after 
setting  y ' 2,  yields  the  sweep  duration  for  the 
original  transient  sweep  duration: 


t 

s 


1 

f 

ni 


(7) 


Equation  (7)  has  some  interesting  side- 
lights. First,  it  can  yield  an  approximate 
sweep  duration  estimate  that  is  ossentiallv 
independent  of  fm  when  fm  •"•  f0  (e.  g.  , f0  .5  Hz, 
f,n  2000  Hz,  which  are  vibration  test  stan- 
dards), i.  e.  , 
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_ 1 

~ r7; 


(8) 


Also,  the  sweep  time  indicated  by  Eq.  (7)  rep- 
resents the  duration  associated  with  maintain- 
ing a constant  number  of  cycles  while  passing 
through  the  bandwidth  of  any  oscillator  excited 
during  the  sweep. 

The  insight  gained  from  these  special  case 
sidelights  proved  to  be  valuable  during  the 
algorithm  verification  process:  o.g.,  greater 
sweep  times  were  expected  to  correspond  to 
cases  for  y a;  1 than  for  y«2, 

Generated  Shock  Spectra  Determination 

A mathematical  representation  is  assigned 
to  the  particular  form  of  generated  shock  spec- 
tra and  ratio  used  in  this  paper.  Determination 
of  the  oscillator  response  requires  solution  of 
the  assigned  differential  equation  for  accelera- 
tion by  means  of  integration.  The  integrand  is 
a function  of  the  individual  oscillator  frequen- 
cies and  the  frequency  associated  with  the 
transient  sweep  (the  latter  inherently  covers  a 
broad  range  of  frequencies).  For  numerical 
integration,  it  is  desirable,  for  numerical 
stability,  to  have  the  integration  step  size  inde- 
pendent of  the  oscillator  frequency.  An  inte- 
gration algorithm  is  described  below  which 
achieves  this  independence:  the  integration  step 
sizes  are  adjusted  so  that  they  vary  only  with 
sweep  frequency. 

Shock  Spectra  Equations.  Two  primary  equa- 
tions serve  to  describe  the  oscillator  response. 
First  is  the  differential  equation  of  motion 
treated  below,  and  second  is  the  maximizing 
equation  given  in  Eq.  (1). 

The  differential  equation  generally  refers 
to  various  means  of  application  of  the  excita- 
tion or  to  various  response  parameters,  i.  e.  , 
relative  or  absolute  values  of  response  motion 
in  terms  of  displacement,  velocity,  or  accel- 
eration. The  situation  treated  in  this  paper  is 
the  application  of  excitation  to  a simple  oscilla- 
tor by  means  of  base  motion.  Absolute  accel- 
eration is  selected  as  the  parameter  of  interest 
since  most  shock  and  vibration  specifications 
are  in  terms  of  acceleration  units.  The  classi- 
cal equation  of  motion  associated  with  the 
relative  motion  r is  1 14] 


r t 2f,wr  + w r -g 


(9) 


and  the  absolute  acceleration  x for  use  in 
Eq.  (I)  may  be  obtained  by  numerical  integra- 
tion of  Eq.  (9)  and  substitution  into  the  follow- 
ing equation  [ i 4 I: 


1'he  ratio  between  two  shock  spectra  (cor- 
responding to  two  fixed  damping  factors  and 
is  expressed  as 

SS(w,  t,2,  g) 

P (“.  C,.  S2.  fii  = SS(w,  g)  • * *>2 

(ID 

Integration  Algorithm.  Determination  of  the 
oscillator  response  requires  solution  of  the 
differential  equation  for  r by  means  of  integra- 
tion. The  integrand  involved  will  be  a function 
of  the  oscillator  frequency  and  the  frequency 
associated  with  the  transient  sweep,  which 
inherently  covers  a broad  range  of  frequen- 
cies. An  approach  to  achieve  integration  step 
size  independent  the  oscillator  frequency 
will  be  generally  desc.ibed  in  the  following 
paragraphs.  A detailed  derivation  is  provided 
in  Ref.  It].  This  algorithm  is  as  yet  unpub- 
lished in  the  technical  community  but  has  been 
shown  to  be  efficient  [ 1 , 2,  17  J. 

The  solution  to  Eq.  (1)  will  be  obtained  by 
means  of  state  variable  techniques.  These 
techniques  require  that  Eq.  (9)  be  rewritten 
in  matrix  fir3t  order  form  as  follows: 


Y(t)  = AY (t)  > U(t),  Y(0)  - Y0 


(12) 


where 


Y(t)  - 


r(t) 


U(t> 


(Ha) 


L— **  -2i-. 


(lib) 


U(t) 


0 1 


- B ft) 


(lie) 


The  known  solution  to  Eq.  (12)  is  [16,  1 ° J 


Y (t) 


At  T7 

o 


■f 

•'o 


eA(t*  r)F(r)d, 


(14) 


- 2r,wf  - w“r 


(10) 


The  method  of  determining  r and  r will  be 
described  after  tin-  formulation  of  the  shock 
spectra  ratio  p . 


Note  that  the  integrand  oA  T l'(-r)  is  a 
function  of  both  the  oscillator  frequency  w 
entering  through  A and_the  transient  sweep 
frequency  implied  by  U (rl.  If  a step  size  At 
is  introduced  by  substitution  of  t l At  in 
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Eq.  tl-1)  and  the  excitation  U (r)  is  restricted 
to  the  linear  form: 


l’<r>  l'(tt  4 U(t  4 At)  - U(t)  (15) 

Ul 


then  Eq.  (N)  may  bo  shown  It.  17  | as 

V(t  4 At)  t| Y (t)  + M,  U(t)  + M2 


M,(At) 


ipc  - IPS 

W 

I) 


— IPS 

“’n 


IPS 


IPC 


IPS 


L 


(-2) 


U (t  4 At)  - U(t) 

At 


(16) 


where 


where 


-n  = w , i - r 

u V 


M 


M 


,1 


T e 

At 

'0 

At 

'0 


AAt 

- Az 

- Az 


(17) 

C 

’ /'  * l-4?)2  • 
\ 

dz 

(18) 

b 

-T^'ky 

zdz 

(19) 

IC 

_ 1 L+s-iAt  /.L.OSujDAt  + 

Equation  (16)  has  the  desired  integration 
form  It  implies  that,_in  the  region  where  a 
given  At  still  permits  U(t)  to  be  considered 
linear,  the  matrices  T,  Mj,  and  Mi  need  only 
be  computed  once.  Therefore,  the  matrix  A 
has  no  influence  on  At.  The  restriction  of 
Eq.  (15)  may  be  readily  satisfied  if  the  step 
size  At  < 0.  1 T " where  T is  the  period  of  the 
input  sine  wave.  The  period  continually 
decreases  during  an  upward  sweep:  hence,  some 
changes  of  step  size  will  be  required. 

The  exact  forms  of  T,  Mj,  and  M2  may  be 
obtained  by'  application  of  the  Cayley- Hamilton 
theorem  1 1 8]  and  integration.  The  resulting 
expressions  are  the  following: 


• sin  '-'pAt  1 


T(At> 


^-J,wAt 


Ceos  (u_it-  b)  sin  u.,At 

‘ U>D  u 


2 

'D 


sinuipAt  CcosfuipAt  4 b) 


(20) 


)’;i; 

.„  1 I 4^-At  /'  . WD 

IS  •*  — e > At  - 

wJ  ) \ U ui 

■ A UD  ) 

.cos  -DAt j 4 — j , 

IPC  = je  + ;“At([;wAt  - (-1  4 2^1] 

^ J-N 

• cos  u>,,At  4 IwAt  - 2C.) 

D w 

. sin  wpAt  j 4 (;  4 2C,  ) j 
IPS  = LH-^t  |(.wAt  - (-1  4 2t2)] 


• sin  u>„At  - lu>At  - 2t,J 

IJ  U) 


• cos  w^At j 


» 


Mj(At) 


IC  - — IS 


IS 


D 


IS 


IC  4 IS 

“D 


(21) 


The  resulting  matrices  of  Eqs.  (20)  - (22)  are 
more  complicated  than  those  of  some  available 
approximate  forms  and  will  require  use  of 
trigonometric  subroutines  for  computer  imple- 
mentation. Nevertheless,  any  accuracy  and 
stability  problems,  often  arising  from  approxi- 
mations, should  be  solved  by  this  approach. 
Such  problems  are  addressed  in  Ref.  1 1 !. 


Step  size  less  than  •>.  I forcing  function  period  is  a general  practice. 
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Integration  Stop  Size.  A fundamental  require- 
ment tu  the  derivation  of  Eq.  (16)  for  the 
response  to  the  transient  sweep  excitation  was 
that  the  step  size  At  be  consiuerably  smaller 
than  the  period  of  the  sweep  frequency.  This 
necessitated  an  evaluation  of  the  periods 
associated  with  each  of  the  excitation  forms 
shown  previously  (i.e.,  the  general  case  and 
the  two  special  case  forms  involving  y - 1 
and  21.  The  periods  correspond  to  0(t)  - 2tri 
(i  1.2,?...). 

For  the  general  case  described  previously, 
the  periods  are  determined  by  first  substituting 
0 2-n  into  the  solution  to  Eq.  (4c)  and  then 

solving  for  the  times  tj,  which  represents  the 
times  associated  with  each  cycle's  completion. 
For  the  periods  Tj,  successive  values  of  these 
times  must  be  differenced,  i.e.. 


T.  - t.  - t.  , 
1 1 1-1 

for  t. 

s t 

s 

(23a) 

and 

T.'  - t - t.  . 
t s 1 - 1 

for  t. 
1 

> t 

s 

(23b) 

Note  that  the  parameter 
generally  not  a complete 
sizes  are  determined  by 

T*  in  Eq. 
period. 

(23b)  is 
The  step 

AL  C2T. 

for  t.  S 

t 

t 

s 

(24a) 

At.  - C2T' 

for  t.  > 
1 

t 

s 

(24b) 

where 


C,  arbitrary  input  constant  (inverse 
integer  1 5 0.  1 

Equations  (2?)  ami  (24)  also  apply  to  the 
excitation  of  the  special  cases  for  y - 1 and 
y 2.  The  step  size  differences  between  the 
general  and  special  cases  exist  in  the  meaning 
of  the  times  t„  and  tj.  The  sweep  durations 
are  those  of  Eqs.  (6)  and  (7)  for  y - I and  2, 
respectively.  The  cycle  times  are  obtained  by 
selecting  the  appropriate  y,  solving  Eqs.  (4b) 
and  (4c)  accordingly , substituting  0 2tri,  and 
then  solving  for  the  times  tj.  These  stops 
were  performed  by  hand  and  the  resulting  equa- 
tions programmed  into  the  Transient  Sweep 
Algorithm.  The  integration  step  size  equa- 
tions provide  the  information  necessary  to 
complete  the  integration  algorithm. 

Determination  of  Maximum  Response.  The 
maximization  of  x indicated  by  Eq.  (t)  required 
computer  implementation.  The  implementation 
was  performed  by  use  of  Eq.  (10)  in  conjunc- 
tion wUh  the  integration  results  of  Eq.  (16), 
i.e.,  Y(t)  I r,  r).  For  the  use  of  the  scalar 


form  of  Eq.  (10)  in  a way  compatible  with  the 
vector  form  of  Eq.  (16),  the  A matrix  of 
Eq.  (!?h)  is  utilized.  Let  A be  expanded  as 


(25) 


The  desired  form  of  x represented  by 
Eq . (10)  can  be  obtained  by  a matrix  multipli- 
cation of  the  1X2  matrix  A2  and  the  vector  (or 
2X1  column  matrix)  Y.  This  appears  as 

x =■■  A2-Y  (26) 


Equation  (26)  is  maximized  by  searching 
the  resulting  matrix  multiplication  over  the 
entire  sweep  time  for  the  largest  value.  For 
a given  transient  sweep  excitation,  Eq.  (26) 
will  be  exercised  twice  for  each  oscillator  fre- 
quency, i.e.,  once_for  each  damping  factor. 
Therefore,  A2  and  Y must  be  identified  with 
respect  to  frequency  and  damping.  This  is 
done  by  use  of  subscripts  j for  indicating  the 
frequency  u>j  and  i for  indicating  damping 
factor  Equation  (26)  is  then  substituted 

into  Eq.  (1),  which  yields 

SS(u>  , ; ) max  |A7.1-Y.f|  (27) 

J 1 0 : t < a>'  631  3 1 


The  shock  spectra  ratio  p is  again  given  by 
Eq.  (II).  Equations  (27)  and  (11)  provide  the 
generated  shock  spectra/ ratio  information 
that  is  to  be  compared  to  the  specified  shock 
spectra  data. 

Error  Criterion  Function  and  Gradient  Vector 

A specific  error  criterion  function  and 
gradient  vector  required  for  the  deflected  gra- 
dient method  are  now  defined.  Mathematical 
fo rnutlations  of  both  the  error  criterion  func- 
tion and  the  gradient  vector  are  presented. 

Error  Criterion  Function  Definition.  Definition 
of  a suitable  error  c riterion  function  is  essen- 
tial for  efficient  application  of  gradient  methods 
to  the  transient  sweep  problem.  In  the  present 
case,  there  are  two  primary  comparisons  to  be 
made:  (11  between  the  specified  and  generated 
shock  spectra  (i.e.  , SSr  and  SS)  for  a given 
damping  factor  and  (2)  between  specified 
and  generated  shock  spectra  ratios  (i.e.,  p 
awl  p).  Various  ways  exist  for  functionally 
expressing  the1  error  functions  resulting  from 
these  comparisons  1 4 1.  However,  there  are 
two  general  guidelines  to  be  followed;  i.e., 
the  interpretation  of  the  error  function  must 
be  meaningful  to  the  algorithm  user,  and  the 


Esed  to  divide  the  period  into  equal  parts. 
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Ole) 


error  function  must  not  allow  any  single  com- 
ponent to  dominate  the  comparison.  The  error 
function  selected  appears  as 

E(o)  ||'K1(w.>nl!'i  + |lK2(u.>n||2,  (2B) 


where  the  individual  weighted  norms  appear  as 


!i  k-Cw-.o  »li 


L i i ij  0 j’  J 


(i  - 1,  2:  j - 1,  n) 


(29) 


and 


E.(w.) 
1 J 


W.. 

tj 


column  n vectors  of  the 
differences  between  SSr  and  SS  or 
pr  and  p at  n frequencies 

{wj  , . . .U2,  . . .Uj,  . . .un}, 

= weighting  matrices  It], 


||  ||  -■  designation  of  a norm. 


designation  of  transpose. 


The  weiphtinp  matrices  Wu  are  diagonal 
matrices  with  diagonal  elements  of  Wjj  and 
W 2 j corresponding  to  t/SS“fj  and  1/prj,  respec- 
tively. The  elements  serve  normalization  pur- 
poses generally  required  for  multiparameter 
optimization.  Specific  needs  and  tradeoffs  are 
discussed  in  Ref.  [ 1 ] . 


JK  K(n.  f),  HI  Ml,  v)  - F.(o) 
it  K Ml 

dlO  . K(a,  P,  H,  V f -f- V>  - (-5  jfj) 

<)V  f.V 

where  the  6 increments  are  fixed  small  values 
or  some  percent  C of  tile  iterated  value 
(e.g.,  6a  C.-a). 

Equation  (31)  demonstrates  a need  for  the 
10  shock  spectra  per  algorithm  iteration  pointed 
out  in  Ref.  L 1 J . These  10  are  required  to  com- 
pute a different  shock  spectrum  for  the  basic 
and  the  four  perturbed  error  criterion  functions 
indicated  in  Eq.  (31)  for  each  of  the  two 
damping  factors. 

DESCRIPTION  AND  RESULTS  OF 
DEMONSTRATION  CASES 

Three  demonstration  cases  are  vised  in 
this  section  to  exhibit  algorithmic  performance 
and  show  that  the  algorithm  generates  optimum 
transient  sweep  parameters.  The  three  cases 
represent  increasing  generality.  The  descrip- 
tion and  purpose  of  each  demonstration  case 
are  provided,  including  a brief  description 
ol  the  algorithm  input  and  output.  Criteria 
are  presented  in  graphic  form  for  estimating 
initial  numerical  values  of  the  adjustable 
parameters.  The  overall  results  of  these  runs 
are  provided,  as  well  as  an  evaluation  of 
sweep  duration  characteristics. 


Gradient  Vector  Formu’-.Con.  _Thc  formula- 
tion of  the  gradient  vector  VE(»)  is  simply  the 
four  partial  derivatives  of  E(o)  with  respect 
to  the  four  adjustable  parameters.  These 
parameters  were  idcntified_earlier  as  a,  p, 

R,  and  y.  Therefore,  VE(o)  is  a four-element 
vector  that  appears  as 


Descriptions  of  Three  Demonstration  Cases 

The  demonstration  case  descriptions  are 
given  in  two  parts.  First,  t.he  general  charac- 
teristics are  presented.  Then  the  input/output 
(I/O)  selections  are  given.  The  I/O  discussion 
emphasizes  starting  estimates  for  a. 


[f 


3E 

ap 


0E  3E]' 

an  ’ ayj  ' 


(30) 


The  gradient  vector  components  may  be 
obtained  by  an  approach  called  the  finite 
difference  method. 


The  finite  difference  method  is  simple  to 
implement  because  of  its  approximate  form 
and  has  adequate  accuracy:  the  fact  that  accu- 
racy requirements  are  generally  not  prohibi- 
tive in  the  Transient  Sweep  Algorithm  is 
explained  in  Ref.  111.  The  finite  difference 
method  relies  on  an  approximation  to  the 
definition  of  a derivative.  The  components  of 
TK(ol  appear  in  finite  difference  form  as 

IE  E(*  + Mi,  p,  R,  y)  - F.(o)  , 

<)a  6a 


Demonstration  Case  Characteristics.  The 
characteristics  of  the  three  demonstration 
cases  are  illustrated  in  Fig.  5 in  terms  of  the 
specified  shock  spectra  SSr  and  ratios  pr 
to  be  satisfied.  Class  I represents  nonconstant 
SSr  but  constant  valued  pr.  Class  11  represents 
nonconstant  SSr  but  constant  valued  pr.  Class 
III  represents  the  completely  general  case 
where  both  the  SSr  and  pr  are  nonconstant. 

Roth  positive  and  negative  slopes  are  implied 
in  Cases  II  and  III  when  the  specification 
magnitudes  are  nonconstant. 

The  frequency  ranges  are  the  same  for 
all  cases,  and  three  oscillator  frequencies 
fj,  fi,  I3  are  picked  between  the  bounds  fu 
and  tm.  Three  oscillators  are  picked  to 
reduce  computer  expense  and  because  three 
represent  the  minimum  number  possible  to 
ensure  that  a linear  log-log  plot  is  accom- 
plished. 


(IK  K(a,  p 4 6p,  R.  y)  - Efo) 
.)P  6p 


Numerical  specification  values  for  the 
three  demonst ration  cases  are  presented  in 
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b b 


'j  '3  <m 


u-  ----- 


CLASS  I 

SSr  - CONSTANT 
<•  = CONSTANT 


CLASS  II 

SSr  • CONSTANT 
Pr  •-  CONSTANT 


CLASS  III 

SSr  t CONSTANT 
p,  t CONSTANT 


Characteristics  of  demonstration  cases 


fable  I.  Individual  computer  :uns  were  made 
for  each  case  shown  ti.e.,  class/run).  The 
rationale  for  assigning  those  specification 
numbers  are  also  given.  A more  detailed 
explanation  of  the  value  selection  procedure 
is  presented  in  Ref.  ( 1 j . Class  1 represents 
a trial  test  specifications  obtained  from 


industrial  testing  programs  1 6 , 1 1 ] and,  there- 
fore, serves  partially  as  a check  case  for 
Classes  II  and  III. 

Input/Output  Selections.  The  I/O  selections 
used  during  algorithm  development  were 
extended  anti  generalized  for  ihe  demonstration 


TABLE  1 

Selected  Shock  Spectra,  Ratio  Specifications  for  Demonstration  Cases 


CLASS 

SPECIFICATION 

HUN 

ss 

ro 

5Srm 

■a 

Am 

RATIONALE 

1-1 

3 

3 

1.5 

1.5 

EXTENSION  OF  THE  TEST  CASE  FOR  3 OSCILLATORS 

1-2 

3 

3 

2 

2 

MODIFICATION  OF  1-1  FOR  SLOWER  SWEEP-RATE 

1-3 

6 

6 

1.5 

1.5 

MODIFICATION  OF  1-1  FOR  HIGHER  AMPLITUDE 

11-1 

3 

60 

1.5 

1.5 

POSITIVE  SLOPE  SHOCK  SPECTRA  SPECIFICATION 

11-2 

3 

1200 

1.5 

1.5 

STEEPER  POSITIVE  SLOPE  THAN  M-1 

111-3 

3 

0.15 

1.5 

1.5 

NEGATIVE  SLOPE  SHOCK  SPECTRA  SPECIFICATION 

MI-1 

3 

60 

1.5 

2 

GENERAL  SHOCK  SPECTRA/RATIO  SPECIFICATIONS: 
BOTH  WITH  POSITIVE  SLOPE 

MI-2 

3 

3 

1.5 

2 

SPECIAL  CASE  OF  MI-1  WITH  CONSTANT  SHOCK 
SPECTRA  SPECIFIED 

111-3 

3 

60 

2 

1.5 

GENERAL  SHOCK  SPECTRA/RATIO  SPECIFICATIONS: 
POSITIVE  SHOCK  SPECTRA  SLOPE.  NEGATIVE 
RATIO  SLOPE 

MI-4 

3 

3 

2 

i.5 

SPECIAL  CASE  OF  !'!-3  WITH  CONSTANT  SHOCK 
SPECTRA  SPECIFIED 

For  all  cases:  Specified  frequency  range  is  fQ  = 10  to  fm  = 200;  oscillator  frequencies  arc 
20.  60,  100;  stop  criteria  are  0.005  on  4E  ond  normalized  Aa. 
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casus.  Specific  values  ami  formats  of  I/O  are 
presented  in  Ref.  I I |.  The  initial  T?  estimation 
process  is  pone  rallied  in  this  paper,  however, 
since  optimisation  is  generally  dependent  on 
the  starting  values.  The  effect  of  initial 
estimate  accuracy  on  optimisation  convergence 
is  discussed  in  Kefs.  ( ij  ami  (2).  Some 
typical  output  data  is  presented  in  the  results 
discussion. 

Data  used  to  develop  starting  a estimates 
were  obtained  from  two  sources.  First, 
perturbations  from  a test  case  development 
provided  trends  in  the  TJ  components.  Second, 
extrapolations  were  made  to  prior  sweep  rate 
studies  [9,  15].  These  sources  served  to 
establish  general  rules  of  thumb  that  were 
subsequently  implemented  in  terms  of  families 
of  curves  lor  general  use.  These  rules  of 
thumb  are  explained  in  Ref.  [ 1]  , and  the  result- 
ing curves  for  the  three  demonstration  cases 
are  displayed  in  Figs.  6-8.  Numerical  values 
of  the  starting  estimate  of  U are  presented  with 
the  results  of  the  three  demonstration  cases 
later. 

Case  i starting  estimate  criteria  are  found 
in  Fig.  6,  which  shows  the  parameters  a and 
R.  Parameters  p and  y are  estimated  to  be 
0 and  2,  respectively,  for  this  case  on  the  basis 
of  industrial  experience.  Figure  6 is  a curve 
of  an  amplication  factor,  denoted  F (i.e., 

Fa  SSr/a),  versus  the  sweep  rate  constant  R. 
Values  of  the  specified  pr  are  indicated  alone 
the  curve.  The  curve  provides  R directly 
from  pr,  and  a is  obtained  by  dividing  the 
specified  SSr  by  Fa . A restriction  on  the  curve 
is  that  it  was  generated  for  oscillators  whose 
damping  factor  ratios  were  5 (i.e.,  ' 5), 

as  is  the  case  selected  for  this  paper.  Simi- 
lar curves  for  other  damping  factors  (e.  g.  , 

'*■  1 /•*' 2 I1’*  nuty  he  generated  if  desired,  in 

conjunction  with  the  present  restriction,  the 
curve  suggests  that  both  Fa  and  pr  are  bounded 
above  by  6 and  tend  below  to  I,  representing 
steady-state  and  impact  conditions,  respectively. 

Case  11  starting  estimate  criteria  are 
estimated  as  in  Case  I,  with  the  exception  of 
the  parameter  p.  A straightforward  estimate 
for  p is  that  pertaining  to  the  exponent  bj  shown 
in  Kq.  (3.1,  which  also  represents  amplitude 
versus  frequency  slope.  Figure  7 shows  bj  as 
p versus  f /fo  for  a family  of  curves  repre- 
senting constant  values  ol  t>Srni/SSr„.  For  ex- 
ample, in  Run  II- I,  fn|/f0  * alu*  b.Srm/i>Sr° 

20,  so  p I.  Parameters  a and  R are  again 
obtained  from  Fig.  (>,  and  y - 2. 

Case  111  starting  estimate  criteria  utili/.es 
an  equivalent  pr,  denoted  jy,  to  enter  Fig.  6 
for  obtaining  parameters  a and  R in  this  gener- 
al case.  The  y estimate  is  found  as  part  of  the 
technique  used  to  provide  this  J>  , and  parame- 
ter p is  obtained  by  means  of  Fig.  7 (used  for 
Case  II).  1 hi-  technique  is  portrayed  in  Fig.  8, 
which  shows  two  correction  lactors,  denoted 
Ci-'|,  CF. , versus  i,,,/l0  for  a family  of  curves 


representing  constant  values  of  Prni / 1’ ro • 

When  the  slope  of  the  specified  pr(fj  is  positive, 
then  fy  is  obtained  by  CF|  and  the  y estimate 
by  CF_,  as  indicated  on  the  figure.  When  ihe 
slope  is  negative,  the  roles  of  the  correction 
factors  are  reversed  as  shown.  The  justifi- 
cation of  the  correction  factor  equation  is 
partially  explained  in  conjunction  with  the 
evaluation  of  Case  III  in  Ref.  [ ij  . 

RunIIl-1  starting  criteria  serve  as  an 
example  for  the  Case  III.  Parameter  p 1 
by  the  same  steps  explained  for  the  Case  II 
example.  prnl/pro  - 1.33  and  ft„/f0  30  -so 
that,  according  to  Fig.  8,  CF+  : 1.096  and 
CF.  = 0.90-1.  It  follows  that  JTr  - pQ  X CF  + 

1 . 64  and  y = 2 X CF.  1.81.  Using  jy  in  Fig . 6 
yields  R - 0. 30  and  a - 0.90.  Figure  6 was 
used  in  every  case  to  estimate  parameters  a 
and  R regardless  of  values  of  p and  y . 

Results  of  ihe  Demonstration  Cases 

Computer  run  results  for  the  three  demon- 
stration cases  provided  verification  of  the  meth- 
od described  for  generating  optimum  transient 
sweep  parameters.  The  results  of  these  runs 
and  an  evaluation  of  each  case  are  provided  in 
the  following  paragraphs.  An  overall  evaluation 
of  sweep  duration  characteristics  is  also  provided. 

nummary  of  Results  for  the  Demonstration 
Cases.  A summary  of  the  computer  run  results 
tc;-  the  dvinwns* ration  cases  in  Table  1 arc- 
shown  in  Table  2.  The  tabulated  data  includes 
the  shock  spectra  specifications  (repeated 
for  convenience),  the  initial  “component 
estimates,  the  optimum  error  criterion 
function  and  parameter  vector  achieved, 
and  the  transient  sweep  duration. 

Convergence  within  tile  0.003  stop 
criteria  (user  selected)  was  attained  for  all 
10  computer  runs,  which  substantiate  that 
optimum  transient  sweep  parameters  were 
generated.  This  criteria  pertained  to  changes 
in  E and  normalized  7?  between  iterations.  It 


Fig,  6 - Criteria  fur  starting 
i-  s t i u 1 a I c s - 1 f IT 
( rest  filled  In  r /f..,  r>) 


187 


Best  Available  Cop1. 


PARAMETER  $ 


TABLE  2 

Summary  of  The  Three  Demonstration  Cases 


PARAMETER 

ESTIMATE 


OPTIMUM 

error 


OPTIMUM  PARAMETERS 


SWEEP 
DURATION 
».  (aaci 


ER  CP  ITERATIONS 


would  also  be  desireable  to  minimise  E(5) 
itself,  but  the  tabulated  values  of  Ef5)  indi- 
cate that  some  runs  te.g.,  Run  II-3,  ECS)  - 
84.7  * 10"^)  satisfy  this  condition  to  a 
considerably  lesser  degree.  Evaluations 
of  this  condition  are  provided  in  Ref.  [ 1)  * 

Table  2 also  shows  that  the  initial 
estimates  lor  <5  are  quite  close  to  the  optimum 
values.  This  relationship  suggests  use  of 
the  o estimates  as  a potential  replacement 
of  the  optimum  values  when  testing  tolerances 
permit. 

Evaluation  of  Case  1 Results.  The  three 
computer  runs  for  Case  l all  provided 
optimum  error  criterion  function  values  of 
less  than  10-’  and  T7  components  approxi- 
mately equal  to  those  estimated.  Particularly, 
(3  was  quite  small,  and  \ was  within  one 
percent  of  the  estimated  value  2.  Doubling 
the  specified  shock  spectrum  magnitude 
resulted  in  a doubling  of  the  excitation  ampli- 
tude. The  effect  of  shock  spectra  ratio  on 
sweep  duration  is  clearly  demonstrated  in 
Table  2,  since  a 360  percent  increase  in  ttf 
results  from  a 33  percent  increase  in  pr. 
Sweep  duration  sensitivity  will  be  summarised 
later. 


The  reasons  for  this  variation  in  performance 
are  assessed  in  detail  in  Ref.[  1]  . Over- 
laycd  time  histories  of  g(t)  and  x(t)  for  Run 
11-3  shown  in  Fig.  9 demonstrate  I/O  rela- 
tionships and  illustrate  the  cause  for  Run 
11-3  performance;  i.e.,  the  response  peak 
occurs  at  the  low-frequency  high-amplitude 
portion  of  the  sweep  and  is  virtually  inde- 
pendent of  oscillator  response. 

Evaluation  of  Case  111  Results.  Values  of 
Ef5)  from  the  lour  computer  runs  in  Case 
111  indicate  resonably  good  margin  relative 
to  the  stop  criteria,  thereby  verifying  that 


| Y*  OSCILLATOR  RESPONSE  iflll 
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OSCILLATOR 
frequency 
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Evaluation  of  Case  11  Results.  The  Ef3) 
values  achieved  from  the  three  computer 
runj  for  this  case  ranged  from  good  to  poor 
in  terms  of  the  margin  satisfying  the  spe- 
cified shock  spectra.  Run  II- 1 exhibited 
good  performance;  Run  11-2  had  mediocre 
performance;  and  Run  11-3  performed  poorly. 
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Fig.  - Time  histories  of  acceleration 
excitation  and  response  for 
Case  II.  Run  t 
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an  optimum  "5  may  be  attained  by  the  Tran- 
sient Sweep  Algorithm.  Runs  III- 1 and 
III- 2 investigated  positive  slopes  of  pU)» 
while  Runs  111-3  and  IiI-4  were  tor  negative 
slope  investigation.  These  performances 
are  also  assessed  in  more  detail  in  Ref,  [ 1]  . 

Additional  summary  data.' for  Run  III- l 
are  provided  in  Figs.  10  and  11.  Effec- 
tiveness of  the  Transient  Sweep  Algorithm 
is  illustrated  in  Fig.  10  by  comparing  the 
specified  and  generated  shock  spectra  and 
ratios.  Tighter  control  was  more  apparent 
for  the  two  shuck  spectra  comparisons  than 
for  the  ratio  comparison  since  Hf3)  was 
expressed  in  terms  of  weighted  differences 
between  specified  and  generated  values  of 
SS  and  SS£  rather  than  p.  Sweep  excitation 
git)  shown  in  Fig.  11  demonstrates  the  increas- 
ing amplitude  and  the  number  of  cycles  (=s22) 
associated  with  the  sweep. 

Summary  of  Sweep  Duration  Characteristics 
and  Related  Computer  Time.  Interpretation 
of  data  from  the  three  demonstration  cases 
provided  sweep  duration  sensitivities  to  u 
components  R and  ^ anti  also  a measure  ot 
computer  time  associated  with  the  Transient 
Sweep  Algorithm.  Figure  12  shows  a curve 
of  sweep  duration  ty  as  a function  of  \ and  R, 
which  can  he  used  to  evaluate  the  t sensitiv  ity 
to  each.  The  average  computer  run  time  for 
the  10  runs  made  was  1,76  minutes.  The 
maximum  computer  time  (3. 85  minutes)  was 
recorded  (or  Run  1-2,  where  28  seta  (5  itera- 
tions requiring  23  additional  trial  estimates 
for  cubic  interpolation)  of  the  10  sweeps  were 
made  at  durations  approximating  0.74  seconds, 
shown  in  Table  2.  Run  11-2  represented  the 
minimum  computer  time;  0.77  minutes,  16 
sets  (4  iterations  requiring  12  additional  trial 
estimates)  of  10  sweeps  at  t 0.  174  seconds. 
Computers  used  were  IBM  360  and  Uni  vac  1108. 

A practical  and  pertinent  outgrowth  of  the 
tabulated  results  is  that  the  set  of  optimum 
parameters,  in  conjunction  with  the  sweep 
duration,  constitute  a complete  description  of 
the  transient  sweep  excitation.  A vibration 
test  machine  may  be  programmed  with  the  TT 
and  sweep  duration  to  satisfy  the  particular 
shock  spectra  specification.  In  fact,  the  com- 
puterized results  of  Case  I match  those  attained 
directly  from  industrial  vibration  testing 
programs  lb.  111  for  electromechanical 
equipment.  c 

SUMMARY  AND  CONCLUSIONS  c 

Several  pertinent  observations  and  conclu- 
sions serve  to  summarize  the  findings  of  this 
paper.  These  are  the  following: 

• Equation  sets  for  the  Transient  Sweep 
Algorithm  have  been  described,  and  the 
algorithm  has  been  utilized  to  prove 
that  optima  values  of  transient  sweep 
parameters  (i.e.,  an  inverse  shock 
spectra)  were  attainable. 


Fig.  10  - Specified  versus  generated 
shock  spectra  and  ratio 
comparisons  for 
Case  III.  Run  1 
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Fig.  11  - Excitation  time  history  from 
Case  IU,  Run  1 

• A numerical  integration  algorithm  is 
described  for  determining  oscillator 
response  via  a step  3ize  that  varies- 
only  with  sweep  frequency. 

• Criteria  have  been  developed  in 
graphic  form  for  estimating  initial 
values  of  the  transient  sweep  parame- 
ters, which  lead  to  optimum  values, 

• If  the  vibration  test  tolerance  to  be 
satisfied  were  extremely  loose 
(e.g«,  50  percent),  then  the  close 
correspondence  between  initial 
estimates  and  optimum  transient 
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Fig.  12  - Sweep  duration  sensitivity  tr  y 

sweep  parameters  would  permit  use 
of  the  estimates  themselves  for 
vibration  test  implementation. 

• Negative  slope  *»hock  spectra  specifi- 
cations were  more  difficult  to  match. 

• The  optimum  transient  parameters, 
in  conjunction  with  the  cor  responding 
sweep  duration,  constitute  a complete 
excitation  description  for  implemen- 
tation on  a vibration  test  machine, 

• The  average  computer  run  time  to 
establish  the  optimum  parameters 
was  approximately  1.6  minutes  when 
three  oscillators  were  used  (computer/ 
software  overhead  was  negligible); 
hence,  a rule  of  thumb  lor  use  in 
practice  is  approximately  0.5  minute 
per  oscillator. 
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DISCUSSION 


Mr.  Favour  (Boeing;  Company):  With  respect  to 

your  gradient  approach  iteration  scheme,  several 
years  ago  we  conducted  some  independent  research 
on  a structural  analysis  tool  where  we  would 
feed  laboratory  data  into  an  analytical  model, 
and  attempt  to  interact  through  the  generalized 
mass,  stiffness,  and  damping  matrices  to  come 
up  with  a new  or  updated  model  that  would  give 
us  the  same  data  out,  given  a specified  input. 

We  started  with  a gradient  approach  to  iterate 
through  the  matrices  but  quite  oddly  we  found 
that  if  we  used  the  random  ray  approach  we 
converged  on  the  answer  much  faster.  Have  you 
had  any  similar  experience  or  have  you  looked 
at  a random  ray  approachT  , ' c 

Mr.  Rountree:  No.  What  gradient  method  did 

you  uset  There  are  a variety  of  gradient 
methods. 

Mr.  Favour:  No,  I didn't  do  the  research  myself, 

and  l just  refer  to  it  as  a random  ray. 

Mr.  Rountree:  I didn't  look  at  that  particular 

aspect  of  It  but  I did  look  at  a variety  of 
gradient  methods  particularly  one  called  the 
deflected  grandlent  which  some  of  you  may 
recognize,  if  you  are  familiar  with  optimization 
as  the  Fletcher  Fovell  Method.  In  the  past  few 
years  it  is  stilt  considered  to  be  the  most 
efficient  gradient  method;  It  Is  fur  more 
efficient  than  anything  else  and  It  gets  you 
there  very  very  rapidly. 


Mr.  Favour:  There  may  be  a difference  In  the 

size  of  the  problem  that  Is  being  worked  and 
that  is  what  I was  looking  for. 

Mr.  Rountree:  It  very  much  is,  because  the 

deflected  gradient  method  takes  N number  of 
iterations,  where  N is  the  number  of  parameters. 

I have  4 parameters  so  I go  through  4 iterations; 
if  you  had  many  spring  mass  dampers  that  you  are 
trying  to  adjust  it  could  overwhelm  you  on  the 
computer  because  you  have  to  go  through  N 
interactions.  If  you  are  using  something  other 
than  the  deflected  gradient  method  you  will 
find  that  it  Is  more  like  <4  or 5)  N,  and  that 
la  one  of  the  beauties  of  the  deflected  gradient 
method,  it  proves  that  you  will  converge  within 
N. 
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Analysis  of  elastomeric  foams  unJer  dynamic  loading  is 
closely  associated  with  testing.  This  paper  presents  the 
results  of  a program  in  which  testing  and  theoretical 
considerations  led  to  the  development  of  an  analytical 
rodcl  capable  of  predicting  the  nonlinear  dynamic  response 
of  foam  isolators  compressed  to  strains  up  to  70*.  at  strain 
rates  up  to  70.0  in/in-sec.  The  model  consists  of  a non- 
linear visco-elastic  element,  a series  of  Maxwell  elements 
and  an  air  spring.  The  responses  of  model  elements  are 
shown  to  depend  on  the  history  of  past  loading.  The  visco- 
elastic solution  is  suitable  to  represent  the  dynamic 
behavior  of  elastomeric  (rubber)  springs. 


INfROuUCI  ION 

This  article  presents  the  theory  ,tnj 
the  analytical  technique  used  to  repre- 
sent the  dynamic  behavior  of  prismatic, 
open  cell  polyurethane  foam  blocks  sub- 
jected to  compressive  loading  over  a wide 
range  of  strain  amplitude  and  strain 
rate.  Development  of  the  theory  was 
stimulated  by  the  need  to  predict  with 
high  degree  of  accuracy  the  response  of 
a new  Minuteman  missile  shock  isolation 
system  where  foam  blocks  are  the  primary 
horizontal  shock  attenuators.  Iheor- 
etical  developments  were  supported  by  an 
extensive  testing  program  which  provided 
information  needed  to  determine  a number 
of  parameters  entering  into  the  analy- 
tical representation.  these  parameters 
were  established  for  the  range  of  strain 
and  strain  rate  required  to  meet  shock 
isolation  specifications. 

If  SUNG  AND  I 0 AM  KI.SPONM.S 

the  investigated  foams  may  be 
described  as  flexible,  precrushed,  open 
cell  polyurethane  with  a density  ranging 
from  5.U  to  IS.U  lbs/cu.  ft.  At  an 
earlier  stage  of  development  a lew 
closed  ceil  polyurethane  loams  were  also 
investigated.  these  were  more  resilient 
and  had  a narrower  hysterctic  loop  per 
loading-unloading  cycle  than  the  open 


cell  foams, 
suitable  for 


they  were  rejected  as  less 
this  particular  application. 


Since  the  application  of  the  foam 
isolators  ijs  in  a temperature  controlled 
environment,  the  effect  of  temperature 
on  the  foam! parameters  is  uot  considered 
in  tills  analysis.  All  te.,ts  were  con- 
ducted at  tile  ambient  temperatures  (00  to 
80’lj.  Jhcjte  temperatures  are  suffi- 


ciently far 
temperature 
urethane)  ti> 
parameters 


from  the  glass  transition 
(about  minus  5u*F  for  poly- 
affect visco- elastic 


I wo  kijnls  of  tests  are  needed  to 
define  parameters  in  the  analytical 
model.  Low!  compress  ion  rate,  "static", 
loading-unloading  tests  conducted  at 
strain  rates  from  ll. 001  to  0.01  in/  in-sec 
and  with  thp  strain  amplitudes  from  0.1 
to  0.7  in/in  provided  characteristic 
stress-strain  curves  for  various  foams. 
Ihe  dimensions  of  the  specimens  in  these 
tests  do  not  affect  stress-strain  curves 
as  long  as  strain  rates  remain  suffi- 
ciently low.  figure  1 shows  results  of 
two  such  tests  where  the  compression  of 
a loam  block  varied  in  amplitude.  After 
tile  second  loading  cycle,  up  to  a 
relatively  high  strain  amplitude,  the 
loading  branch  becomes  stable  and  it 
remains  unchanged  during  the  subsequent 
loading  cycles  regardless  of  the  ampli- 
tude. Usually  the  first  and  the  second 
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Figure  J:  Hysteretic  Loops  From  Static  and  Dynamic 
Tests  for  a Polyurethane  Foam 
(Foam  Density  13  Lbs/Cu  Ft) 

loading  cycles  result  in  somewhat  higher 
loading  brunches  and  cycling  is  con- 
tinued until  the  tests  become  repeatable. 
While  the  loading  branch  depends  only 
upon  the  instant  value  of  strain,  the 
unloading  branch  depends  on  the  strain 
amplitude  at  the  time  when  unloading 
begins.  It  was  observed  that  the  area 
within  the  static  hysteretic  loop  is 
approx imatcly  proportional  to  the  square 
of  the  strain  amplitude. 

Another  series  of  tests  were  con- 
ducted on  an  impacting  sled  testing 
machine  at  the  strain  rates  from  5.0  to 
20.0  in/  in-sec  and  with  strain  amplitudes 
from  0.5  to  0.0  in/in.  The  results  of 
these  tests  depend  upon  the  dimensions 
of  the  specimens,  the  strain  rates  and 
the  amplitudes.  Both  force  and  dis- 
placement time  histories  were  recorded 
during  these  tests.  A typical  result  of 
dynamic  tests  normalised  to  the  stress- 
strain  plane  is  shown  on  figure  1 as  a 
comparison  with  the  static  data. 

During  some  tests  conducted  with  the 
long  specimens  and  at  the  upper  end  of 
the  strain  rates,  there  was  observed  a 
formation  of  a d i l a tat ional  wave  at  the 
impacting  side  of  tile  specimen.  High 
speed  motion  pictures  taken  during  these 
tests  provided  insight  into  the  mechanism 
of  wave  propagation.  The  wave  reached 
tiie  opposite  end  of  the  specimen  and 
bounced  back  and  forth  about  twice  before 
the  peak  strain  amplitude  was  reached. 

The  loading  branch  in  these  tests  is 
oscillating  with  a decaying  amplitude 
about  an  average  value.  formation  of 
the  dilatation.il  wave  had  no  apparent 
effect  on  the  unloading  branch  which 
remained  smooth.  Longer  specimens  and 


denser  foams  were  more  prone  to  form  such 
dilatational  wave.  Although  the  analy- 
tical treatment  of  propagating  waves  does 
not  present  a problem  to  the  developed 
method  of  analysis,  it  would  introduce 
additional  dynamical  degrees  ul  freedom 
into  the  system  which  are  hardly  justi- 
fied by  the  overall  effect  these  waves 
have  on  the  response. 

Another  phenomenon  observed  on  long 
specimens  was  buckling.  It  was  lound 
that  at  the  ratios  of  length  to  the 
smaller  side  below  1.5  for  all  prismatic 
specimens  with  the  densities  above  10 
Ibs/cu.  ft.  the  buckling  did  not  occur 
even  at  the  highest  strain  rates  and 
amplitudes  used  in  these  tests.  Lower 
density  foams  were  not  sufficiently 
tested’ to  establish  safe  limits  against 
the  buckling. 

A.NALYT  I CAL  CON'S  1 DUKA  f IONS 

for  the  purpose  of  the  analytical 
treatment,  the  dynamic  response  of  the 
foam  isolators  must  be  viewed  as  being 
twofold.  A part  of  t It e response  includ- 
ing that  at  low,  static,  strain  rates  is 
attributed  to  an  essentially  vico- 
elastic  behavior  of  the  material  which 
should  include  microscopic  phenomena 
associated  with  the  local  buckling  of 
the  ceil  walls  and  some  irrecoverable, 
probably  plastic  effects  which  are 
indicated  on  the  static  stress-strain 
curve  of  figure  1.  This  part  of  the 
response  is  independent  of  the  dimen- 
sions of  the  foam  block  and  can  be 
expressed  as  a stress-strain-strain  rate 
relation. 

Another  part  of  the  response  is 
associated  with  the  air  flow  in  and  out 
of  the  block  during  loading  and  unload- 
ing. This  part  depends  upon  the  sire 
and  the  shape  of  the  specimen.  Although 
constitutive  equations  are  presented  in 
a normalized  form  containing  stress  and 
strain  terms,  they  also  contain  a 
dimensional  factor  related  to  the  size 
of  a particular  foam  block. 

SOLUTION  l-OR  V 1 SCO  - 1:  LAST  I C Uff'UCTS 

The  general  expression  for  the 
stress  o at  a time  t can  be  written  in 
the  form  of  a convolution  integral 

o(t)=  f * l:(E,t-T)  ~ dt  (1) 

where  U(e,t)  is  both  strain  and  time 
dependent  relaxation  function  defined  for 
foam  in  compression.  The  dependence  of 
the  relaxation  function  on  strain  should 
account  for  the  nonlinearitics  which 
occur  at  large  strains,  liquation  (1) 
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should  mutch  both  static  ami  dynamic 
tests  when  the  air  flow  effects  arc 
excluded.  We  attempt  to  separate  b(.t.,t) 
into  two  parts 

E(e,t)  » K (e , t)  «-  U(tJ  U’J 

K(c,t)  corresponds  to  the  long  term 
relaxation  effects,  such  as  those 
encountered!  a n the  static  tests. 

U(t)  corresponds  to  the  short  Jura- 
tion dynamic  effects  which  are  assumed  to 
be  linear  in  terms  of  visco-elasticity. 

Equation  (1)  becomes 

/’  ' t Sr 

Jt 

0 

. i l, 

where  f k(€,t-x)^j  di 

^ 0 

os(c)  is  a double- valued  function  of 
strjin  with  separate  loaJing  and  unload- 
ing branches,  lor  a particular  strain 
amplitude  it  coincides  with  the  static 
test  data  for  this  amplitude.  formally 
os(cl  remains  also  a time-dependent 
function  which  should  include  such 
effects  as  long  term  creep.  However, 
creep  considerations  were  outside  of  the 
scope  of  this  analysis,  and  were  not 
necessary  for  the  application  being 
.considered. 

lor  numerical  computations  one 
could  store  test  data  for  unloading 
branches  at  various  amplitudes  and  inter- 
polate as  necJcJ.  It  was  found  to  be 
more  convenient  anJ  without  sacrifice  of 
the  accuracy  to  use  an  algorithm  which 
utilizes  static  test  stress -s tra in  curve 
obtained  for  the  maximum  test  amplitude 
from  which  it  derives  the  unloading 
branch  for  any  intermediate  amplitude. 

Ihc  algorithm  was  derived  from  geometric 
considerations  using  designations  from 
Figure  2. 

, , 0,  , 

o..f  e i *a.  f e)- 

u u 

. Kf-7f)P  (5) 


(3) 


(4J 


Figurt  2:  Algorithm  for  InttrmtditM  Unloading  Branch 


The  parameters  p,  i|  and  r were 
found  to  be  0.8  « p < 1.2 

’.S  < <|  < 4.0 
0.03  < r < 0.0b 


I'he  dynamic  part  of  liquation  (3)  is 
known  to  be  a limiting  ease  of  response 
of  a large  number  of  Maxwell  elements 
connected  in  parallel.  The  constitutive 
equation  for  the  i-th  such  element  is: 


• To . 

K ♦ 

dt 


. Je 

*i  dt 


where  and  r ^ arc  constant. 


(t>) 


lor  zero  initial  conditions  J^(.oJ  » 
0 and  tio)  * o,  the  solution  of 
Equation  (bl  is 

u.  / (7) 

J e lx)c  dx 

1 J 0 


Ihc  integral  in  liquation  (7)  can 
be  conveniently  calculated  from  the 
following: 


r 


e (x)e 


‘dx- 


«■» 

where  cQ  « c 

£max 


- A t /t  i fl‘At  -(t-At-xl/T. 

1 J »-(x)e  -'dx 

0 


t 

♦ J e(x)e 
t-4t 


- (t-xj/ti 

‘dx 


(8) 
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which  lends  to  the  recurrence  formula 


- At/  T , 


1 

p. 


•At/T4 


h-1 


*,t)  At  (5>J 


for  acceptable  convergence  of 
Equation  (9)  the  computational  step  At 
should  be  at  least  an  order  of  magnitude 
smaller  than  tj. 

■ ' ' . {,  W '•  » 

thus,  the  convolution  integral  in 
Equation  (5)  is  substituted  by  a series 
of  discrete  Maxwell  elements  with 
parameters  Gj.  and  which  may  he 
obtained  from  the  relaxation  function 
G(t),  by 

c « 0 c 

• fcy 

<:i(Ti,xJ  * with  £i<Ti<t;  (10) 


i®* l.t  * 

t:i(T)*c~m~i~  Ti  for  aU  m!f'i  ll3) 

■ » il.  (°t J*c  Jn”i  (constant)  for  m*-l  (14) 

L - 1 * i c .•  « ;■  " “ *%  **  -/ 

Within  the  analyzed  range  of  relaxa- 
tion times  the  values  of  ■ for  elastomers 
lie  within  -l<m<o  which  renders  G^Ctj) 
an  increasing  function  or  a constant. 
Considering  fcquut  ion,  (.yj  we  conclude  that 
at  the  higher  values  of  the  discrete  . 
spectrum  Gjli^)  must  become  a decreasing 
function  arid  taper  off  since  at  longer 
relaxation  times  the  response  of  the  foam 
is  described  by  os(e).  Various  shapes 
of  the  discrete  spectra  and  their. effect 
on  the  dynamic  part  of  the  foam  response 
were  investigated  using  twelve  Maxwell 
elements  spaced  one  octave  apart0  along 
the  i-axis.  for  a foam  with  the  density 


LOOT.ICC 

Figure  A-  PeleJtetion  Function*  for  Filled  Eltstomen 


log  G(t)  " m log  t+log  c with  m<0 

G(t)  • ct® 


ill) 


for  calculation  of  a discrete 
spectrum  G;'(t;)°it  is  convenient  to  use 
t2  •<’2ti°which  provides  sufficient  dis- 
tinction 'between  adjacent  Maxwell  . ■= 

elements,  in  ordbr  to  plot  a discrete  c. 
spectrum  ij  was  assumed  to  be: 

(12) 


f 


t> 


Substituting  l.quation  ( 1 1 J into 
Equation  (10)  and  integrating  we  obtain 
the  distribution  for  the  discrete 
relaxation  spectrum  G^(t^) 


at  the  left  end  of  the  spectrum  are  too 
short  for  significant  contribution  to 
the  response  within  the  range  of 
available 'tests!  The  most  noticeable 
contribution  is  made  by  the  group  of 
elements  from  the  middle  part  of  the 
spectrum. 

Once  the  shape  of  the  spectrum  and 
the  number  and  spacing  of  the  Maxwell 
elements  is  assumed  there  remain  only 
two  independent  parameters  to  be  deter- 
mined by  matching  the  test  data:  the  0 

magnitude  along  the  G axis  and  the  ° 
location  of  the  spectrum  with' respect  ° 
to  t axis. 

SOLUTION  fOK  AIR  SPRING  EffbCT 

Ihe  solution  for  the  part  of  the 
response  associated  with  the  air  flow  in 
and  out  of  the  foam  was  derived  using 
the  model  of  a foam  block  shown  on 
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n-1 .58 


DIRECTION  Of  COMPRESSION 


Figure  5.  The  following  nomenclature  is 
used  in  the  derivation  in  addition  to 
the  designations  given  on  Figure  S. 


A«ab 


V=ahh 


V . «v  • V 
air  ' 


Y 

t-x/h 


d*(Vair-A.x)/V*Y-e 


V ( E ) * f.v 

p (o ) * 1 4 . 7 psi 

PUJ 


cross-section  area 
of  the  foam  block 

foam  block  volume 

initial  volume  of 
the  air  contained 
within  the  foam 
block  at  atmospheric 
pressure 

initial  porosity 

strain 

instantaneous 
poros  i tv 

instantaneous  volume 
of  tlie  air  wituin 
the  compressed  black 

atmospheric  pressure 

instantaneous  air 
‘pressure  at  the 
center  of  the 
compressed  loam 
block 


A (e)*2 (a+b) h C»-eJ  area  of  the  pores 
' within  the  four 


AV 


n-1. 58  for  adiabatic  case 

Adiabatic  condition  for  the  air 
relates 


1H0)  Vjcf*p(e)  V(e)n 


(lb) 


whcrc  Vrcf’Vair'AV  * V Y-^ 

The  peak  overpressure  at  ‘the  tenter 
of  the  block  is 


o(t)“pU)-p(0)«p(0) 


i U') 


The  expression0 for  AV  is, assumed  in 
the  form: 


'•/I 


V'->  v0  dt 


(IS) 


In  order  to  calculate  v0  consider 
theoretical  expressions  for  the  air  flow 
thru  orifice.  In  the  following  subscript 
1 refers  to  the  conditions  on  the  side  of 
the  orifice  with  higher  pressure  while 
subscript  2 refers  to  the  conditions  on 
the  other  side.  Flow  tl;ru  the  orifice 
with  large  velocity  changes  is  given  by: 


vVv-^cUIjV^-p.V't) 


UP) 


where  c is  a constant  independent  of 
1 r i c t ion . 

then 


(-«) 


i ucvtY - c i [Pu j -p.  v Vy *TT * cVt Cyvc )’] 

In  order  to  satisfy  condition  v,*o 
when  pUJ-pio)  the  last  two  terms  withi 
the  siiuare  brackets  must  equal  to  p(o). 
Using  l.quntion  U")  is  follows  that 


U U • «. ) Jit) 


UD 


vented  sides  of  the 
compressed  foam 
block 

average  velocity  ol' 
the  air  escaping 
from  the  compressed 
foam  block 

volume  of  the  escaped 
air  from  t-o  to 
time  t corresponding 
to  x*x(t) 


which  is  simply  a statement  that  the 
square  of  the  velocity  through  the  ori- 
fice is  proportional  to  the  instantaneous 
volume  of  the  air,  V(c),  and  the  pressure 
differential  across  tnc  orifice.0  when 
ro.latcd  to  the  foam  one  must  consider 
friction  which  depends  on  the  foam 
characteristics  as  well  as  the  state  of 
the  foam  in  compression.  Such  a friction 
function,  l-'(e),  was  derived  in  the 
Reference  (3)  from  the  pressure  gradient 
tests.  Consequent!) , the  equation  for 
v„  takes  the  form: 


v-=l fc)  vT 
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where 


C0NCLU.SIU.Si5 


C • c" ' 


F(e}« 


5 ■ SJ 


U 


5 1- 


JL, 

*V  l"'*e 


5 » average  pore  diameter 
\ • basic  friction  factor 


(23)  The  total  stress  acting  on  the  sup- 

' „*  ' = port  of. a fount.  block  subjected  to  a 

strain  c“t(t)  is  calculated  by  summing  ■’ 
up  the  results  given  by  the  equations 
C4),  (7)  and  (26). 


_i  r»  average  'ength  of  the  air  .path  dui 
‘ c ing  venting. = The  choice  of  Z , ' ; 
defines  1 cation  of  the  peak 
pressure  [(c)  within  the  foam 
b lock . 

The  importance  of  F'(e)  in  this  con- 
text is  to  provide  the  shape  of  the 
friction  function  for  a compressed  foam 
block  relative  to  the  initial  value  of 
air  friction  for  an-  unstrained,  foam 


block;  such  an  appr  i tch  does  not 
on  the  reported  values  for  4 and 

re  ly 
X . 

Let  B«2 (u+b)  h£-  i-jl/* 

(24) 

From  Equations  (2t),  (23),  l 
(IS)  it  follows 

[24)  and 

T-*  [pvHj1/:  dt 

(25) 

The  system  of  liquations,  (17)  and 
(.IS),  completes  the  solution  lor  the 
peak  air  pressure  within  the  foam  block, 
the  numerical  solution  of  this  system  is 
straight  forward:  the  value  of  :(t) 

entering  Equation  (2 5)  is  calculated  one 
computational  step  behind  that  entering 
Equation  (17).  Whenever  the  values  of 
;(t)  are  significant  for  the  analysis, 
the  system  of  Equations,  ( l ~ ! ai.d  (25), 
is  stable.  When  (tt  is  approaching 
zero  at  a slow  rate,  computational 
oscillations  may  occur  and  the  computa- 
tional stop  must  be  decreased 
accordingly. 

. ..  * Finally,  the,  average  overpressure 
applied  to  the  support  ol  the  loam  block 
is  calculated  by 

0.,(t)*XTd(t)  120) 

el 

The  coefficient  a is  introduced  to 
represent  the  average  overpressure  since 
p(c)  was  defined cat  the  center  ofs  the 
c block.  The  initial  porosity,  Y,  is 
introduced  to  ..account  for  the  areac  of 
the  pores  in  contact  with  the  base  ° ° 

support. 

There  remain  two  parameters,  the 
venting  factor  B and  the  shape  factor  a, 
to  be  determined  by  matching  the  test 
data.  lhe  range  of  these  parameters  was 
found  to  be  12<B<39  and  0 . 6S<  t< 0 . 95  . 

The  lower  values  of  B and  i correspond 
to  denser  foams. 


i*k  " , 

y =‘  o.*o  U)*»?  jrY(t)*‘J  -(t)  V * - (27) 

where  the  number  of  Maxwell  elements,  k, 
may  be  varied  depending  on  the  available 
range  of  tests.  Numerical  computations 
were  made  using  test  data  for  the  : »d- 

ing  branch  of  js  U>  ana  the  algoru 
Equation  (5),  for,  the  unloading  branch. 
The  effect  of  Maxwell  elements  was  cal- 
culated using  Equation  (7),  the  recur- 
rence Equation  (9)  and  a variable  compu- 
tational step  for  each  element  depending 
on  tp.  A separate  algorithm  was 
developed  to  solve  the  system  of 
Equations  (17)  and  (2S)  entering  into 
computations  of  j ., ( t ) . 

Computations  presented  within  this 
article  are  inconceivable  without  the 
use  of  computer  programs.  One  such  pro- 
gram was  developed  in  the  form  of  a 
subroutine  to  he  used  in  conjunction 
with  the  programs  solving  equations  cf 
motions  for  ’ trge  dynamical  systems. 
Other  progra.  s were  developed  to  varv 
parameters  and  to  obtain  the  best  match- 
ing of  the  test  data.  Figures  6,  8 and 
10  show  examples  for  matching  3 tests 
conducted  with  d i f feren t - spec imens  made 
of  the  same  type  foam  with  a density  of 
Id  lbs/cu.ft.  Figures  7,  9 and  il  show 


Figure  6:  Foam  Response  at  Low  Strain  Amplitude 
Impact  Rate  SO  in. /In.  Sec 
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Figure  7:  Contributions  to  the  Total  Stress  Shown  on 
Finite  6 From  the  Model  Clements 


Figure  8:  Foam  Response  at  Intermediate  Strain  Amplitude 
Impact  Rate  17.0  In./In.  Sec 

theoretical  contributions  of  variou. 
elements  in  the  model  to  the  total 
stress.  These  three  tests  cover  a wide 
range  oT  strain  rates  and  amplitudes. 

Analytical  solutions  contain  a 
number  of-  parameters . Some  of  them  arc 
established  directly  from  the  tests1; 
others  require  trial  and  error  proce- 
dures. In  this  respect  presented 
analytical  solutions  may  be  regarded  as 
influence  functions  containing  param- 
eters which  can  vary  the  shape  of  these 
functions.  The  wider  is  the  range  of 
the  tests  the  narrower  becomes  the  range 
of  parameters.  A single  test  can  he 
matched  well  by  a few  combinations  of 


these  parameters.  The  dispersion  of  the 
test  results  obtained  from  a number  of 
foam  specimens,  even  when  the  specimens 
ate  coming  from  the  same  production 
batch,  is  of  such  an  order  that  the 
analytical  match  must  be  obtained  for 
the  statistical  averages. 

The  visco- e las t ic  solution  was 
successfully  used, in  the  analysis  of  0 
shaped  at hy  1 enep ropy  lened  i enoonoiner 
elastomeric  springs  which  contained 
buckling  elements.  Static  loading- 
unloading curves  for  these  springs  re- 
semble those  of  a foam.  These  springs 
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Fiffjre  9:  Contributions  to  the  Total  Stress  Shown  on 
Figure  8 From  the  Mode I Elements 
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Figure  10:  Foam  Response  at  High  Strain  Amplitude. 
Impact  Rate  18.0  In./ln.  Sec.  Loading 
Branch  of  Test  Data  is  Affected  by  the 
Propagating  Oilatational  Wave 
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DISCUSSION 

Mr.  Pakstya  (Cenerjl  Dynamlcs/Electrlc  Boat 
Division) : What  were  the  physical  character- 

istics of  the  first  foam  for  which  you  had  the 
most  comparison? 

Mr.  Sepcenko ; That  was  a rectangular  foam  block; 
It  Is  a fire  resistant  polyurethane,  foam  It 
weighs  12  lb.  per  cubic  foot,  and  the  approxi- 
mate porosity  Is  In  the  range  of  about  83*.  in 
working  with  an  analytical  model  and  matching 
test  date  you  really  need  the  test  data  to  have 
a match,  although  In  the  paper,  we  presented 
some  data  on  flexible  polyurethane  foams  ranging 
from  about  5 lbs.  to  15  lbs.  per  cubic  foot  and 
with  different  associated  porosities. 

Mr,  Wolf  (Raman  Sciences) : I am  aware  chat  your 

effort  was  primarily  to  describe  the  mechanical 
properties  of  foams  and  that  there  are  large 
varieties  of  foams,  and  that  polyurethane  foams 
are  used  In  many  applications,  some  of  which 
Involve  areae  where  there  are  people.  Have  you 
had  an  opportunity  to  assess  the  fire  haaard 
end  the  toxic  gas  situation  in  any  more  detail? 


Mr,  Pakstys:  You  mentioned  that  there  is  the 

potential  of  applying  this  method  to  closed  cell 
geometries.  Have  you  actually  done  this,  and 
have  you  discussed  this  In  yout  paper? 

Mr.  Sepcenko:  We  did  not  discuss  the  possibility 

of  the  application  to  closed  cell  foams  very  much 
In  the  paper.  We  investigated  closed  cell  foams 
at  an  earlier  stage  however  they  were  signifi- 
cantly more  resilient,  and  the  hysteretic  loops 
associated  with  these  foams  were  not  as  wide  as 
the  ones  for  the  open  cell  foams,  which  Is  to  be 
expected,  because  they  don't  have  the  air  flow 
effects. 

Mr.  Paz  (I'nlveraity  of  l.oulsvllle) ; Do  you  use 
these  only  In  the  compressive  form?  Could  they 
be  used  in  a shear  type  of  mode? 

Mr.  Sepcenko;  In  this  particular  type  of 
application  we  used  It  only  In  compression;  how- 
ever shear.  It  would  show  s very  similar  effect, 
although  the  hysteretic  loop  Is  a little  less 
and  we  ran  some  tests  for  this  response.  We 
did  not  use  It  In  tension;  there  are  some  dis- 
advantages to  of  using  this  foam  In  tension.  It 
Is  very  sensitive  to  a notch,  If  a notch  occurs 
It  begins  to  propogate  throughout  the  foam  and 
the  block  breaks  very  quickly.  In  our  applica- 
tion, in  the  particular  case  of  the  launch  tube, 
wt  had  to  reinforce  the  tensile  zone  In  order  to 
survive  launch  environment  tension. 


Mr.  Sepcenko;  In  this  particular  application  we 
are  compelled  to  use  the  so  called  fire  resist- 
ant or  fire  retardant  foams.  I could  say  that 
this  foam  survives  a launch  environment  where 
the  temperature  la  approximately  5000  degrees. 
The  surface  Is  charred,  the  foam  block  remains 
Intact  after  launch,  and  the  penetration  of  the 
heat.  In  effect  the  charring  of  the  surface,  is 
on  the  order  of  l/8th  of  an  Inch.  I would 
expect  that  some  of  these  foams  may  produce 
some  polsonlous  gases  If  subjected  to  a longer 
time  heating. 
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MEASUREMENT  OF  PEAK  PRESSURES  PRODUCED 
AT  THE  GROUND  SURFACE  BV  SHALLOW  BURIED  EXPLOSIVES 


Bruce  L.  Morris 

U.S.  Army  Mobility  Equipment  Research  and  Development  Center 
Fort  Belvolr,  Virginia  22060 


(U)  An  experimental  program  was  conducted  to  measure  the  peak  pressures 
produced  at  the  ground  surface  by  the  detonation  of  shallow  buried  explo- 
sive charges.  Pressures  were  measured  in  both  C-7  epoxy  and  soda-lime 
glass  targets,  and  predictions  of  peak  stresses  In  both  steel  and  alumi- 
num targets  were  made.  Experimental  results  were  compared  with  hydro- 
dynamic computer  code  calculations. 


INTRODUCTION 

The  rational  design  of  equipment  expected 
to  operate  and  survive  in  a blast  environment 
requires  accurate  knowledge  of  the  forces  to 
be  encountered.  This  program  was  conducted 
to  measure  the  peak  pressure  produced  in  a 
target  on  the  ground  surface  above  a shallow 
buried  explosive  charge.  The  prototype  explo- 
sive charges  were  chosen  as  20  lb.  Pentolite 
cylinders  and  spheres  with  2”,  6'',  and  12"  of 
soil  cover  to  the  top  of  the  charge.  Past  work, 
in  the  field  of  explosion-produced  overpressure 
and  efferts^  has  indicated  that  the  use  of 
replica  models  will  produce  reliable  results. 

A replica  model  simulates  compressibility  ef- 
fects and  inertial  effects  by  fabricating  both 
model  and  prototype  from  the  same  materials. 
Geometric  similarity  Is  required,  and  the  ener- 
gy release  is  sealed  as  the  cube  of  the  geo- 
metric scale  factor.  Thus  by  using  a geometric 
scale  factor  of  .423,  a 1.5  lb.  charge  weight 
and  burial  depths  of  .85",  2.55",  and  5.1" 
were  selected  for  the  experimental  program. 


INSTRUMENTATION 

The  Instrumentation  system  used  is  shown 
schematically  In  Figure  1.  The  electric  blast- 
ing cap  was  detonated  with  a standard  ten-cap 
blasting  machine  and  the  detonating  cord  (three 
feet  of  6125  meters/sccond  speed  tested  cord) 
gave  a delay  of  approximately  150  u-seconds 
between  triggering  of  the  break  wire  and  deton- 
ation of  the  main  charge.  The  break  wire  trig- 
ger?; the  signal  generator  which  in  turn  trig- 
gered the  oscilloscope  and  power  supply  after 
a suitable  delay  time  based  on  the  charge  bur- 
ial depth.  The  shock  wave  in  the  gage  causes 
a change  in  resistance  in  the  manganin  wire 
sensing  element  which,  under  the  constant  cur- 
rent imposed  by  the  power  supply,  produces  a 


change  In  the  voltage  which  Is  recorded  by  the 
oscilloscope. 

The  method  used  to  interpret  the  data  is 
that  developed  by  Keough.  The  relationsh;p 
between  the  observed  relative  change  In  voltage 
hV  and  the  actual  relative  resistance  change 
V 

;.R  is  a function  of  the  shunt  resistance  of  the 
~K 

measuring  circuit  and  the  changing  current 
through  the  gage  as  the  change  in  gage  resis- 
tance becomes  an  appreciable  percentage  of  *-he 
blast  resistance.  This  relationship  is  charted 
in  the  reference  and  was  taken  as 


A R 
1 


.04  ^ 


(1) 


for  these  tests.  This  value  of  aR  Is  then 

1 

related  to  stress  by  means  of  the  piezoresls- 
tive  coefficient  of  manganin: 

P(Kbar)  = ^ [(0.29  t 0.01 IxlO'2]"1  (2) 

This  equation  Is  valid  for  P = 170  Kbar, 
and  pressures  reported  in  this  paper  are  those 
calculated  without  the  uncertainty  term. 

f c 

Tests  were  conducted  using  the  manganin 
wire  gage  embedded  in  both  C-7  epoxy  and  soda- 
lime  glass  matrix  materials,  characteristics 
of  which  are  given  In  Table  1.  In  either  case 
the  gage  element  Is  assumed  to  be  in  equili- 
brium with  the  surrounding  mater- al  and  the 
pressure  measured  is  assumed  to  be  that  in  the 
matrix.  The  Hugonoit  data  for  tie  materials 
must  be  known  to  permit  extrapolation  of  the 
results  to  other  materials  through  impedance 
match  procedures.  This  data  is  usually  dis- 
played In  the  form  of  pressure-particle  velocity 
(P  - u)  plot,  and  these  curves  for  C-7  epoxy  , 
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FIGURE  1.  INSTRUMENTATION  CIRCUIT 


soda-lime  glass6,  iron6  and  aluminum^  (the  lat- 
ter two  for  extrapol iation  purposes)  are  given 
in  Figure  2.  The  curve  for  soda-lime  glass 
has  been  extrapolated  as  shown  assuming  no 
phase  changes  or  discontinuities.  The  alumi- 
num curve  is  that  of  24ST  aluminum. 

= The  explosive  used  in  this  program  was  50/ 

50  Pentolite  ( 50)  TNT,  501  PETN)  with  a density  ' 
of  1.67  grams/cc.  It  was  cast  by  the  Ballistics 
Research  Laboratory  into  spheres  of  1.8  inch 
(4.6  cm)  radius  and  cylinders  of  4.57  inches 
(11.6  cm)  diameter  and  1.52  inches' (3.86  cm) 
height,  each  charge  weighing  1.5  lbs.  nominally. 
Each  charge  was  predrilled  to  allow  insertion 
of  a blasting  cap  to  permit  central  initiation. 

EXPERIMENTAL  PROCEDURE 

A total  of  36  test  shots  yielded  data  in 
a nominally  dry  soil  (average  density  = 1.758 


gr/cc,  sonic  speed  = .0336  cm/ ..-sec,  water  con- 
tent = 13.2  ) . The  relative  locations  of  the 
explosive  charge  and  the  gage  are  shown  in 
Figure  3.  All  tests  were  conducted  using  the 
local  soil,  a sandy  clay.  The  hole  was  dug 
approximately  2-3  inches  too  deep  and  back- 
filled. The  charge  was  placed  and  its  center- 
line  location  determined.  The  hole  was  filled 
> with  the  removed  soil  and  the  gage  was  placed 
along  the  center-line  of  the  charge.  The  soil 
sonic  speed  was  determined  using  a seismic 
tunnel  detector  to  measure  the  transit  time 
of  a sound  disturbance  over  a measured  dis- 
tance. Soil  density  and  water  content  measure- 
ments were  made  with  a Troxler  radiation  soil 
meter, 

EXPERIMENTAL  RESULTS 

O c c - , C f 

The  results  of  these  tests  are  summarized 
in  Table  2 and  displayed  in  Figure  4.  A few 


TABLE  1.  Gage  Matrix  Characteristics 


C-7  Epoxy 

Soda-Lime  Glass 

Identification 

Pulsar  Mdl  741  manganin 

Pulsar  Mdl  G41M 

Diameter 

3.9  inches 

3.9  inches 

Height 

1 .8  inches 

1.1  inches 

Element  Depth 

.020  inches 

.090  inches 

20-1 


*.  - 


too 


l 


FIGURE  2.  PRESSURE  VS  PARTICLE  VELOCITY  CURVES 
FOR  C-7  EPOXY,  SODA-LIME  GLASS,  IKON. 

AND  24ST  ALUMINUM 

C 


qualitative  cotments  are  In  order  here.  It  was 
expected  from  impedance  match  considerations 
(acoustic  impedance  Is  defined  as  the  product 
of  the  Initial  density  and  the  sonic  speed, 
being  .31  grans/cnT  - u sec  for  C-7  epoxy  and 
9.46  grams/cm  - p sec  for  soda-lime  glass)  that 
the  pressure  measured  In  the  glass  would  be 
greater  than  that  measured  In  the  C-7  for  each 
, combination  of  charge  configuration  and  burial 
depth.  The  increase  In  pressure  from  the  cy- 
lindrical over  the  spherical  charge  was  also 
expected  and  has  been  experimentally  observed 
elsewhere  in  similar  type  test.  For  a given 
burial  depth  to  the  top  of  the  charge,  the 
scaled  distance,  defined  as  the  distance  from 
the  center  of  the  explosive  In  feet  divided  by 
the  cube  root  of  the  explosive  weight  In  pounds, 
is  less  for  a cylindrical  charge  than  for  a 
spherical  one,  being  given  by 


Z 


Cyl 


b + 0.053 

Trra — 


FT/LB1/3 


(3) 


for  the  cylinder  and  by 


Z$ph 


FT/LB1'3 


(4) 


for  the  sphere, .where  b Is  the  burial  depth 
and  1.14  » 1.5*'  . In  addition,  the  cylindri- 
cal charge  provides  a good  deal  of  focusing  of 
the  shock  wave  along  its  cylindrical  axis. 


COMPUTER  SIMULATIONS 


As  further  verification  of  the  experimental 
results  and  to  Improve  reliability  of  calcula- 
tions of  this  type  of  blast  environment,  the 
TOODY-A  computer  code  was  used  to  simulate  a 
portion  of  the  experimental  program.  The 
combination  of  the  cylindrical  charge  and  C-7 
epoxy  matrix  material  at  three  burial  depths 
was  selected  for  modelling. 


The  accuracy  of  solution  given  by  finite 
difference  computer  code  such  as  TOODY  depends 
mainly  on  the  equations  of  state  (relating 
Internal  energy  and  compression  to  pressure) 
used  For  the  materials  and  on  the  site  of  the 
computational  grid  used.  A typical  grid  (that 
for  simulating  the  cylindrical  charge,  C-7 
target,  .85'  burial  depth)  at  1/4  scale  of  the 
tests  Is  shown  in  Figure  5.  The  pentolite  was 
modelled  using  the  JWLa  equation  of  state  with 
parameters  as  shown: 

In  q,  -Li 

Pa  4.91123(l-^-j)e  n +.090606(1  ,-y—y-)e  n + 

•3oE  (5) 

where  o » compression  * ^ , o * density,  E * 

Internal  energy,  and  o„  ■ Initial  density  * 
1.67  gr/cnr  for  pentolite. 

Both  the  soil  and  C-7  epoxy  were  modelled 
using  an  elastic-plastic-hydrodynamic  equation 
of  state  of  the  form 

P * PH(1  - + Tot  (6) 

where  P^  * Hugonolt  pressure 
T » Grunelsen  ratio 


£ . ! 
Po 


excess  compression 
Internal  energy  per  unit  mass 


The  Hugonolt  pressure  was  of  the  form 
PH  *0*--^  * ‘ 


(7) 


for  the  soil  where  o * 1 - p0  and 

p 

S « slope  of  the  shock  velo- 
city-particle velocity 
curve  *1.3 

An  expansion  of  equation  (7)  in  the  form 

PH  * P»CoZn(l  + 3. 5038-.  + 8.84175n2  + 18.13322-,3 
+ 32.93989-i4)  (8) 
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GAGE  AND  EXPLOSIVE 
' * CENTER-LINE 

I 


FIGURE  3.  CHARGE  AND  GAGE  PLACEMENT 
SHOWING  RE-COMPACTED  AND  UNDISTURBED 
SOIL  REGIONS 


was  used  for  the  C-7  epoxy.  The  Gruneisen 
ratio  was  given  by 


r » £2°°  (9) 
p 

Both  materials  were  considered  to  be  hydrodyna- 
mic, possessing  no  tensile  strength.  The  shear 
modulus,  G,  was  given  in  both  cases  by 


2y) 


(10) 


where  v * Poisson's  ratio 


2 

K - bulk  modulus  * pc 

Values  of  the  input  constants  are  given  in  ‘ ‘ 

Table  3. 


The  soil  density  and  sound  speed  were  varied 
according  to  the  corresponding  values  shown 
in  Table  Z.  , 

The  major  difficulty  in  computing  explo- 
sively generated  pressures  is  getting  the 
explosive  to  reach  its  maximum  or  Chapman- 
Jouget  (C-J)  pressure.  The  grid  of  Figure  5 
utilizes  .06  cm  x .05  cm  computational  zones 
0 inside  the  explosive  and  yielded  a maximum 
pressure  of  210  kbar  for  the  explosive,  where 
the  C-J  pressure  is  250  Kbar. 

If  the  explosive  had  computationally 
reached  its  C-J  pressure,  the  C-7  epoxy  pres- 
sure would  be  expected  to  be  slightly  higher. 

The  actual  pressures  computed,  however,  are 
compared  with  the  experiment  in  Figure  6.  A 
typical  calculated  pressure-time  history  is 
given  in  Figure  7. 

Agreement  between  the  calculations  and 
experiment  is  quite  good,  particularly  at  the 
.85  inch  and  5.10  inch  burial  depths.  In  the 
5.10  inch  case,  the  limits  of  the  experimental 
values  bound  the  calculated  result.  The  differ- 
ence at  the  2.55  inch  burial  may  be  due  in 
part  to  the  variation  in  sound  speed  and  den- 
sity for  the  experiments  as  the  pressure 
recorded  increases  with  increasing  soil  density. 
The  combination  of  p0  » 1 .584  gr/crrr,  c0  * .0339 
cm/u-sec  was  used  for  the  calculation.  The 
soil  equation  of  state  does  not  consider  soil 
voids  or  soil  locking,  so  the  calculated 
results  could  be  expected  to  diverge  from 
experiment  at  greater  and  greater  burial  depths. 
The  calculated  pressure  for  a C-7  target  in 
contact  with  the  charge  surface  ("zero"  burial) 
provides  a reasonable  extrapolation  of  the 
data. 

STRESS  PREDICTION  IN  STEEL  AND  ALUMINUM 

Realizing  that  C-7  epoxy  and  soda-lime 
glass  are  not  targets  of  military  interest, 
the  data  in  Table  2 was  used  to  predict  the 
peak  stresses  that  would  be  measured  in  steel 
=and  in  aluminum  targets  under  the  same  experi- 
mental conditions.  The  impedance  match  tech- 
nique was  first  used  as  follows  using  the 


TABLE  2.  Peak  Pressures  and  Test  Conditions 


TEST 

NUMBER 

GAGE 

MATERIAL 

EXPLOSIVE 

CONFIGURATION 

BURIAL 

DEPTH 

(INCHES) 

SOIL 

DENSITY,  SOIL  SONIC 

(grams/cirr)  SPEED  (cm/u-sec) 

SOIL  PEAK 

% PRESSURE 

MOISTURE  (Kbar) 

2 

C-7  epoxy 

cylinder 

0.85 

c 1.568 

0.0290 

10.7 

61.3 

3 

II 

II 

II 

e '* 

II 

''  II 

62.8 

‘ 4 

lie 

II  c 

II 

V e 

0 11 

c .<©  c 

It 

AVERAGE 

40.7 

50 

5 

glass 

cylinder 

0.85 

1.568* 

0.0290* 

10.7* 

81.0 

6 

II 

II 

II 

" 

" 

_ l> 

60.3 

6a 

II 

II 

II 

1.584 

0.0339 

10.6 

68.8 

7 " n 

/' 

/ 

♦Repeated  from  another  test 

•1 

II 

II 

X 

ll 

AVERAGE 

79.8 

72.5 
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TABLE  2. 


TEST 

mss 


GAGE 

MATERIAL 


EXPLOSIVE 

CONFIGURATION 


Peak  Pressures  and  Test  Conditions _ 


Burial soil soil  sonic 

E DEPTH  DENSITY,  SPEED 


DEPTH 

(INCHES) 


C-7  epoxy 


grams/cm 

1.568* 


SPEED 


0.0290* 


SOIL 

moisture 

10.7* 


PEAK 

PRESSURE 

iKbarj. 


63.6 

44.5 

33.3 

AVERAGE  47TT 


11 

glass 

sphere 

0.85 

1.568*  ; 

0.0290* 

10.7* 

12 

'* 

it 

“ 

" 

H 

N 

13 

u 

II 

1.584* 

0.0339* 

10.6* 

14 

C-7  epoxy 

cylinder 

2.55 

1.584* 

0.0339* 

10.6* 

15 

M 

ll 

H 

1.824* 

0.0339+ 

15.7* 

16 

N 

H 

1.640 

0.0381 

11.8 

17 

glass 

cylinder 

2.55 

1.824 

0.0339+ 

15.7 

18 

ii 

■I 

M 

N 

H 

19 

H 

N 

1.640* 

0.0381* 

11.8* 

20 

C-7  epoxy 

sphere 

2.55 

1.824* 

0.0339+ 

15.7* 

21 

II 

it 

II 

1.640* 

0.0381* 

11.8* 

22 

H 

ll 

M 

H 

M 

1* 

23 

glass 

sphere 

2.55 

1.640* 

6.0381* 

11.8* 

24 

i« 

'* 

ll 

" 

N 

It 

25 

” 

11 

II 

N 

ll 

A 

26 

C-7  epoxy 

cylinder 

5.10 

1.832 

0.0359 

12.8 

27 

ll 

ll 

It 

" 

N 

It 

28 

•l 

II 

" 

H 

M 

It 

29 

glass 

cylinder 

5.10 

1 .832* 

0.0359* 

12.8* 

30 

" 

" 

M 

« 

l» 

31 

n 

" 

" 

1.163 

0.0359+ 

22.6 

32 

C-7  epoxy 

sphere 

5.10 

1.163* 

0.0359+ 

22.6* 

33 

•i 

" 

" 

M 

« 

34 

•I 

M 

M 

" 

N 

II 

C 

•*  . . 

t r 

' 

</ 

35 

glass 

sphere 

5.10 

1.808 

0.0305 

12.6 

36 

n 

" 

" 

" 

« 

II 

37 

H 

N 

II 

58.6 

50.8 

55.3 

AVERAGE  54.9 


24.8 

27.9 
26.5 

AVERAGE  20" 


36.3 

36.7 

40.7 

AVERAGE  371 


12.1 

11.5 

12.8 

AVERAGE  T27T 


11.1 

9.6 

7.6 

AVERAGE  9.4 


6.4 

11.9 

13.1 

AVERAGE  TOT 
9.9 
6.7 
3.0 

AVERAGE  53 


1.6 

7.2 

AVERAGE  77? 


•Repeated  from  another  test 
+Not  measured,  assumed  value 


equation  for  shock  transmission: 

D a 2Z, 


pressure  and  Z,  is  the  Impedance  of  the  C-7. 
In  the  second,  rT  is  the  pressure  measured  in 
the  glass  and  Zj1  is  the  glass  Impedance.  In 


(1)  For  each  combination  of  burial  depth 
and  charge  configuration,  two  simultaneous 
equations  of  the  above  form  can  be  written, 
one  for  the  C-7  target  and  one  for  the  glass. 
In  the  first,  Pj  Is  experimentally  measured 


TABLE  3.  Material  Properties 
for  TOODY-A  Calculations 


C-7  EPQXY 


o o,  gr/cnr 
Co,  cm/y-sec 


Varlxtlc 

Variable 


8 


TABLE  3.  Material  Properties 
for  TOODY-A  Calculations  (Continued) 


VARIABLE  NAME 

t,:J  £PQXY 

- SOIL 

V 

0.3 

0.45 

r. 

0.79 

1.0 

'both  equations,  the  unknowns  are  Z,  (the  “ef- 
fective" impedance  of  the  soil)  ana  P.  (the 

V ° ‘ 1 - Co 

pressure  in  the  soil  adjacent  to  the  target 
face). 

(2)  The  simultaneous  equations  are  solved, 
as  shown  below  for  the  situation  of  a cylindri- 
cal charge  with  .85  inches  burial. 


C-7: 


54  g , 21-  31271  p 
Z,  +.3127  I 


G1 


1 

54. 9Z,  + 17.167  = .6254  Pj 

Pj  * 87.784  Z,  + 27.450 

....  „ c - 2(1.4616)  p 

aSS>  72,5  " Z,  +1.4616  PI 

72.5  Z]  + 105.996  = 2.9232  Pj 

72.5  Z,  + 105.996  = 256.61  Z,  + 


80.242 


Z,  = .1399 
Pj  - 39.73  Kbar 

(3)  Equation  (12)  is  used  again  with  the 
values  of  Pj  and  Z^  being  those  calculated 

above,  with  Z,  being  now  the  impedance  of 
steel  or  aluminum,  P^  being  the  unknown. 

These  calculations  were  carried  out  for 
all  test  conditions  and  the  results  are  pre- 
sented in  Figure  8. 

' ‘ ° • = «•■*»*• 

A further  check  on  these  predicted  stresses 
was  made  using  the  pressure-particle  velocity 
curves  of  Figure  2.  Using  this  method  (Figure 
9)  the  stresses  measured  in  the  epoxy  and  glass 
targets  are  located  on  the  respective  curves 
(here,  the  pressures  for  the  cylindrical  charge 
with  .85  inch  burial).  Since  both  points  were 
produced  by  measuring  the  stress  transmitted 
from  the  same  reflected  wave  for  the  soil,  they 
°ar(f  1 inearly  conrfected  and  the  resulting  line 
is  extended  until  it  intersects  the  pressure- 
particle  velocity  curves  for  the  aluminum  and 
steel.  These  intersection  points  then  repre- 
sent the  pressures  that  would  be  measured  in 
these  materials.  This  procedure  was  used  on 
all  data  conditions,  and  the  results  are  com- 
pared with  those  from  the  impedance  match 
calculation  in  Table  4. 


BURIAL  DEPTH  (INCHES) 

FIGURE  4.  PEAK  PRESSURES  AS  A FUNCTION 
OF  BURIAL  DEPTH  FOR  1.5  LB  PENTOLITE 
CHARGES  (GAGE  MAT ’L/CHARGE  CONFIG) 


COMPARISON  WITH  PREVIOUS  WORK 

The  cylindrical  charge  with  .85  inch  soil 
cover  corresponds  to  a scaled  distance  of  Z 4 
.117  ft/lb  for  a target  on  the  soil  surface. 
Reference  1 reports  pressures  in  steel  for, 
scaled  distances  of  from  .3  to  1.0  ft/lb  ' . 

The  graphically  calculated  pressure  in  steel 
at  Z = .117  ft/lb  shows  good  agreement  with  & 
this  previous  work  (Figure  10). 

CONCLUSION 

This  program  has  furnished  data  on  pressures 
generated  at  the  ground  surface  by  shallow 
buried  explosive  charges,  and  these  pressures 
have  been  extrapolated  to  target  materials  of 
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military  Interest.  The  response  of  the  C-7 
epoxy  gages  have  been  simulated  using  the  TOODY 
hydrodynamic  computer  code,  and  the  predicted 
pressures  In  steel  targets  have  been  compared 
favorably  with  previous  work. 
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LITE  CYLINDER  WITH  0.85  INCH  SOIL  COVER  AND  C-7 
EPOXY  TARGET,  1/4  SCALE  (ALL  DIMENSIONS  IN 
CENTIMETERS) 


8.  Lee,  E.  L.,  Hornig,  H.  C.,  and  Kurz,  J.  W., 
Adiabatic  Expansion  of  High  Explosive  Detonation 
Products,  UCRL-50422,  2 May  1968. 


TABLE  4.  Comparison  of  Impedance  Match  and  Graphical  Estimates  1 
of  Pressure  in  Steel  and  Aluminum  Targets* 


BURIAL 

PREDICTED  STEEL 

PRESSURE 

PREDICTED  ALUMINUM  PRESSURE 

EXPLOSIVE 

DEPTH 

(Kbar) 

(Kbar) 

GRAPHICAL 

CONFIGURATION 

(INCHES) 

IMPEDANCE  MATCH 

GRAPHICAL  IMPEDANCE  MATCH 

cyl 1 nder 

0.85 

77 

r.  81 

74 

74 

sphere 

0.85 

57 

, Sff' 

1 55  ' 

C 56 

cylinder  ) 

/ 2.55 

•'  41  ^ 

43 

\ c c 39  t ‘ 

39 

sphere 

2.55 

20 

20 

18 

18 

cylinder 

5.10 

11 

11 

11 

11 

sphere 

5.10 

7 

7 

7 

7 

*1.5  lb  Pentolite  charges. 
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FIGURE  6.  COMPARISON  OF  EXPERIMENTAL  AND 
CALCULATED  PEAK  PRESSURES  FOR  CYLINDRICAL 
PENTOLITE  CHARGES  (1.5  LB),  C-7  EPOXY  TARGET 


TIME  (u-sec) 


FIGURE  7.  CALCULATED  PRESSURE-TIME 
HISTORY  FOR  0.b5  INui  BURIAL  (L-7 
TARGET) 


BURIAL  DEPTH  (INCHES) 


FIGURE  8.  PREDICTED  PRESSURES  IN  STEEL 
AND  ALUMINUM  TARGETS,  IMPEDANCE  MATCH 
CALCULATIONS 
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DISCUSSION 


Mr.  McKee  (IIT  Research  Institute):  Your 

analysis  was  two  dimensional  and  yet  it  matched 
your  experimental  results  correctly,  does  this 
imply  that  there  ia  no  three  dimensional  effect! 

Mr.  Morris:  My  entire  set  up  was  axisymmetric ; 

I only  did  the  calculations  for  the  cylindrical 
gage,  and  with  the  combination  of  cylindrical 
targets  and  a cylindrical  gage  it  worked  out 
that  if  you  were  further  from  the  center  of 
the  charge  you  might  probably  encounter  three 
dimentional  differences,  but  I don't  believe 
that  it  would  make  that  much  difference  at  this 
very  close  distance. 

Mr.  Crawford  (Los  Alamos  Scientific  Lab): 

Have  you  attempted  to  sandwich  your  manganin 
gage  between  steel? 


Mr.  Morris:  No  I haven’t,  a contractor  Is 

currently  doing  this  as  part  of  another  project. 

Mr.  HcWhirter:  When  he  sandwiches  it  in  steel 

what  does  he  use  to  keep  it  from  shorting  out? 

Mr.  Morris:  You  can  use  small  layers  of  epoxy 

or  anything  that  is  very  thin  that  will 
electrically  isolate  the  gage  from  the  conduct- 
ing mater  la l , which  would  be  the  steel.  - All 
you  really  need  is  electrical  insulation,  and 
other  work  has  shown  that  the  pressures  are 
not  changed  that  much  by  doing  it. 
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